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Although the problems in this collection vary in 
(some of them can be found in old books and journals, 
others were offered at mathematical olympiads or published 
in the journal “Quant” (Moscow)), we still hope that some 
of the problems in the collection will be of interest to ex¬ 
perienced geometers. 

Almost every problem is non-standard (as compared with 
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one has to think of what additional constructions must 
be made, or which formulas and theorems must be used. 
Therefore, this collection cannot be regarded as a problem 
book in geometry; it is rather a collection of geometrical 
puzzles aimed at demonstrating the elegance of elementary 
geometrical techniques of proof and methods of computa¬ 
tion (without using vector algebra and with a minimal 
use of the method of coordinates, geometrical transforma¬ 
tions, though a somewhat wider use of trigonometry). 
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Preface to the English Edition 


This is a translation from the revised 
edition of the Russian book which was 
issued in 1982. It is-actually the first in 
a two-volume work on solving problems in 
geometry, the second volume “Problems in 
Solid Geometry” having been published in 
English first by Mir Publishers in 1986. 

Both volumes are designed for school- 
children and teachers. 

This volume contains over 600 problems 
in plane geometry and consists of two 
parts. The first part contains rather simple 
problems to be solved in classes and at 
home. The second part also contains hints 
and detailed solutions. Over 200 new prob¬ 
lems have been added to the 1&82 edition, 
the simpler problems in the first addition 
having been eliminated, and a number of 
new sections (circles and tangents, poly¬ 
gons, combinations of figures, etc.) having 
been introduced. The general structure of 
the book has been changed somewhat to 
accord with the new, more detailed, clas¬ 
sification of the problems. As a result, all 
the problems in this volume have been 
rearranged. 

Although the problems in this collection 
vary in “age” (some of them can be found 
in old books and journals, others were 
offered at mathematical olympiads or pub¬ 
lished in the journal “Quant” (Moscow)), 
I still hope that some of the problems in 
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this collection will be of interest to expe¬ 
rienced geometers. 

Almost every geometrical problem is non¬ 
standard (as compared with routine exer¬ 
cises on solving equations, inequalities, 
etc.): one has to think of what additional 
constructions must be made, or which for¬ 
mulas and theorems must be used. There¬ 
fore, this collection cannot be regarded as 
a problem-book in geometry; it is rather a 
collection of geometrical puzzles aimed at 
demonstrating the elegance of elementary 
geometrical techniques of proof and methods 
of computation (without using vector alge¬ 
bra and with a minimal use of the method 
of coordinates, geometrical transforma¬ 
tions, though a somewhat wider use of trig¬ 
onometry). 

In conclusion, I should like to thank 
A.Z. Bershtein who assisted me in prepar¬ 
ing the first section of the book for print. 
I am also grateful to A.A. Yagubiants who 
let me know several elegant geometrical 
facts. 


The Author 
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Fundamental Geometrical Facts 
and Theorems. 

Computational Problems 


1. Prove that the medians in a triangle 
intersect at one point (the median point) 
and are divided by this point in the ratio 
1 : 2 . 

2. Prove that the medians separate the 
triangle into six equivalent parts. 

3. Prove that the diameter of the circle 
circumscribed about a triangle is equal 
to the ratio of its side to the sine of the 
opposite angle. 

4. Let the vertex of an angle be located 
outside a circle, and let the sides of the 
angle intersect the circle. Prove that the 
angle is measured by the half-difference of 
the arcs inside the angle which are cut out 
by its sides on the circle. 

5. Let the vertex of an angle lie inside 
a circle. Prove that the angle is measured 
by the half-sum of the arcs one of which 
is enclosed between its sides and the other 
between their extensions. 

6. Let AB denote a chord of a circle, and 
l the tangent to the circle at the point A. 
Prove that either of the two angles between 
AB and l is measured by the half-arc of the 
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circle enclosed inside the angle under con¬ 
sideration. 

7. Through the point M located at a dis¬ 
tance a from the centre of a circle of radius R 
(a > R), a secant is drawn intersecting the 
circle at points A and B. Prove that the 
product | MA |* | MB J is constant for all 
the secants and equals a 2 — R 2 (which is 
the squared length of the tangent). 

8. A chord AB is drawn through the point 
M situated at a distance a from the centre 
of a circle of radius R (a < R). Prove that 
| AM |> [ MB | is constant for all the chords 
and equals R* — a 2 . 

9. Let AM be an angle bisector in the 

triangle ABC. Prove that \BM \ : \ CM\ — 
j AB | | AC |. The same is true for 

the bisector of the exterior angle of the 
triangle. (In this case the point M lies on the 
extension of the side BC.) 

10. Prove that the sum of the squares of 
the lengths of the diagonals of a parallelo¬ 
gram is equal to the sum of the squares of 
the lengths of its sides. 

11. Given the sides of a triangle (a, b, 
and c). Prove that the median m 0 drawn to 
the side a can be computed by the formula 

m a =-±- V 2b 2 + 2c i ~a 2 . 

12. Given two triangles having one ver¬ 
tex A in common, the other vertices being 
situated on two straight lines passing 
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through A. Prove that the ratio of the areas 
of these triangles is equal to the ratio of 
the products of the two sides of each triangle 
emanating from the vertex A. 

13. Prove that the area of the circum¬ 
scribed polygon is equal to rp, where r 
is the radius of the inscribed circle and p 
its half-perimeter (in particular, this for¬ 
mula holds true for a triangle). 

14. Prove that the area of a quadrilateral 
is equal to half the product of its diagonals 
and the sine of the angle between them. ~ 

15. Prove the validity of the following 
formulas for the area of a triangle: 

S — — z—. — i — , S = 2R 2 sin A sin B sm C, 

2 sin A 

where A, B, C are its angles, a is the side 
lying opposite the angle A, and R is the 
radius of the circumscribed circle. 

16. Prove that the radius of the circle 
inscribed in a right triangle can be com¬ 
puted by the formula r = a ~^~ c , 

where a and b are the legs and c is the 
hypotenuse. 

17. Prove that if a and b are two sides of 
a triangle, a the angle between them, and l 
the bisector of this angle, then 
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18. Prove that the distances from the 
vertex A of the triangle ABC to the points 
of tangency of the inscribed circle with the 
sides AB and AC are equal to p — a (each), 
where p is the half-peri meter of the triangle 
ABC , a=\BC\. 

19. Prove that if in a convex quadrilat¬ 
eral ABCD \AB \ + \ CD \ *= \ AD \ + 

| BC |, then there is a circle touching all 
of its sides. 

20. (a) Prove that the altitudes in a 
triangle are concurrent (that is intersect at 
one point), (b) Prove that the distance 
from any vertex of a triangle to the point 
of intersection of the altitudes is twice 
the distance from the centre of the cir¬ 
cumscribed circle to the opposite side. 

* * * 

21. Points A and B are taken on one side 
of a right angle with vertex 0 and | OA | = 

a, | OB | = b. Find the radius of the circle 
passing through the points A and B and 
touching the other side of the angle. 

22. The hypotenuse of a right triangle is 
equal to c, one of the acute angles being 
30°. Find the radius of the circle with 
centre at the vertex of the angle of 30° 
which separates the triangle into two equiv¬ 
alent parts. 

23. The legs of a right triangle are a and 

b. Find the distance from the vertex of the 
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right angle to the nearest point of the 
inscribed circle. 

24. One of the medians of a right triangle 
is equal to m and divides the right angle 
in the ratio 1 : 2. Find the area of the 
triangle. 

25. Given in a triangle ABC are three 
sides: | BC | — a, | CA | = b, | AB | — c. 
Find the ratio in which the point of inter¬ 
section of the angle bisectors divides the 
bisector of the angle B. 

26. Prove that the sum of the distances 
from any point of the base of an isosceles 
triangle to its sides is equal to the altitude 
drawn to either of the sides. 

27. Prove that the sum of distances from 
any point inside an equilateral triangle 
to its sides is equal to the altitude of this 
triangle. 

28. In an isosceles triangle ABC , taken 
on the base AC is a point M such that 
| AM | = a, | MC | = b. Circles are in¬ 
scribed in the triangles ABM and CBM. 
Find the distance between the points at 
which these circles touch the side BM. 

29. Find the area of the quadrilateral 
bounded by the angle bisectors of a paral¬ 
lelogram with sides a and b and angle a. 

30. A circle is inscribed in a rhombus 
with altitude h and acute angle a. Find 
the radius of the greatest of two possible 
circles each of which touches the given 
circle and two sides of the rhombus. 
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31. Determine the acute angle of the 
rhombus whose side is the geometric mean 
of its diagonals. 

32. The diagonals of a convex quadrilat¬ 
eral are equal to a and b, the line segments 
joining the midpoints of the opposite sides 
are congruent. Find the area of the quadri¬ 
lateral. 

33. The side AD of the rectangle ABCD 
is three times the side AB ; points M and 
N divide AD into three equal parts. Find 
/LAMB + /LANB + /LADB. 

34. Two circles intersect at points A 
and B. Chords AC and AD touching the 
given circles are drawn through the point 
A. Prove that | AC | 2 -1 BD | = | AD | a - 

I BC |. 

35. Prove that the bisector of the right 
angle in a right triangle bisects the angle 
between the median and the altitude drawn 
to the hypotenuse. 

36. On a circle of radius r, three points 
are chosen so that the circle is divided 
into three arcs in the ratio 3 : 4 : 5. At the 
division points, tangents are drawn to the 
circle. Find the area of the triangle formed 
by the tangents. 

37. An equilateral trapezoid is circum¬ 
scribed about a circle, the lateral side of 
the trapezoid is l , one of its bases is equal 
to a. Find the area of the trapezoid. 

38. Two straight lines parallel to the 
bases of a trapezoid divide each lateral 
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side into three equal parts. The entire 
trapezoid is separated by the lines into 
three parts. Find the area of the middle 
part if the areas of the upper and lower 
parts are and S t , respectively. 

39. In the trapezoid ABCD | AB | — a, 
| BC | — b (a =jk b). The bisector of the 
angle A intersects either the base BC or the 
lateral side CD. Find out which of them? 

40. Find the length of the line segment 
parallel to the bases of a trapezoid and 
passing through the point of intersection 
of its diagonals if the bases of the trapezoid 
are a and b. 

41. In an equilateral trapezoid circum¬ 
scribed about a circle, the ratio of the 
parallel sides is k. Find the angle at the 
base. 

42. In a trapezoid ABCD, the base AB 
is equal to a, and the base CD to b. Find 
the area of the trapezoid if the diagonals 
of the trapezoid are known to be the bisec¬ 
tors of the angles DAB and ABC. 

43. In an equilateral trapezoid, the mid¬ 
line is equal to a, and the diagonals are 
mutually perpendicular. Find the area of 
the trapezoid. 

44. The area of an equilateral trapezoid 
circumscribed about a circle is equal to S, 
and the altitude of the trapezoid is half 
its lateral side. Determine the radius of 
the circle inscribed in the trapezoid. 

45. The areas of the triangles formed by 
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the segments of the diagonals of a trapezoid 
and its bases are equal to S x and S 2 . Find 
the area of the trapezoid. 

46. In a triangle ABC, the angle ABC is 
a. Find the angle AOC, where 0 is the 
centre of the inscribed circle. 

47. The bisector of the right angle is 
drawn in a right triangle. Find the distance 
between the points of intersection of the 
altitudes of the triangles thus obtained, 
if the legs of the given triangle are a and b. 

48. A straight line perpendicular to two 
sides of a parallelogram divides the latter 
into two trapezoids in each of which a 
circle can be inscribed. Find the acute 
angle of the parallelogram if its sides are 
a and b (a < b). 

49. Given a half-disc with diameter AB. 
Two straight lines are drawn through the 
midpoint of the semicircle which divide 
the half-disc into three equivalent areas. 
In what ratio is the diameter AB divided 
by these lines? 

50. A square ABCD with side a and two 
circles are constructed. The first circle is 
entirely inside the square touching the side 
AB at a point E and also the side BC and 
diagonal AC. The second circle with centre 
at A passes through the point E. Find 
the area of the common part of the two 
discs bounded by these circles. 

54. The vertices of a regular hexagon 
with side a are the centres of the circles 
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with radius a/Y2. Find the area of the 
part of the hexagon not enclosed by these 
circles. 

52. A point A is taken outride a circle 
of radius R. Two secants are drawn from 
this point: one passes through the centre, 
the other at a distance of R/2 from the 
centre. Find the area of the region enclosed 
between these secants. 

53. In a quadrilateral ABCD: ZJDAB — 
90°, A.DBC = 90°. | DB | = a, and | DC | = 
b. Find the distance between the centres 
of two circles one of which passes through 
the points D, A and B, the other through 
the points B, C, and D. 

54. On the sides AB and AD of the 
rhombus ABCD points M and N are taken 
such that the straight lines MC and NC 
separate the rhombus into three equivalent 
parts. Find | MN | if 1 BD | = d. 

55. Points M and N are taken on the 
side AB of a triangle ABC such that 
| AM | : | MN |: | NB | = 1: 2 : 3. Through 
the points M and N straight lines are 
drawn parallel to the side AC. Find the 
area of the part of the triangle enclosed 
between these lines if the area of the triangle 
ABC is equal to S. 

56. Given a circle and a point A located 
outside of this circle, straight lines AB 
and AC are tangent to it (B and C points 
of tangency). Prove that the centre of the 
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circle inscribed in the triangle ABC lies 
on the given circle. 

57. A circle is circumscribed about an 
equilateral triangle ABC , and an arbitrary 
point M is taken on the arc BC. Prove that 
| AM | = | BM | + | CM |. 

58. Let H be the point of intersection of 
the altitudes in a triangle ABC. Find the 
interior angles of the triangle ABC if 
Z-BAH = a, Z.ABH = p. 

59. The area of a rhombus is equal to S, 
the sum of its diagonals is m. Find the side 
of the rhombus. 

60. A square with side a is inscribed in 
a circle. Find the side of the square in¬ 
scribed in one of the segments thus ob¬ 
tained. 

61. In a 120° segment of a circle with 
altitude h a rectangle ABCD is inscribed 
so that | AB | : | BC | = 1 4 (BC lies 
on the chord). Find the area of the rect¬ 
angle. 

62. The area of an annulus is equal to S. 
The radius of the larger circle is equal to 
the circumference of the smaller. Find the 
radius of the smaller circle. 

63. Express the side of a regular decagon 
in terms of the radius R of the circumscribed 
circle. 

64. Tangents MA and MB are drawn 
from an exterior point M to a circle of 
radius R forming an angle a. Determine 


2-01557 
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the area of the figure bounded by the tan¬ 
gents and the minor arc of the circle. 

65. Given a square ABCD with side a. 
Find the centre of the circle passing 
through the following points: the midpoint 
of the side AB, the centre of the square, 
and the vertex C. 

66. Given a rhombus with side a and acute 
angle a. Find the radius of the circle pass¬ 
ing through two neighbouring vertices of 
the rhombus and touching the opposite 
side of the rhombus or its extension. 

67. Given three pairwise tangent circles 
of radius r. Find the area of the triangle 
formed by three lines each of which touches 
two circles and does not intersect the third 
one. 

68. A circle of radius r touches a straight 
line at a point M. Two points A and B 
are chosen on this line on opposite sides of 
M such that | MA | = | MB | = a. Find 
the radius of the circle passing through A 
and B and touching the given circle. 

69. Given a square ABCD with side a. 
Taken on the side BC is a point M such that 
| BM | = 3 | MC | and on the side CD a 
point N such that 2 j CN | = | ND |. Find 
the radius of the circle inscribed in the 
triangle AMN. 

70. Given a square ABCD with side a. 
Determine the distance between the mid¬ 
point of the line segment AM, where M is 
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the midpoint of BC, and a point N on the 
side CD such that | CN | | ND | = 3 1. 

71. A straight line emanating from the 
vertex A in a triangle ABC bisects the 
median BD (the point D lies on the side 
AC). What is the ratio in which this line 
divides the side BC? 

72. In a right triangle ABC the leg CA 
is equal to b, the leg CB is equal to a, CH 
is the altitude, and AM is the median. 
Find the area of the triangle BMH. 

73. Given an isosceles triangle ABC whose 
Z.A — a > 90° and | BC \ — a. Find the 
distance between the point of intersection 
of the altitudes and the centre of the cir¬ 
cumscribed circle. 

74. A circle is circumscribed about a 
triangle ABC where | BC | = a, Z.B = a, 
Z.C = p. The bisector of the angle A meets 
the circle at a point K. Find | AK |. 

75. In a circle of radius R, a diameter is 
drawn with a point A taken at a distance 
a from the centre. Find the radius of another 
circle which is tangent to the diameter at 
the point A and touches internally the 
given circle. 

76. In a circle, three pairwise intersecting 
chords are drawn. Each chord is divided 
into three equal parts by the points of 
intersection. Find the radius of the circle 
if one of the chords is equal to a. 

77. One regular hexagon is inscribed in 
a circle, the other is circumscribed about 


2 * 
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it. Find the radius of the circle if the differ¬ 
ence between the perimeters of these hexa¬ 
gons is equal to a. 

78. In an equilateral triangle ABC whose 
side is equal to a, the altitude BK is drawn. 
A circle is inscribed in each of the triangles 
ABK and BCK, and a common external 
tangent, different from the side AC, is drawn 
to them. Find the area of the triangle cut 
off by this tangent from the triangle ABC. 

79. Given in an inscribed quadrilateral 
ABCD are the angles: AJDAB = a, /LABC = 
P, /LBKC — y. where K is the point 
of intersection of the diagonals. Find the 
angle ACD. 

80. In an inscribed quadrilateral ABCD 
whose diagonals intersect at a point K, 

| AB | = a, |BK | = ft, | AK \ - c, | CD | = 
d. Find | AC |. 

81. A circle is circumscribed about a 
trapezoid. The angle between one of the 
bases of the trapezoid and a lateral side is 
equal to a and the angle between this base 
and one of the diagonals is equal to (J. 
Find the ratio of the area of the circle to 
the area of the trapezoid. 

82. In an equilateral trapezoid ABCD, 
the base AD is equal to a, the base BC 
is equal to ft, \ AB \ — d. Drawn through 
the vertex B is a straight line bisecting the 
diagonal AC and intersecting AD at a point 
K. Find the area of the triangle BDK. 

83. Find the sum of the squares of the 
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distances from the point M taken on a diam¬ 
eter of a circle to the end points of any 
chord parallel to this diameter if the radius 
of the circle is R, and the distance from M 
to the centre of the circle is a. 

84. A common chord of two intersecting 
circles can be observed from their centres 
at angles of 90° and 60°. Find the radii of 
the circles if the distance between their 
centres is equal to a. 

85. Given a regular triangle ABC. A point 
K divides the side AC in the ratio 2:1, 
and a point M divides the side A B in the 
ratio 1 2 (as measured from the vertex A 
in both cases). Prove that the length of the 
line segment KM is equal to the radius of 
the circle circumscribed about the triangle 
ABC. 

86. Two circles of radii R and R/2 touch 
each other externally. One of the end points 
of the line segment of length 2 R forming 
an angle of 30° with the centre line coincides 
with the centre of the circle of the smaller 
radius. What part of the line segment lies 
outside both circles? (The line segment 
intersects both circles.) 

87. A median BK, an angle bisector BE, 
and an altitude AD are drawn in a triangle 
ABC. Find the side AC if it is known that 
the lines BK and BE divide the line segment 
AD into three equal parts and | AB | = 4. 

88. The ratio of the radius of the circle 
inscribed in an isosceles triangle to the 
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radius of the circle circumscribed about this 
triangle is equal to k. Find the base angle 
of the triangle. 

89. Find the cosine of the angle at the 
base of an isosceles triangle if the point of 
intersection of its altitudes lies on the circle 
inscribed in the triangle. 

90. Find the area of the pentagon bounded 
by the lines BC, CD, AN, AM, and BD, 
where A, B, and D are the vertices of a 
square ABCD, N the midpoint of the side 
BC, and M divides the side CD in the ratio 
2 : 1 (counting from the vertex C) if the 
side of the square ABCD is equal to a. 

91. Given in a triangle ABC: /LBAC = 
a, Z-ABC — p. A circle centred at B 
passes through A and intersects the line AC 
at a point K different from A, and the line 
BC at points E and F. Find the angles of 
the triangle EKF. 

92. Given a square with side a. Find the 
area of the regular triangle one of whose 
vertices coincides with the midpoint of one 
of the sides of the square, the other two 
lying on the diagonals of the square. 

93. Points M, N, and K are taken on the 
sides of a square ABCD, where M is the 
midpoint of AB, N lies on the side BC 
(2 | BN | = | NC |). K lies on the side 
DA (2 | DK \ — \ KA |). Find the sine 
of the angle between the lines MC and NK. 

94. A circle of radius r passes through the 
vertices A and B of the triangle ABC and 
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intersects the side BC at a point D. Find 
the radius of the circle passing through the 
points A,D, and C if | AB | = c, | AC | —b. 

95. In a triangle ABC , the side AB is 
equal to 3, and the altitude CD dropped 
on the side AB is equal to |/3. The foot D 
of the altitude CD lies on the side AB, and 
the line segment ^4Z> is equal to the side BC. 
Find \AC \. 

96. A regular hexagon ABCDEF ^in¬ 
scribed in a circle of radius B. Find ’the 
radius of the circle inscribed in the triangle 
ACD. 

97. The side AB of a square ABCD is 
equal to 1 and is a chord of a circle, the 
rest of the sides of the square lying outside 
this circle. The length of the tangent CK 
drawn from the vertex C to the circle is 
equal to 2. Find the diameter of the circle. 

98. In a right triangle, the smaller angle 
is equal to a. A straight line drawn per¬ 
pendicularly to the hypotenuse divides 
the triangle into two equivalent parts. 
Determine the ratio in which this line 
divides the hypotenuse. 

99. Drawn inside a regular triangle with 
side equal to 1 are two circles touching 
each other. Each of the circles touches two 
sides of the triangle (each side of the 
triangle touches at least one of the circles). 
Prove that the sum of the radii of these 
circles is not less than (j/3 — l)/2. 
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100. In a right triangle ABC with an 
acute angle A equal to 30°, the bisector of 
the other acute angle is drawn. Find the 
distance between the centres of the two 
circles inscribed in the triangles ABD and 
CBD if the smaller leg is equal to 1. 

101. In a trapezoid ABCD, the angles 
A and D at the base AD are equal to 60° 
and 30°, respectively. A point N lies on 
the base BC, and | BN | : | NC | = 2. 
A point M lies on the base AD; the straight 
line MN is perpendicular to the bases of 
the trapezoid and divides its area into 
two equal parts. Find | AM | : | MD |. 

102. Given in a triangle ABC: \ BC | = 
a, Z^A — a, Z-B — p. Find the radius of 
the circle touching both the side AC at 
a point A and the side BC. 

103. Given in a triangle ABC : | AB | = 
c, | BC | = a, Z.B = p. On the side AB , 
a point M is taken such that 2 \ AM \ — 
3 | MB |. Find the distance from M to the 
midpoint of the side AC. 

% 104. In a triangle ABC, a point M is taken 
on the side AB and a point N on the side 
AC such that | AM | = 3 | MB | and 
2 | AN | = | NC |. Find the area of the 
quadrilateral MBCN if the area of the 
triangle ABC is equal to S. 

105. Given two concentric circles of 
radii R and r (B > r) with a common centre 
O. A third circle touches both of them. 
Find the tangent of the angle between the 
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tangent lines to the third circle emanating 
from the point 0. 

106. Given in a parallelogram ABCD: 

| AB | = a, | AD | = b (b > a), /LBAD = 
a (a < 90°). On the sides AD and BC, 
points K and M are taken such that BKDM 
is a rhombus. Find the side of the rhombus. 

107. In a right triangle, the hypotenuse 
is equal to c. The centres of three circles 
of radius c/5 are found at its vertices. Find 
the radius of a fourth circle which touches 
the three given circles and does not enclose 
them. 

108. Find the radius of the circle which 
cuts on both sides of an angle a chords of 
length a if the distance between the nearest 
end points of these chords is known to be 
equal to b. 

109. A circle is constructed on the side 
BC of a triangle ABC as diameter. This 
circle intersects the sides AB and AC at 
points M and A, . respectively. Find the 
area of the triangle AMN if the area of the 
triangle ABC is equal to S, and /LBAC~a. 

110. In a circle of radius R two mutually 
perpendicular chords MN and PQ are 
drawn. Find the distance between the points 
M and P if | NQ | = a. 

111. In a triangle ABC, on the largest 
side BC equal to b, a point M is chosen. 
Find the shortest distance between the 
centres of the circles circumscribed about 
the triangles BAM and ACM . 
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112. Given in a parallelogram ABCD: 

| AB | — a, | BC | = b, Z.ABC = a. Find 
the distance between the centres of the 
circles circumscribed about the triangles 
BCD and DAB. 

113. In a triangle ABC, Z^A = a, | BA |= 
a, | AC | = 6. On the sides AC and 
AB, points M and N are taken, M being the 
midpoint of AC. Find the length of the 
line segment MN if the area of the triangle 
AMN is 1/3 of the area of the triangle ABC. 

114. Find the angles of a rhombus if the 
area of the circle inscribed in it is half 
the area of the rhombus. 

115. Find the common area of two equal 
squares of side a if one can be obtained 
from the other by rotating through an angle 
of 45° about its vertex. 

116. In a quadrilateral inscribed in a 
circle, two opposite sides are mutually 
perpendicular, one of them being equal to 
a, the adjacent acute angle is divided by 
one of the diagonals into a and p. Determine 
the diagonals of the quadrilateral (the 
angle a is adjacent to the given side). 

117. Given a parallelogram ABCD with 
an acute angle DAB equal to a in which 
\AB\ = a, | AD | = b (a < b). Let K 
denote the foot of the perpendicular dropped 
from the vertex B on AD, and M the foot 
of the perpendicular dropped from the point 
K on the extension of the side CD. Find the 
area of the triangle BKM, 
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118. In a triangle ABC, drawn from the 
vertex C are two rays dividing the angle 
ACB into three equal parts. Find the ratio 
of the segments of these rays enclosed 
inside the triangle if | BC | = 3 | AC |, 
/LACB = a. 

119. In an isosceles triangle ABC (| AB j = 

| BC |) the angle bisector AD is drawn. 
The areas of the triangles ABD and ADC 
are equal to and S 2 , respectively. Find 
\AC |. 

120. A circle of radius R t is inscribed 
in an angle a. Another circle of radius R 2 
touches one of the sides of the angle at 
the same point as the first one and inter¬ 
sects the other side of the angle at points 
A and B. Find | AB |. 

121. On a straight line passing through 
the centre O of the circle of radius 12, 
points A and B are taken such that | OA | = 
15, | AB | = 5. From the points A and B, 
tangents are drawn to the circle whose points 
of tangency lie on one side of the line 
OAB. Find the area of the triangle ABC, 
where C is the point of intersection of these 
tangents. 

122. Given in a triangle ABC: | BC | = 
a, /LA = a, /LB — (5. Find the radius 
of the circle intersecting all of its sides 
and cutting off on each of them a chord of 
length d. 

123. In a convex quadrilateral, the line 
segments joining the midpoints of the oppo- 
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site sides are equal to a and b and intersect 
at an angle of 60° Find the diagonals of 
the quadrilateral. 

124. In a triangle ABC , taken on the 
side BC is a point M such that the distance 
from the vertex B to the centre of gravity 
of the triangle AMC is equal to the distance 
from the vertex C to the centre of gravity 
of the triangle AMB. Prove that | BM | = 

| DC | where D is the foot of the altitude 
dropped from the vertex A to BC. 

125. In a right triangle ABC, the bisector 

BE of the right angle B is divided by the 
centre 0 of the inscribed circle so that 
i BO | | OE | = VS Y2. Find the acute 

angles of the triangle. 

126. A circle is constructed on a line 
segment AB of length R as diameter. A sec¬ 
ond circle of the same radius is centred at 
the point A. A third circle touches the 
first circle internally and the second circle 
externally; it also touches the line segment 
AB. Find the radius of the third circle. 

127. Given a triangle ABC. It is known 
that | AB | = 4, | AC \ = 2, and | BC | = 
3. The bisector of the angle A intersects 
the side BC at a point K. The straight line 
passing through the point B and being 
parallel to AC intersects the extension of 
the angle bisector A A at the point M. Find 
| KM |. 

128. A circle centred inside a right angle 
touches one of the sides of the angle, inter- 
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sects the other side at points A and B and 
intersects the bisector of the angle at points 
C and D. The chord_ AB is equal to ^6, 
the chord CD to V 7. Find the radius of 
the circle. 

129. Two circles of radius 1 lie in a paral¬ 
lelogram, each circle touching the other 
circle and three sides of the parallelogram. 
One of the segments of the side from the 
vertex_ to the point of tangency is equal 
to ]/ 3. Find the area of the parallelogram. 

130. A circle of radius R passes through 
the vertices A and B of the triangle ABC 
and touches the line AC at A. Find the 
area of the triangle ABC if Z.B — a, Z.A = 

P- 

131. In a triangle ABC , the angle bisector 
AK is perpendicular to the median BM, 
and the angle B is equal to 120°. Find the 
ratio of the area of the triangle ABC to the 
area of the circle circumscribed about this 
triangle. 

132. In a right triangle ABC , a circle 
touching the side BC is drawn through the 
midpoints of AB and AC. Find the part of 
the hypotenuse AC which lies inside this 
circle if | AB | = 3, | BC | = 4. 

133. Given a line segment a. Three 
circles of radius R are centred at the end 
points and midpoint of the line segment. 
Find the radius of the fourth circle which 
touches the three given circles. 
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134. Find the angle between the common 
external and internal tangents to two circles 
of radii R and r if the distanc e between 
their centres equals V 2 (R 2 + r 2 ) (the cen¬ 
tres of the circles are on the same side of the 
common external tangent and on both sides 
of the common internal tangent). 

135. The line segment AB is the diameter 
of a circle, and the point C lies outside 
this circle. The line segments AC and BC 
intersect the circle at points D and E, 
respectively. Find the angle CBD if the 
ratio of the areas of the triangles DCE and 
ABC is 1 4. 

136. In a rhombus ABCD of side a, the 
angle at the vertex A is equal to 120°. 
Points E and F lie on the sides BC and AD, 
respectively, the line segment EF and the 
diagonal AC of the rhombus intersect at M. 
The ratio of the areas of the quadrilaterals 
BEFA and ECDF is 1:2. Find | EM | 
if MM | | MC | = 1 3. 

137. Given a circle of radius R centred 
at 0. A tangent A A is drawn to the circle 
from the end point A of the line segment 
OA, which meets the circle at M. Find 
the radius of the circle touching the line 
segments AK, AM, and the arc MK if 
ZjOAK = 60°. 

138. Inscribed in a circle is an isosceles 
triangle ABC in which \ AB I = j BC | 
and /LB — p. The midline of the triangle 
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is extended to intersect the circle at points 
D and E (DE || AC). Find the ratio of the 
areas of the triangles ABC and DBE. 

139. Given an angle a with vertex 0. 
A point M is taken on one of its sides and 
a perpendicular is erected at this point 
to intersect the other side of the angle at a 
point N. Just in the same way, at a point 
K taken on the other side of the angle a 
perpendicular is erected to intersect the 
first side at a point P. Let B denote the 
point of intersection of the lines MN and 
KP, and A the point of intersection of the 
lines OB and NB. Find | OA | if | OM | = 
a and | OP | = b. 

140. Two circles of radii B and r touch 
the sides of a given angle and each other. 
Find the radius of a third circle touching 
the sides of the same angle and whose centre 
is found at the point at which the given 
circles touch each other. 

141. The distance between the centres 
of two non-intersecting circles is equal to a. 
Prove that the four points of intersection 
of common external and internal tangents 
lie on one circle. Find the radius of this 
circle. 

142. Prove that the segment of a common 
external tangent to two circles which is 
enclosed between common internal tangents 
is equal to the length of a common internal 
tangent. 

143. Two mutually perpendicular ra- 
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dii OA and OB are drawn in a circle 
centred at 0. A point C is on the arc AB 
such that Z-AOC = 60° ( Z.BOC = 30°). 
A circle of radius AB centred at A inter¬ 
sects the extension of OC beyond the point 
C at D. Prove that the line segment CD 
is equal to the side of a regular decagon 
inscribed in the circle. 

Let us now take a point M diametrically 
opposite to the point C. The line segment 
MD, increased by 1/5 of its length, is assum¬ 
ed to be approximately equal to half the 
circumference. Estimate the error of this 
approximation. 

144. Given a rectangle 7x8. One vertex 
of a regular triangle coincides with one of 
the vertices of the rectangle, the two other 
vertices lying on its sides not containing 
this vertex. Find the side of the regular 
triangle. 

145. Find the radius of the minimal circle 
containing an equilateral trapezoid with 
bases of 15 and 4 and lateral side of 9.. 

146. A BCD is a rectangle in which 
| AB | = 9, | BC | = 7. A point M is 
taken on the side CD such that | CM | = 
3, and point N on the side AD such that 
| AN | = 2.5. Find the greatest radius of 
the circle which goes inside the pentagon 
ABCMN. 

147. Find the greatest angle of a triangle 
if the radius of the circle inscribed in the 
triangle with vertices at the feet of the 
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altitudes of the given triangle is half the 
least altitude of the given triangle. 

148. In a triangle ABC , the bisector of 
the angle C is perpendicular to the median 
emanating from the vertex B. The centre 
of the inscribed circle lies on the circle 
passing through the points A and C and the 
centre of the circumscribed circle. Find 
| AB | if \BC | = 1. 

149. A point M is at distances of 2, 3 and 
6 from the sides of a regular triangle (that 
is, from the lines on which its sides are 
situated). Find the side of the regular 
triangle if its area is less than 14. 

150. A point M is at distances of ]/3 
and 3 1/ 3 from the sides of an angle of 60° 
(the feet of the perpendiculars dropped from 
M on the sides of the angle lie on the sides 
themselves, but not on their extensions). 
A straight line passing through the point M 
intersects the sides of the angle and cuts off 
a triangle whose perimeter is 12. Find the 
area of this triangle. 

151. Given a rectangle ABCD in which 
| AB | = 4, | BC | = 3. Find the side of 
the rhombus one vertex of which coincides 
with A, and three others lie on the line 
segments AB, BC and BD (one vertex on 
each segment). 

152. Given a square ABCD with a side 
equal to 1. Find the side of the rhombus one 
vertex of which coincides with A , the oppo- 


3-01557 
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site vertex lies on the line BD, and the two 
remaining vertices on the lines BC and CD. 

153. In a parallelogram ABCD the acute 
angle is equal to ( a. A circle of radius r 
passes through the vertices A, B, and C 
and intersects the lines AD and CD at points 
M and N. Find the area of the triangle 
BMN. 

154. A circle passing through the vertices 
A, B, and C of the parallelogram ABCD 
intersects the lines AD and CD at points 
M and N. The point M is at distances of 
4, 3 and 2 from the vertices B, C, and D, 
respectively. Find | MN |. 

155. Given a triangle ABC in which 
/LBAC — nl 6 . The circle centred at A 
with radius equal to the altitude dropped 
on BC separates the triangle into two equal 
arfeas. Find the greatest angle of the triangle 
ABC. 

156. In an isosceles triangle ABC /LB = 
120°. Find the common chord of two circles: 
one is circumscribed about ABC, the other 
passes through the centre of the inscribed 
circle and the feet of the bisectors of the 
angles A and C if | AC | = 1. 

157. In a triangle ABC the side BC is 
equal to a, the radius of the inscribed circle 
is equal to r. Determine the radii of two 
equal circles tangent to each other, one of 
them touching the sides BC and BA, the 
other—the sides BC and CA. 

158. A trapezoid is inscribed in a circle 
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of radius R. Straight lines passing through 
the end points of one of the bases of the 
trapezoid parallel to the lateral sides inter¬ 
sect at the centre of the circle. The lateral 
side,can be observed from the centre at an 
angle a. Find the area of the trapezoid. 

159. The hypotenuse of a right triangle 
is equal to c. What are the limits of change 
of the distance between the centre of the 
inscribed circle and the point of intersec¬ 
tion of the medians? 

160. The sides of a parallelogram are 
equal to a and b (a b). What are the 
limits of change of the cosine of the acute 
angle between the diagonals? 

161. Three straight lines are drawn 
through a point M inside a triangle ABC 
parallel to its sides. The segments of the 
lines enclosed inside the triangle are equal 
to one another. Find their length if the 
sides of the triangle are a , b, and c. 

162. Three equal circles are drawn inside 
a triangle ABC each of which touches two 
of its sides. The three circles have a common 
point. Find their radii if the radii of the 
circles inscribed in and circumscribed about 
the triangle ABC are equal to r and R, 
respectively. 

163. In a triangle ABC, a median AD 
is drawn, ZJ)AC + Z .ABC — 90° Find 
A.BAC if \AB | =£ \AC |. 

164. Three circles of radii 1, 2, and 3 
touch one another externally. Find the 


3 * 
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radius of the circle passing through the 
points of tangency of these circles. 

165. A square of unit area is inscribed 
in an isosceles triangle, one of the sides 
of the square lies on the base of the triangle. 
Find the area of the triangle if the centres 
of gravity of the triangle and square are 
known to coincide. 

166. In an equilateral triangle ABC, 
the side is equal to a. Taken on the side BC 
is a point D, and on the side AB a point E 
such that | BD | = a/3, | AE | = | DE |. 
Find | CE \. 

167. Given a right triangle ABC. The 
angle bisector CL (| CL | = a) and the 
median CM (| CM | = b) are drawn from 
the vertex of the right angle C. Find the 
area of the triangle ABC. 

168. A circle is inscribed in a trapezoid. 
Find the area of the trapezoid given the 
length a of one of the bases and the line 
segments b and d into which one of the 
lateral sides is divided by the point of 
tangency (the segment b adjoins the base 
a). 

169. The diagonals of a trapezoid are equal 
to 3 and 5, and the line segment joining the 
midpoints of the bases is equal to 2. Find 
the area of the trapezoid. 

170. A circle of radius 1 is inscribed in a 
triangle ABC for which cos B — 0 . 8 . This 
circle touches the midline of the triangle 
ABC parallel to the side AC. Find AC. 
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171. Given a regular triangle ABC of 
area S. Drawn parallel to its sides at equal 
distances from them are three straight lines 
intersecting inside the triangle to form a 
triangle A 1 B 1 C l whose area is Q. Find the 
distance between the parallel sides of the 
triangles ABC and A 1 B 1 C 1 . 

172. The sides AB and CD of a quadri¬ 
lateral ABCD are mutually perpendicular; 
they are the diameters of two equal circles 
of radius r which touch each other. Find 
the area of the quadrilateral ABCD if 
| BC | : \AD | = k. 

173. Two circles touching each other are 
inscribed in an angle whose size is a. 
Determine the ratio of the radius of the 
smaller circle to the radius of a third circle 
touching both the circles and one of the 
sides of the angle. 

174. In a triangle ABC, circle intersect¬ 
ing the sides AC and BC at points M and 
N, respectively, is constructed on the 
midline DE, parallel to AB, as on the 
diameter. Find \MN | if \BC \ = a, \AC \ = 
b, | AB | = c. 

175. The distance between the centres 
of two circles is equal to a. Find the side of 
a rhombus two opposite vertices of which 
lie on one circle, and the other two on the 
other if the radii of the circles are R 
and r. 

176. Find the area of the rhombus ABCD 
if the radii of the circles circumscribed 
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about the triangles ABC and ABD are B 
and r, respectively. 

177. Given an angle of size a with vertex 
at A and a point B at distances a and b 
from the sides of the angle. Find | AB |. 

178. In a triangle ABC, the altitudes h a 
and h b drawn from the vertices A and B, 
respectively, and the length l of the bisector 
of the angle C are given. Find Z.C. 

179. A circle is circumscribed about a 
right triangle. Another circle of the same 
radius touches the legs of this triangle, one 
of the vertices of the triangle being one of 
the points of tangency. Find the ratio 
of the area of the triangle to the area of 
the common part of the two given circles. 

180. Given in a trapezoid ABCD: | AB |= 
\BC\ = \CD | = a, | DA | = 2a. Taken 
respectively on the straight lines AB 
and AD are points E and F, other than the 
vertices of the trapezoid, so that the point 
of intersection of the altitudes of the 
triangle CEF coincides with the point of 
intersection of the diagonals of the trape¬ 
zoid ABCD. Find the area of the triangle 
CEF. 


* * * 

181. The altitude of a right triangle ABC 
drawn to the hypotenuse AB is h, D being 
its foot; M and N are the midpoints of the 
line segments AD and DB, respectively. 
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Find the distance from the vertex C to the 
point of intersection of the altitudes of the 
triangle CMN. 

182. Given an equilateral trapezoid with 
bases AD and BC: | AB | = | CD \ — a, 

| AC | = | BD | = b, | BC | = c, M an 
arbitrary point of the arc BC of the circle 
circumscribed about ABCD. Find the ratio 
' 1 BM | + | MC | 

\AM\ + \MD\ 

183. Each lateral side of an isosceles 
triangle is equal to 1, the base being equal 
to a. A circle is circumscribed about the 
triangle. Find the chord intersecting the 
lateral sides of the triangle and divided 
by the points of intersection into three 
equal segments. 

184. MN is a diameter of a circle, |MJV| = 
1, A and B are points on the circle 
situated on one side from MN, C is a point 
on the other semicircle. Given: A is the 
midpoint of semicircle, | MB \ = 3/5, the 
length of the line segment formed by the 
intersection of the diameter MN with the 
chords AC and BC is equal to a. What is 
the greatest value of a? 

185. ABCD is a convex quadrilateral. 
M the midpoint of AB, N the midpoint of 
CD. The areas of triangles ABN and CDM 
are known to be equal, and the area of 
their common part is 1 Ik of the area of 
each of them. Find the ratio of the sides 
BC and AD. 
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186. Given an equilateral trapezoid ABCD 
{AD || BC) whose acute angle at the larger 
base is equal to 60°, the diagonal being 
equal to V 3. The point M is found at 
distances 1 and 3 from the vertices A and 
D, respectively. Find | MC |. 

187. The bisector of each angle of a 
triangle intersects the opposite side at a 
point equidistant from the midpoints of 
the two other sides of the triangle. Does it, 
in fact, mean that the triangle is regular? 

188. Given in a triangle are two sides: 
a and b (a > b). Find the third side if it 
is known that a + h a ^ b + h b , where h a 
and h b are the altitudes dropped on these 
sides ( h a the altitude drawn to the side a). 

189. Given a convex quadrilateral ABCD 
circumscribed about a circle of diameter 1. 
Inside ABCD , there is a point M such that 
| MA | 2 + | MB | 2 + | MC | 2 + I MD | 2 = 
2. Find the area of ABCD. 

190. Given in a quadrilateral ABCD : 

| AB | = a, \ BC\ = b, \CD | = c, \DA |= 
d\ a 2 + c 2 b 2 + <P, c d, M is a 
point on BD equidistant from A and C. 
Find the ratio | BM \ | MD |. 

191. The smaller side of the rectangle 
ABCD is equal to 1. Consider four concentric 
circles centred at A and passing, respective¬ 
ly, through B, C, D, and the intersection 
point of the diagonals of the rectangle 
ABCD. There also exists a rectangle with 
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vertices on the constructed circles (one 
vertice per circle). Prove that there is a 
square whose vertices lie on the constructed 
circles. Find its side. 

192. Given a triangle ABC. The perpen¬ 
diculars erected to A B and BC at their mid¬ 
points intersect the line AC at points M 
and N such that | MN | — | AC |. The 
perpendiculars erected to AB and AC at 
their midpoints intersect BC at points K 

and L such that | KL I = y I BC |. Find 
the smallest angle of the triangle ABC. 

193. A point M is taken on the side AB 
of a triangle ABC such that the straight 
line joining the centre of the circle cir¬ 
cumscribed about the triangle ABC to the 
median point of the triangle BCM is per¬ 
pendicular to CM. Find the ratio | BM \ 

\ BA | if | SC 1 i BA | = k. 

194. In an inscribed quadrilateral ABCD 
where | AB | = | BC |, K is the inter¬ 
section point of the diagonals. Find | AB | 
if | BK | = b, | KD | = d. 

195. Give the geometrical interpretations 
of equation (1) and systems (2), (3), and 
(4). Solve equation (1) and systems (2) 
and (3). In system (4) find x + y + z: 


mV* -fa 2 — ax]/ 3 
+ Vy z + b*-byV3 
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+ Vx 2 +y 2 — xy Y 3 

= Y¥+¥ ( fl >0, 6>0). 

(2) f x = Y z 2 — a 2 + |/ y 2 — a 2 , 

\ y=Ya*-b 2 +Y#-*> Z , 
l z= y y 2 ~ c 2 + ]/x 2 —c 2 . 

(3) x 2 + y 2 = (a — x 2 )-\-b 2 = a? + (b—y 2 .) 

(4) f x 2 + xy + y 2 = a 2 , 

S y z + yz + z 2 = b 2 , 

[ z 2 + zx + x 2 = a 2 + b 2 . 

196. The side of a square is equal to a 
and the products of the distances from the 
opposite vertices to a line l are equal to 
each other. Find the distance from the centre 
of the square to the line l if it is known that 
neither of the sides of the square is parallel 
to l. 

197. One of the sides in a triangle ABC 
is twice the length of the other and Z-B — 
2 Z-.C. Find the angles of the triangle. 

198. A circle touches the sides AB and 
AC of an isosceles triangle ABC. Let M 
be the point of tangency with the side AB 
and N the point of intersection of the circle 
and the base BC. Find | AN | if | AM | = 
a, | BM | = b. 

199. Given a parallelogram ABCD in 
which I AB | = k | BC |, K and L are 
points on the line CD ( K on the side CD), 
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and M is a point on BC, AD being the 
bisector of the angle KAL, AM the bisector 
of the angle KAB, | BM | = a, | DL | = 
b. Find | AL |. 

200. Given a parallelogram ABCD. A 
straight line passing through the vertex C 
Intersects the lines AB and AD at points 
K and L, respectively. The areas of the 
triangles KBC and CDL are equal to p 
and q, respectively. Find the area of the 
parallelogram ABCD. 

201. Given a circle of radius R and two 

¥ oints A and B on it such that | AB \ — a. 

wo circles of radii x and y touch the given 
circle at points A and B. Find: (a) the 
length of the common external tangent to 
the last circles if both of them touch the 
given circle in the same way (either inter¬ 
nally or externally); (b) the length of the 
common internal tangent if the circle of 
r$4i us x touches the given circle externally, 
wBile the circle of radius y touches the 
given circle internally. 

. ,202. Given in a triangle ABC: | AB | = 
f2, 1 BC | = 13, | CA | = 15. Taken on 
the. side AC is a point M such that the 

S ij of the circles inscribed in the triangles 
M and BCM are equal. Find the ratio 
M | : | MC |. 

203. The radii of the circles inscribed 
ip and circumscribed about a triangle are 
&|ual to r and R, respectively. Find the 
area of the triangle if the circle passing 
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through the centres of the inscribed and 
circumscribed circles and the intersection 
point of the altitudes of the triangle is 
known to pass at least through one of the 
vertices of the triangle. 

204. Given a rectangle A BCD where 
| AB | = 2 a, | BC | = a ^2. On the side 
AB, as on diameter, a semicircle is con¬ 
structed externally. Let M be an arbitrary 
point on the semicircle, the line MD inter¬ 
sect AB at N, and the line MC at L. Find 
| AL | 2 4 - | BN | 2 (Fermat’s* problem). 

205. Circles of radii R and r touch each 
other internally. Find the side of the 
regular triangle, one vertex of which coin¬ 
cides with the point of tangency, and the 
other two, lying on the given circles. 

206. Two circles of radii R and r (R > r) 
touch each other externally at a point A. 
Through a point B taken on the larger 
circle a straight line is drawn touching the 
smaller circle at C. Find | BC | if | AB | = 
a. 

207. In a parallelogram A BCD there are 
three pairwise tangent circles**; one of 
them also touches the sides AB and BC, the 
second the sides AB and AD, and the third 
the sides BC and AD. Find the radius of 
the third circle if the distance between the 


* Fermat, Pierre de (1601-1665), a French 
amateur mathematician. 

** Any two of them have a point of tangency. 
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points of tangency on the side AB is equal 
to a. 

208. The diagonals of the quadrilateral 
ABCD intersect at a point M, the angle 
between them equalling a. Let O x , 0 3 , 0 3 , 
O t denote the centres of the circles circum¬ 
scribed about the triangles ABM, BCM, 
CDM, DAM, respectively. Determine the 
ratio of the areas of the quadrilaterals 
ABCD and 0 1 0 2 0 3 0 4 . 

209. In a parallelogram whose area is S, 
the bisectors of its interior angles are drawn 
to intersect one another. The area of the 
quadrilateral thus obtained is equal to Q. 
Find the ratio of the sides of the parallel¬ 
ogram. 

210. In a triangle ABC, a point M is 
taken on the side AC and a point N on the 
Mde BC. The line segments AN and BM 
intersect at a point 0. Find the area of the 
triangle CMN if the areas of the triangles 
QMA, OAB, and OBM are equal to S 1 , S 2 , 
ahd S 3 , respectively. 

211. The median point of a right triangle 
lies on the circle inscribed in this triangle. 
Find the acute angles of the triangle. 

212. The circle inscribed in a triangle 
ABC divides the median BM into three 
equal parts. Find the ratio | BC \ \CA \ 

I AB |. 

213. In a triangle ABC, the midperpendic- 
ttlar to the side AB intersects the line AC 

M, and the midperpendicular to the side 
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AC intersects the line AB at N. It is known 
that | MN | = | BC | and the line MN 
is perpendicular to the line BC. Determine 
the angles of the triangle ABC. 

214. The area of a trapezoid with bases 
AD and BC is S, | AD | : | BC | = 3; 
situated on the straight line intersecting the 
extension of the base AD beyond the point 
D there is a line segment EF such that 
AE || DF, BE || CF and | AE | : | DF | = 

| CF | | BE | = 2. Determine the area of 

the triangle EFD. 

215. In a triangle ABC the side BC is 
equal to a, and the radius of the inscribed 
circle is r. Find the area of the triangle if 
the inscribed circle touches the circle con¬ 
structed on BC as diameter. 

216. Given an equilateral triangle ABC 
with side a, BD being its altitude. A second 
equilateral triangle BDC 1 is constructed 
on BD, and a third equilateral triangle 

is constructed on the altitude BD X 
of this triangle. Find the radius of the circle 
circumscribed about the triangle CC X C 2 . 
Prove that its centre is found on one of the 
sides of the triangle ABC (C 2 is situated 
outside the triangle ABC). 

217. The sides of a parallelogram are 
equal to a and b (a =/= b). Straight lines are 
drawn through the vertices of the obtuse 
angles of this parallelogram perpendicular 
to its sides. When intersecting, these lines 
form a parallelogram similar to the given 
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one. Find the cosine of the acute angle of 
the given parallelogram. 

218. Two angle bisectors KN and LP 
intersecting at a point Q are drawn in a 
triangle KLM. The line segment PN has 
a length of 1, and the vertex M lies on the 
circle passing through the points N, P, 
and Q. Find the sides and angles of the 
triangle PNQ. 

219. The centre of a circle of radius r 
touching the sides AB, AD, and BC is 
located on the diagonal AC of a convex 
quadrilateral A BCD. The centre of a circle 
of the same radius r touching the sides 

BC, CD, and AD is found on the diagonal 

BD. Find the area of the quadrilateral 
ABCD if the indicated circles touch each 
other externally. 

. 220. The radius of the circle circumscribed 
obout an acute-angled triangle ABC is equal 
to 1. The centre of the circle passing through 
the vertices A, C, and the intersection point 
of the altitudes of the triangle ABC is known 
to lie on this circle. Find | AC |. 

V 221. Given a triangle ABC in which 
joints M, N, and P are taken: M and N 
the sides AC and BC, respectively, P 
jOn the line segment MN such that | AM | 
iMC | = | CN | : | NB j = | MP | : | PN\. 
find the area of the triangle ABC if the 
#reas of the triangles AMP and BNP are T 
fwd Q, respectively. 

4* 222. Given a circle of radius R and a 
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point A at a distance a from its centre 
(a > fi). Let K denote the point of the 
circle nearest to the point A. A secant line 
passing through A intersects the circle at 
points M and N. Find | MN | if the area 
of the triangle KMN is S. 

223. In an isosceles triangle ABC 
(| AB | = | BC |), a perpendicular to AE 
is drawn through the end point E of the 
angle bisector AE to intersect the extension 
of the side AC at a point F (C lies between 
A and F). It is known that | AC | = 2m, 

| FC | — ml 4. Find the area of the triangle 
ABC. 

224. Two congruent regular triangles 
ABC and CDE with side 1 are arranged 
on a plane so that they have only one com¬ 
mon point C, and the angle BCD is less than 
n/3. K denotes the midpoint of the side 
AC, L the midpoint of CE, and M the mid¬ 
point of BD. The area of the triangle KLM 
is equal to ^3/5. Find | BD \. 

225. From a point K situated outside a 
circle with centre O, two tangents KM 
and KN (M and N points of tangency) are 
drawn. A point C (| MC | < | CN j) is 
taken on the chord MN. Drawn through the 
point C perpendicular to the line segment 
OC is a straight line intersecting the line 
segment NK at B. The radius of the circle 
is known to be equal to R, Z-MKN — a, 
| MC | = b. Find | CB |. 
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226. A pentagon ABODE is inscribed in 
a circle. The points M, Q, N, and P are the 
feet of the perpendiculars dropped from the 
vertex E of the sides AB, BC, CD (or their 
extensions), and the diagonal AD, respective¬ 
ly. It is known that | EP | = d, and the 
ratio of the areas of the triangles MQE and 
PNE is k. Find | EM |. 

227. Given a right trapezoid. A straight 
line, parallel to the bases of the trapezoid 
separates the latter into two trapezoids 
such that a circle can be inscribed in each 
of them. Determine the bases of the original 
trapezoid if its lateral sides are equal to c 
and d (d > c). 

228. Points P and Q are chosen on the 
lateral sides KL and MN of an equilateral 
trapezoid KLMN, respectively, such that 
the line segment PQ is parallel to the bases 
of the trapezoid. A circle can be inscribed 
in each of the trapezoids KPQN and 
PLMQ , the radii of these circles being 
equal to R and r, respectively. Determine 
the bases | LM | and | KN |. 

229. In a triangle ABC, the bisector of 
the angle A intersects the side BC at a 
point D. It is known that | AB | — \BD | = 
a, | AC | + | CD | = b. Find | AD |. 

230. Using the result of the preceding 
problem, prove that the square of the 
bisector of the triangle is equal to the prod¬ 
uct of the sides enclosing this bisector 
minus the product of the line segments of 


4-01557 



50 


Problems in Plane Geometry 


the third side into which the latter is divided 
by the bisector. 

231. Given a circle of diameter AB. A sec¬ 
ond circle centred at A intersects the first 
circle at points C and D and its diameter at 
E. A point M distinct from the points C 
and E is taken on the arc CE that does not 
include the point D. The ray BM intersects 
the first circle at a point N. It is known that 
| CN | = a, | DN | = b. Find | MN |. 

232. In a triangle ABC, the angle B is 
ji/ 4, the angle C is jx/6. Constructed on the 
medians BN and CN as diameters are cir¬ 
cles intersecting each other at points P 
and Q. The chord PQ intersects the side 
BC at a point D. Find the ratio | BD | 
\DC\. 

233. Let AB denote the diameter of a 
circle, 0 its centre, AB — 2R, C a point 
on the circle, M a point on the chord AC. 
From the point M, a perpendicular MN 
is dropped on A B and another one is erect¬ 
ed to AC intersecting the circle at L (the 
line segment CL intersects AB). Find the 
distance between the midpoints of AO 
and CL if | AN | = a. 

234. A circle is circumscribed about a 
triangle ABC. A tangent to the circle 
passing through the point B intersects the 
line AC at M. Find the ratio | AM | 

| MC | if | AB | : | BC \ = k. 

235. Points A, B, C, and D are situated 
in consecutive order on a straight line, 
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where \ AC \ = a \ AB \, \AD \ = § \AB \. 
An arbitrary circle is described through A 
and B, CM and DN being two tangents to 
this circle ( M and N are points on the circle 
lying on opposite sides of the line AB). 
In what ratio is the line segment AB divided 
by the line MN? 

236. In a circumscribed quadrilateral 
ABCD, each line segment from A to the 
points of tangency is equal to a, and each 
line segment from C to the points of tan¬ 
gency is b. What is the ratio in which the 
diagonal AC is divided by the diagonal 
BD ? 

237. A point K lies on the base AD of the 
trapezoid ABCD. such that \AK\ = 
A, \ AD |. Find the ratio | AM J : | MD |, 
where M is the point of intersection of the 
base AD and the line passing through the 
intersection points of the lines AB and CD 
and the lines BK and AC. 

Setting A, = 1/re (n = 1, 2, 3, .), di¬ 

vide a given line segment into re equal parts 
using a straight edge only given a straight 
line parallel to this segment. 

238. In a right triangle ABC with the 
hypotenuse AB equal to c, a circle is con¬ 
structed on the altitude CD as diameter. 
Two tangents to this circle passing through 
the points A and B touch the circle at points 
M and N, respectively, and, when extended, 
intersect at a point K. Find | MK |. 

239. Taken on the sides AB, BC and CA 


4 * 
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of a triangle ABC are points C x , A x and B x 
such that | AC X | : | C X B | = | BA X | : 
\A X C\ = \CB X \-. | B X A | = k. Taken on 
the sides A X B X , B X C X , and C X A X are points 
C 2 , A 2 , and B 2 , such that | A X C 2 | 

I C 2 B x I = | B x A 2 I \A 2 C x I - I C x B 2 I 
| B 2 A x | = 1 Ik. Prove that the triangle 
A 2 B 2 C 2 is similar to the triangle ABC and 
hnd the ratio of similitude. 

240. Given in a triangle ABC are the 
radii of the circumscribed (R) and inscribed 
(r) circles. Let A x , B x , C x denote the points 
of intersection of the angle bisectors of the 
triangle ABC and the circumscribed circle. 
Find the ratio of the areas of the triangles 
ABC and A X B X C X . 

241. There are two triangles with corre¬ 
spondingly parallel sides and areas S x and S 2 , 
one of them being inscribed in a triangle 
ABC, the other circumscribed about this 
triangle. Find the area of the triangle ABC. 

242. Determine the angle A of the triangle 
ABC if the bisector of this angle is per¬ 
pendicular to the straight line passing 
through the intersection point of the alti¬ 
tudes of this triangle and the centre of the 
circumscribed circle. 

243. Find the angles of a triangle if the 
distance between the centre of the circum¬ 
scribed circle and the intersection point 
of the altitudes is one-half the length of the 
largest side and equals the smallest side. 

244. Given a triangle ABC. A point D 
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is taken on the ray BA such that | BD | — 
| BA | + | AC |. Let K and M denote two 
points on the rays BA and BC, respectively, 
such that the area of the triangle BDM 
is equal to the area of the triangle BCK. 
Find /LBKM if /LBAC = a. 

245. In a trapezoid ABCD, the lateral 
side AB is per pendicular to AD and BC, 
and | AB | — Y | AD |- j BC |. Let E denote 
the point of intersection of the nonparallel 
sides of the trapezoid, O the intersection 
point of the diagonals and M the midpoint 
of AB. Find /LEOM. 

246. Two points A and B and two straight 
lines intersecting at 0 are given in a plane. 
Let us denote the feet of the perpendiculars 
dropped from the point A on the given lines 
by M and N, and the feet of the perpendic¬ 
ulars dropped from B by K and L, respective¬ 
ly. Find the angle between the lines MN 
and KL if LAOB = a 90°. 

247. Two circles touch each other inter¬ 
nally at a point A. A radius OB touching 
the smaller circle at C is drawn from the 
centre O of the larger circle. Find the angle 
BAC. 

248. Taken inside a square ABCD is a 
point M such that /LMAB = 60°, /LMCD = 
15°. Find /LMBC. 

249. Given in a triangle ABC are two 
angles: /LA — 45° and Z_£ = 15° Taken 
on the extension of the side AC beyond the 
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point C is a point M such that | CM \ — 
2 | AC |. Find ZLAMB. 

250. In a triangle ABC, /LB = 60° and 
the bisector of the angle A intersects BC 
at M. A point K is taken on the side AC 
such that Z-AMK = 30°. Find Z-OKC, 
where O is the centre of the circle circum¬ 
scribed about the triangle AMC. 

251. Given a triangle ABC in which 
| AB | = | AC |, Z-A — 80°. (a) A point 
M is taken inside the triangle such that 
/LMBC = 30°, Z-MCB =10°. Find /LAMC. 
(b) A point P is taken outside the triangle 
such that /LPBC — /LPCA — 30°, and 
the line segment BP intersects the side 
AC. Find /LPAC. 

252. In a triangle ABC, /LB — 100°, 
/LC = 65°; a point M is taken on AB such 
that /LMCB = 55°, and a point N is taken 
on AC such that /LNBC = 80°. Find 
Z-NMC. 

253. In a triangle ABC, | AB | = | BC |, 
Z.B = 20°. A point M is taken on the side 
AB such that /LMCA = 60°, and a point N 
on the side CB such that L.NAC = 50°. 
Find Z.NMC. 

254. In a triangle ABC, /LB = 70°, 
/LC — 50°. A point M is taken on the side 
AB such that Z.MCB — 40°, and a point N 
on the side AC such that /LNBC = 50°. 
Find Z-NMC. 

255. Let M and N denote the points of 
tangency of the inscribed circle with the 
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sides BC and BA of a triangle ABC , K the 
intersection point of the bisector of the 
angle A and the line MN. Prove that 
Z.AKC = 90°. 

256. Let P and Q be points of the circle 
circumscribed about a triangle ABC such 
that | PA | 2 = \PB |-1 PC I, | QA | 2 = 
| QB | • | QC | (one of the points is on the 
arc AB, the other on the axe AC). Find 
Z-PAB — /jQAC if the difference between 
the angles B and C of the triangle ABC 
is a. 

257. Two fixed points A and B are taken 
on a given circle and AB = a. An arbit¬ 
rary circle passes through the points A and 
B. An arbitrary line l is also drawn through 
the point A and intersects the circles at 
points C and D different from B (the point 
C is on the given circle). The tangents to 
the circles at the points C and D (C and D 
the points of tangency) intersect at Af; 
A is a point on the line l such that | CN \ — 

| AD |, | DN | = | CA |. What are the 
values the ZJCMN can assume? 

258. Prove that if one angle of a triangle 
is equal to 120°, then the triangle formed 
by the feet of its angle bisectors is right- 
angled. 

259. Given in a quadrilateral ABCD: 
Z. DAB = 150°, /LDAC + /LABD = 120°, 
Z-DBC — ZL.ABD = 60°. Find Z.BDC, 
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* * * 

260. Given in a triangle ABC: | AB | = 
1. | AC | = 2 . Find | BC | if the bisectors 
of the exterior angles A and C are known 
to be congruent (i.e., the line segment of 
the bisectors from the vertex to the inter¬ 
section point with the straight line includ¬ 
ing the side of the triangle opposite to the 
angle). 

261. A point D is taken on the side CB 
of a triangle ABC such that | CD \ — 
a | AC |. The radius of the circle circum¬ 
scribed about the triangle ABC is R. Find 
the distance between the centres of the 
circles circumscribed about the triangles 
ABC and ADB. 

262. A circle is circumscribed about a 
right triangle ABC (A.C — 90°). Let CD 
denote the altitude of the triangle. A circle 
centred at D passes through the midpoint of 
the arc AB and intersects AB at M. Find 
| CM | if | AB | = c. 

263. Find the perimeter of the triangle 
ABC if | BC | = a and the segment of the 
straight line tangent to the inscribed circle 
and parallel to BC which is enclosed inside 
the triangle is b. 

264. Three straight lines parallel to the 
sides of a triangle and tangent to the in¬ 
scribed circle are drawn. These lines cut 
ofl three triangles from the given one. The 
radii of the circles circumscribed about them 
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are equal to R v R t , and R 3 . Find the radius 
of the circle circumscribed about the given 
triangle. 

265. Chords AB and AC are drawn in a 
circle of radius R. A point M is taken on 
AB or on its extension beyond the point B, 
the distance from AT to the line AC being 
equal to | AC |. Analogously a point N 
is taken on AC or on its extension beyond 
the point C, the distance from N toithe 
line AB being equal to | AB |. Find MN. 

266. Given a circle of radius R centred 
at 0. Two other circles touch the given 
circle internally and intersect at points A 
and B. Find the sum of the radii of these 
two circles if ZJOAB = 90°. 

267. Two mutually perpendicular inter¬ 
secting chords are drawn in a circle of ra¬ 
dius R. Find (a) the sum of the squares of 
the four segments of these chords into 
which they are divided by the point of in¬ 
tersection; (b) the sum of the squares of the 
chords if the distance from the centre of 
the circle to the point of their intersection 
is equal to a. 

268. Given two concentric circles of radii 
r and R (r < R). A straight line is drawn 
through a point P on the smaller circle to 
intersect the larger circle at points B and 
C. The perpendicular to BC at the point P 
intersects the smaller circle at A. Find 
| PA | 2 + | PB | 2 + | PC | 2 . 

269. In a semicircle, two intersecting 
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chords are drawn from the end points of the 
diameter. Prove that the sum of the prod¬ 
ucts of each chord segment that adjoins 
the diameter by the entire chord is equal 
to the square of the diameter. 

270. Let a, b, c and d be the sides of an 
inscribed quadrilateral (a be opposite to c), 
h a , h b , h c , and h d the distances from the cen¬ 
tre of the circumscribed circle to' the corre¬ 
sponding sides. Prove that if the centre of 
the circle is inside the quadrilateral, then 
&h c -j- ch a = bh d -f- dh b . 

271. Two opposite sides of a quadrilat¬ 
eral inscribed in a circle intersect at points 
P and Q. Find | PQ \ if the tangents to the 
circle drawn from P and Q are equal to a 
and b, respectively. 

272. A quadrilateral is inscribed in a cir¬ 
cle of radius R. Let P, Q, and M denote 
the points of intersection of the diagonals 
of this quadrilateral with the extensions of 
the opposite sides, respectively. Find the 
sides of the triangle PQM if the distances 
from P, Q, and M to the centre of the cir¬ 
cle are a, b, and c, respectively. 

273. A quadrilateral ABCD is circum¬ 
scribed about a circle of radius r. The point of 
tangency of the circle with the side AB 
divides the latter into segments a and b, 
and the point at which the circle touches 
the side AD divides that side into segments 
a and c. What are the limits of change of r? 

274. A circle of radius r touches inter- 
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nally a circle of radius R, A being the point 
of tangency. A straight line perpendicular 
to the centre line intersects one of the cir¬ 
cles at B, the other at C. Find the radius 
of the circle circumscribed about the tri¬ 
angle ABC. 

275. Two circles of radii R and r intersect 
each other, A being on,e of the points of in¬ 
tersection, BC a common tangent (B and 
C points of tangency). Find the radius of 
the circle circumscribed about the trian¬ 
gle ABC. 

276. Given in a quadrilateral ABCD: 
| AB | = a, | AD | = b\ the sides BC, CD, 
and AD touch a circle whose centre is in the 
middle of AB. Find | BC | . 

277. Given in, an inscribed quadrilat¬ 
eral ABCD: | AB | — a, | AD \ — b (a > 
b). Find | BC | if BC, CD, and AD 
touch a circle whose centre lies on AB. 

* * * 

278. In a convex quadrilateral ABCD , 
| AB | = | AD | . Inside the triangle 

ABC, a point M is taken such that 
Z MBA = Z ADC, Z MCA = Z ACD. 
Find Z MAC if Z BAC — a, Z ADC — 
Z ACD == <p, | AM | < | AB | . 

279. Two intersecting circles are inscribed 
in the same angle, A being the vertex of 
the angle, B one of the intersection points 
of the circles, C the midpoint of the chord 
whose end points are the points of tangency 
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of the first circle with the sides of the an¬ 
gle. Find the angle ABC if the common chord 
can be observed from the centre of the 
second circle at an angle a. 

280. In an isosceles triangle ABC, 
| AC | = | BC |, BD is an angle bisec¬ 
tor, BDEF is a rectangle. Find Z_ BAF 
if Z. BAE = 120° 

281. A circle centred at 0 is circumscribed 
about a triangle ABC. A tangent to the cir¬ 
cle at point C intersects the line bisecting 
the angle B at a point K, the angle BKC be¬ 
ing one-half the difference between the tri¬ 
ple angle A and the angle C of the triangle. 
The sum of the sides AC and AB is equal 
to 2 -f 3 and the sum of the distances 
from the point 0 to the sides AC and AB 
equals 2. Find the radius of the circle. 

282. The points symmetric to the verti¬ 

ces of a triangle with respect to the oppo¬ 
site sides represent the vertices of the trian¬ 
gle with sides V 8, Vl4. Determine the 

sides of the original triangle if their lengths 
are different. 

283. In a triangle ABC, the angle between 
the median and altitude emanating from 
the angle A is a, and the angle between the 
median and altitude emanating from B 
is p. Find the angle between the median and 
altitude emanating from the angle C. 

284. The radius of the circle circum¬ 
scribed about a triangle is R. The distance 
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from the centre of the circle to the median 
point of the triangle is d. Find the product 
of the area of the given triangle and the 
triangle formed by the lines passing 
through its vertices perpendicular to the 
medians emanating from those vertices. 

285. The points A lt A 3 and A 6 are situated 
on one straight line, and the points A t , 
A t , and A„ on the other intersecting the 
first line. Find the angles between these 
lines if it is known that the sides of the 
hexagon A 1 A 2 A s A t A 5 A # (possibly, a self- 
intersecting one) are equal to one another. 

286. Two circles with centres O x and 0 2 
touch internally a circle of radius R cen¬ 
tred at O. It is known that | 0 X 0 2 | = a. 
A straight line touching the first two cir¬ 
cles and intersecting the line segment 0 X 0 2 
intersects their common external tangents 
at points M and N and the larger circle at 
points A and B. Find the ratio | AB \ 

| MN | if (a) the line segment O x 0 2 con¬ 
tains the point 0; (b) the circles with cen¬ 
tres O x and 0 2 touch each other. 

287. The circle inscribed in a triangle 
ABC touches the side AC at a point M and 
the side BC at N; the bisector of the angle 
A intersects the line MN at K, and the bi¬ 
sector of the angle B intersects the line MN 
at L. Prove that the line segments MK, 
NL , and KL can form a triangle. Find the 
area of this triangle if the area of the 
triangle ABC is S, and the angle C is a. 
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288. Taken on the sides AB and BC of a 
square are two points M and N such that 
| BM | + | BN | = | AB | . Prove that 
the lines DM and DN divide the diagonal 
AC into three line segments which can form 
a triangle, one angle of this triangle being 
equal to 60°. 

289. Given an isosceles triangle ABC, 
| AB | = | BC | , AD being an angle bi¬ 
sector. The perpendicular erected to AD 
at D intersects the extension of the side 
AC at a point E; the feet of the perpendicu¬ 
lars dropped from B and D on AC are points 
M and N, respectively. Find | MN | if 

\AE | = a. 

290. Two rays emanate from a point A 
at an angle a. Two points B and B t are 
taken on one ray and two points C and C t 
on the other. Find the common chord of the 
circles circumscribed about the triangles 
ABC and AB£ X if | AB | — \ AC | = 
\AB 1 \-\AC 1 \ = a. 

291. Let O be the centre of a circle, C 
a point on this circle, M the midpoint of 
OC. Points A and B lie on the circle on the 
same side of the line OC so that Z. AMO = 
Z. BMC. Find | AB | if \AM\ — 
| BM | = a. 

292. Let A, B, and C be three points ly¬ 
ing on the same line. Constructed on AB, 
BC, and AC as diameters are three semicir¬ 
cles located on the same side of the line. 
The centre of a circle touching the three 
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semicircles is found at a distance d from the 
line AC. Find the radius of this circle. 

293. A chord A B is drawn in a circle of 
radius R. Let M denote an arbitrary point 
of the circle. A line segment MN ( | MN | = 
R) is laid ofl on the ray MA and on the 
ray MB a line segment MK equal to the 
distance from M to the intersection point 
of the altitudes of the triangle MAB. Find 
| NK | if the smaller of the arcs sub¬ 
tended by AB is equal to 2a. 

294. The altitude dropped from the right 
angle of a triangle on the hypotenuse sepa¬ 
rates the triangle into two triangles in each 
of which a circle is inscribed. Determine the 
angles and the area of the triangle formed by 
the legs of the original triangle and the line 
passing through the centres of the circles 
if the altitude of the original triangle is h. 

295. The altitude of a right triangle 
drawn to the hypotenuse is equal to h. 
Prove that the vertices of the acute angles 
of the triangle and the projections of the 
foot of the altitude on the legs all lie on the 
same circle. Determine the length of the 
chord cut by this circle on the line contain¬ 
ing the ( altitude and the segments of the 
chord into which it is divided by the hypo¬ 
tenuse. 

296. A circle of radius R touches a 
line l at a point A, AB is a diameter 
of this circle, BC is an arbitrary chord. 
Let D denote the foot of the perpendicular 
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dropped from C on AB. A point E lies on the 
extension of CD beyond the point D, and 
| ED | = | BC | The tangents to the cir¬ 
cle, passing through E, intersect the line 
l at points K and N. Find | KN | 

297. Given in a convex quadrilateral 
ABCD : \AB\ = a, | AD | = b, \ BC \ =* 
p — a, | DC j = p — b. Let 0 be the 
point of intersection of the diagonals. Let 
us denote the angle BAC by a. What does 
| AO | tend to as a-*- 0? 



Section 2 

Selected Problems and 
Theorems of Plane Geometry 


Carnot’s Theorem 

1. Given points A and B. Prove that the 
locus of points M such that | AM | 2 — 

| MB | 2 — k (where k is a given number) 
is a straight line perpendicular to AB. 

2. Let the distances from a point M to 
the vertices A, B, and C of a triangle ABC 
be a, b, andc, respectively. Prove that there 
is no i ^ 0 and no point on the plane 
for which the distances to the vertices in the 
sa me orde r ca n be ex pre ssed by the numbers 
Y a z + d, Vb* + d, Yc 2 + d. 

3. Prove that for the perpendiculars drop¬ 
ped from the points A x , By, and C x on the 
sides BC, CA, and AB of a triangle ABC 
to intersect at the same point, it is nec¬ 
essary and sufficient that 

| A X B | 2 — | BC X | 2 + | C X A | 2 - | AB t | 2 + 
j B X C | 2 — | CA X I 2 = 0 ( Carnot's theorem). 

4. Prove that if the perpendiculars drop¬ 
ped from the points A lt B x , and C x on the 
sides BC, CA, and AB of the triangle ABC, 
respectively, intersect at the same point, 
then the perpendiculars dropped from the 
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points A, B, and C on the lines B 1 C 1 , CyA t , 
and AyBy also intersect at one point. 

5. Given a quadrilateral ABCD. Let Ay, 
By, and C x denote the intersection points 
of the altitudes of the triangles BCD, 
ACD, and ABD. Prove that the perpen¬ 
diculars dropped from A, B, and C on the 
lines ByCy, CyAy, and AyBy, respectively, 
intersect at the same point. 

6. Given points A and B. Prove that the 
locus of points M such that k | AM | 2 -f 
l | BM | 2 — d (k, l, d. given numbers, 
k -+- l =?£= 0) is either a circle with centre on 
the line AB or a point or, an empty set. 

7. Let Ay, A 2 , . ., A n be fixed points 

and ky, k 2 , . ., k n be given numbers. Then 

the locus of points M such that the sum 
ky | AyM 1 2 + h t \A t M \ 2 + • - + 

k n | A n M | 2 is constant is: (a) a circle, a 
point, or an empty set if ky + k 2 + . + 

k n ^ 0 ; (b) a straight line, an empty set, 
or the entire plane if ky + k 2 + + 

*„ - 0 . 

8. Given a circle and a point A outside 
the circle. Let a circle passing through A 
touch the given circle at an arbitrary point 
B, and the tangents to the second circle 
which are drawn through the points A and 
B intersect at a point M. Find the locus of 
points M. 

9. Given points A and B. Find the locus 

of points M such that | AM | | MB | = 

1 . 
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10. Points A, B, and C lie on a straight 
line ( B between A and C). Let us take an ar¬ 
bitrary circle centred at B and denote by M 
the intersection point of the tangents drawn 
from A and C to that circle. Find the locus 
of points M such that the points of tangency 
of straight lines AM and CM with the cir¬ 
cle belong to the open intervals A M and CM. 

11. Given two circles. Find the locus of 
points M such that the ratio of the lengths 
of the tangents drawn from M to the given 
circles is a constant k. 

12. Let a straight line intersect one cir¬ 
cle at points A and B and the other at 
points C and D. Prove that the intersection 
points of the tangents to the first circle 
which are drawn at points A and B and the 
tangents drawn to the second circle at 
points C and D (under consideration are the 
intersection points of tangents to distinct 
circles) lie on a circle whose centre is found 
on the straight line passing through the cen¬ 
tres of the given circles. 

13. Let us take three circles each of which 
touch one side of a triangle and the exten¬ 
sions of two other sides. Prove that the per¬ 
pendiculars erected to the sides of the tri¬ 
angle at the points of tangency of these cir¬ 
cles intersect at the same point. 

14. Given a triangle ABC. Consider all 
possible pairs of points M x and M 2 such that 

| AM X | : | BM X | : | | = | AM 2 \ : 

| BM 2 | | CM 2 | . Prove that the lines 
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M X M 2 pass through the same fixed point 
in the plane. 

15. The distances from a point M to the 
vertices A, B, and C of a triangle are equal 
to 1, 2, and 3, respectively, and from a 
point M x to the same vertices to 3, V15, 5, 
respectively. Prove that the straight line 
MM X passes through the centre of the cir¬ 
cle circumscribed about the triangle ABC. 

16. Let A x , B x , C x denote the feet of the 
perpendiculars dropped from the vertices 
A, B, and C of a triangle ABC on the line l. 
Prove that the perpendiculars dropped from 
A lt B x , and C x on BC, CA, and AB, re¬ 
spectively, intersect at the same point. 

17. Given a quadrilateral triangle ABC 
and an arbitrary point D. Let A x , B x , and 
C t denote the centres of the circles inscribed 
in the triangles BCD, CAD, and ABD, 
respectively. Prove that the perpendiculars 
dropped from the vertices A, B, and C 
on B x C lt C x A lt and A X B X , respectively, in¬ 
tersect at the same point. 

18. Given three pairwise intersecting cir¬ 
cles. Prove that the three common chords of 
these circles pass through the same point. 

19. Points M and N are taken on lines AB 
and AC, respectively. Prove that the com: 
mon chord of two circles with diameters 
CM and BN passes through the intersection 
point of the altitudes of the triangle ABC. 

20. A circle and a point N are given in a 
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plane. Let AB be an arbitrary chord of the 
circle. Let M denote the point of intersec¬ 
tion of the line AB and the tangent at the 
point N to the circle circumscribed about 
the triangle ABN. Find the locus of points 
M. 

21. A point A is taken inside a circle. 
Find the locus of the points of intersection 
of the tangents to the circle at the end points 
of all possible chords passing through the 
point A. 

22. Given numbers a, p, y, and k. Let 
x, y, z denote the distances from a point M 
taken inside a triangle to its sides. Prove 
that the locus of points AT such that ax + 
pp + yz — k is either an empty set or 
a line segment or coincides with the set of 
all points of the triangle. 

23. Find the locus of points M situated 
inside a given triangle and such that the 
distances from M to the sides of the given 
triangle can serve as sides of a certain trian¬ 
gle. 

24. Let A x , B lt and C l be the midpoints 
of the sides BC, CA, and AB of a triangle 
ABC, respectively. Points A 2 , B 2 , and C 2 
are taken on the perpendiculars dropped 
from a point M on the sides BC, CA, and 
AB, respectively. Prove that the perpen¬ 
diculars dropped from A„ B x , and C x on 
the lines B 2 C 2 , C 2 A 2 , and A 2 B 2 , respective¬ 
ly, intersect at the same point. 

25. Given a straight line l and three 



70 


Problems in Plane Geometry 


lines l ly l 2 , and l 3 perpendicular to l. Let 
A, B, and C denote three fixed points on 
the line l, A x an arbitrary point on l lt B t 
an arbitrary point on l t , C 1 an arbitrary 
point on l a . Prove that if at a certain arrange¬ 
ment of the points A lt B lt and C l the per¬ 
pendiculars dropped from .4, B, and C 
on the lines B-fi^, C 1 A 1 , and A 1 B l , respec¬ 
tively, intersect at one and the same point, 
then these perpendiculars meet in the same 
point at any arrangement of A lt B x , C v 

26. Let AA 1 , BB X , CC 1 be the altitudes of 
a triangle ABC, A 2 , B 2 , and C 2 be the pro¬ 
jections of A, B, and C on S 1 C 1 , 

and A t B v respectively. Prove that the per¬ 
pendiculars dropped from A 2 , B 2 , and C 2 
on BC, CA„ and AB, respectively, inter¬ 
sect at the same point. 

Ceva’s* and Menelaus’** Theorems. 

Affine Problems 

27. Prove that the area of a triangle whose 
sides are equal to the medians of a given 
triangle amounts, to 3/4 of the area of the 
latter. 


* Ceva, Giovanni (1647-1734). An Italian 
mathematician who gave static and geometric 
proofs for concurrency of straight lines through 
vertices of triangles. 

** Menelaus of Alexandria (first cent. A.D.). 
A geometer who wrote several books on plane and 
spherical triangles, and circles. 
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28. Given a parallelogram ABCD. A 
straight line parallel to BC intersects AB 
and CD at points E and F, respectively, 
and a straight line parallel to AB intersects 
BC and DA at points G and H, respectively. 
Prove that the lines EH, GF, and BD either 
intersect at the same point or are parallel. 

29. Given four fixed points on a straight 
line l : A, B, C, and D. Two parallel lines 
are drawn arbitrarily through the points 
A and B, another two through C and D. 
The lines thus drawn form a parallelogram. 
Prove that the diagonals of that parallelo¬ 
gram intersect l at two fixed points. 

30. Given a quadrilateral ABCD. Let 
0 be the point of intersection of the diago¬ 
nals AC and BD, M a point on AC such that 

| AM | = | OC |, N a point on BD such 
that | BN | = | OD \ , K and L the mid¬ 
points of AC and BD. Prove that the lines 
ML, NK, and the line joining the median 
points of the triangles ABC and ACD inter¬ 
sect at the same point. 

31. Taken on the side BC of a triangle 
ABC are points A x and A 2 which are sym¬ 
metric with respect to the midpoint of BC. 
In similar fashion taken on the side AC are 
points B x and B 2 , and on the side AB 
points C x and C 2 . Prove that the triangles 
A 1 5 1 Ci and A 2 Z? 2 C 2 are equivalent, and 
the centres of gravity of the triangles 
A 1 B 1 C 1 , A 2 5 2 C 2 , and ABC are collinear. 

32. Drawn through the intersection point 
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M of medians of a triangle ABC is a 
straight line intersecting the sides AB and 
AC at points K and L, respectively, and 
the extension of the side BC at a point P (C 

lying between P and B). Prove that -yMx] ~ 

—1 _|_L_ 

33. Drawn through the intersection point 
of the diagonals of a quadrilateral ABCD 
is a straight line intersecting AB at a point 
AT and CD at a point N. Drawn through 
the points M and N are lines parallel to 
CD and AB, respectively, intersecting AC 
and BD at points E and F. Prove that BE 
is parallel to CF. 

34. Given a quadrilateral ABCD. Taken 
on the lines AC and BD are points K and 
M, respectively, such that BK || AD and 
AM || BC. Prove that KM || CD. 

35. Let E be an arbitrary point taken on 
the side AC of a triangle ABC. Drawn 
through the vertex B of the triangle is an 
arbitrary line l. The line passing through the 
point E parallel to BC intersects the line 
l at a point N, and the line parallel to AB 
at a point M. Prove that AN is parallel to 
CM. 


* * * 

36. Each of the sides of a convex quadri¬ 
lateral is divided into (2 n 4- 1) equal parts. 
The division points on the opposite sides 
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are joined correspondingly. Prove that the 
area of the central quadrilateral amounts to 
l/(2n + l) 2 of the area of the entire quadri¬ 
lateral. 

37. A straight line passing through the 
midpoints of the diagonals AC and BC of a 
quadrilateral ABCD intersects its sides AB 
and DC at points M an N, respectively. 
Prove that 5 x>cm = $abn*- 

38. In a parallelogram ABCD, the ver¬ 
tices A, B, C, and D are joined to the mid¬ 
points of the sides CD, AD, AB, and 
BC, respectively. Prove that the area of 
the quadrilateral formed by these line seg¬ 
ments is 1/5 of the area of the parallelogram. 

39. Prove that the area of the octagon 
formed by the lines joining the vertices of a 
parallelogram to the midpoints of the oppo¬ 
site sides is 1/6 of the area of the parallelo¬ 
gram. 

40. Two parallelograms ACDE and 
BCFG are constructed externally' on the 
sides AC and BC of a triangle ABC. When 
extended, DE and FD intersect at a point 
H. Constructed on the side AB is a paralle¬ 
logram ABML, whose sides AL and BM are 
equal and parallel to HC. Prove that the 
parallelogram ABML is equivalent to the 
sum of the parallelograms constructed on 
AC and BC. 


* Here and elsewhere, such a notation symbo¬ 
lizes the area of the figure denoted by the subscript. 
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41. Two parallel lines intersecting the larg¬ 
er base are drawn through the end points 
of the smaller base of a trapezoid. Those 
lines and the diagonals of the trapezoid sepa¬ 
rate the trapezoid into seven triangles a‘nd 
one pentagon. Prove that the sum of the 
areas of the triangles adjoining the lateral 
sides and the smaller base of the trapezoid 
is equal to the area of the pentagon. 

42. In a parallelogram A BCD, a point E 
lies on the line AB, a point F on the line 
AD (B on the line segment AE, D on AF), 
K being the point of intersection of the 
lines ED and FB. Prove that the quadrilat¬ 
erals ABKD and CEKF are equivalent. 

* * * 

43. Consider an arbitrary triangle ABC. 
Let A lt B x , and C 1 be three points on the 
lines BC, CA, and AB, respectively. Using 
the following notation 

» _ 1 AC X | \BA X \ 1 CB X | 

I C X B | ’ | A X C | | B X A | ’ 

R* — sin /.ACCi sin £BAA X sin z CBB X 
~~ sin LC\CB sin z.A x AC sin LB x BA ’ 

prove that R — R*. 

44. For the lines AA X , BB { , CC X to meet 
in the same point (or for all the three to be 
parallel), it is necessary and sufficient that 
R — 1 (see the preceding problem), and of 
three points A x , B x , C, the one or all the 
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three lie on the sides of the triangle ABC , 
and not on their extensions ( Ceva's theorem). 

45. For the points A t , B u C x to lie on the 
same straight line, it is necessary and suffi¬ 
cient that R = 1 (see Problem 43, Sec. 2), 
and of three points A lt B u C x no points or 
two lie on the sides of the triangle ABC , 
and not on their extensions ( Menelaus' 
theorem). 

I AC I 

Remark. Instead of the ratio ■ >, A}- and 

I | 

the other two, it is possible to consider 
the ratios of directed line segments which 


are denoted 


lows: 


AC t 

C\B 


by -g- and 

I I ACt | 

I \C X B\ ' 


defined as fol- 

ACt . 

is positive 


when the vectors AC t and C,B are in the 
AC 

same direction and _ n negative if these 

vectors are in opposite directions. 

( AC 

- c g has sense only for points situated 
on the same straight line.) It is easily 
seen that the ratio is positive if the 


point Ci lies on the line segment AB and 
the ratio is negative if C x is outside AB. 
Accordingly, instead of R, we shall consid¬ 
er the product of the ratios of directed line 

segments which is denoted by R. Further, 
we introduce the notion of directed angles. 
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For instance, by 2CACC 1 we shall understand 
the angle through which we have to rotate 
CA about C anticlockwise to bring the ray 
CA into coincidence with the ray CC V 
Now, instead of R * we shall consider the 
product of the ratios of the sines of directed 

angles R*. 

Now, we have to reformulate Problems 
43, 44, and 45 of this Section* in the fol¬ 
lowing way: 

43*. Prove that R = R*. 

44*. For the lines AA t , BB X , CC l to meet 
in the same point (or to be parallel), it is 

necessary and sufficient that R — 1 
( Ceva's theorem). 

45*. For the points A u B lt C x to be col- 
linear, it is necessary and sufficient that 

fst 

R = — 1 ( Menelaus ’ theorem). 

46. Prove that if three straight lines, pas¬ 
sing through the vertices of a triangle, meet 
in the same point, then the lines symmet¬ 
ric to them with respect to the correspond¬ 
ing angle bisectors of the triangle also 
intersect at one point or are parallel. 

47. Let 0 denote an arbitrary point in a 
plane, M and N the feet of the perpendicu¬ 
lars dropped from O on the bisectors of the 
interior and exterior angle A of a triangle 
ABC; P and Q are defined in a similar man¬ 
ner for the angle B ; R and T for the angle 
C. Prove that the lines MN, PQ , and RT 
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intersect at the same point or are paral¬ 
lel. 

48. Let 0 be the centre of the circle in¬ 
scribed in a triangle ABC, A 0 , B 0 , C 0 
the points of tangency of this circle with the 
sides BC, CA, AB, respectively. Taken on 
the rays OA 0 , J OB 0 , OC 0 are points L, M, 
K, respectively, equidistant from the point 
0. (a) Prove that the lines AL, BM, and 
CK meet in the same point, (b) Let A lt 
B t , C t be the projections oi A, B, C, re¬ 
spectively, on an arbitrary line l passing 
through O. Prove that the lines A X L, B X M, 
and CxK are concurrent (that is, intersect 
at a common point). 

49. For the diagonals AD, BE, and CF 
of the hexagon ABCDEF inscribed in a cir¬ 
cle to meet in the same point, it is necessa¬ 
ry and sufficient that the equality | AB | x 

| CD | • | EF ! = i BC | . | DE \ \FA\ 
be fulfilled. 

50. Prove that: (a) the bisectors of the ex¬ 
terior angles of a triangle intersect the ex¬ 
tensions of its opposite sides at three points 
lying on the same straight line; (b) the tan¬ 
gents drawn from the vertices of the trian¬ 
gle to the circle circumscribed about it in¬ 
tersect its opposite sides at three collinear 
points. 

51. A circle intersects the side AB of a 
triangle ABC at points C x and C t , the side 
CA at points B x and B t , the side BC at 
points^! and.4 s . Prove that if the lines AA t , 
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BB U and CC 1 meet in the same point, then 
the lines A A 2 , BB 2 , and CC 2 also intersect 
at the same point. 

52. Taken on the sides AB, BC, and CA 
of a triangle ABC are points C u A 2 , and 
B t . Let C 2 be the intersection point of the 
lines AB and A 1 B 1 ,A 2 the intersection point 
of the lines BC and B 1 C 1 , B 2 the intersec¬ 
tion point of the lines AC and A^C^. 
Prove that if the lines AA t , BB t , and 
CCi meet in the same point, then the 
points A 2 , B 2 , and C 2 lie on a straight 
line. 

53. A straight line intersects the sides AB, 
BC, and the extension of the side AC oi 

a triangle ABC at points D, E, and F, re- « 
spectively. Prove that the midpoints of the 
line segments DC, AE, and BF lie on a 
straight line ( Gaussian * line). 

54. Given a triangle ABC. Let us define 
a point on the side BC in the following 
way: A x is the midpoint of the side KL 
of a regular pentagon MKLNP whose ver¬ 
tices K and L lie on BC, and the vertices M 
and N on AB and AC, respectively. De¬ 
fined in a similar way on the sides AB and 
AC are points C 2 and B v Prove that the 
lines AA lf BB U and CC X intersect at the 
same point. 


* Gauss, Carl Friedrich (1777-1855). A Germ¬ 
an mathematician. 
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55. Given three pairwise* nonintersect¬ 
ing circles. Let us denote by A x , A 2 , A 3 
the three points of intersection of common 
internal tangents to any two of them and by 
B t , B 2 , B 3 the corresponding points of inter¬ 
section of the external tangents. Prove that 
these points are situated on four lines, three 
on each of them (A 2 , A 2 , B 3 \ A 2 , B 2 , A 3 ; 
B%, A 2 , A 3 ; B lt B 2 , B 3 ). 

56. Prove that if the straight lines pass¬ 
ing through the vertices A, B, and C of a 
triangle ABC parallel to the lines B 2 Ci, 

and A i B l meet in the same point, 
then the straight lines passing through A t \ 
B x , and C t parallel to the lines BC, CA , 
and AB also intersect at the same point (or 
are parallel). 

57. Given a triangle ABC, M being an ar¬ 
bitrary point in its plane. The bisectors of 
two angles formed by the lines AM and BM 
intersect the line AB at points C x and C 2 
{C l lying on the line segment AB), deter¬ 
mined similarly on BC and CA are points 
A lt A 2 , and B t , B 2 , respectively. Prove 
that the points A t , A 2 , B lt B 2 , C lt C 2 are 
situated on four lines, three on each of them. 

58. Points A 2 , B t , C t are taken on the 
sides BC, CA, and AB of a triangle ABC, 
respectively, and points A 2 , B 2 , C 2 on the 
sides B 1 C 1 , C 1 A 1 , A 1 B 1 of the triangle 
A 1 B 1 C 1 . The lines ^4^4n BB t , CC 2 meet in 


* No two of which intersect. 
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the same point, and the lines A X A 2 , B X B 2 , 
C X C 2 , also intersect at one point. Prove that 
the lines AA 2 , BB 2 , CC 2 are either concur¬ 
rent or parallel. 

59. In a quadrilateral ABCD, P is the 
intersection point of BC and AD, Q that of 
CA and BD, and R that of AB and CD. Prove 
that the intersection points of BC and 
QR, CA and RP, AB and PQ are collinear. 

60. Given an angle with vertex 0. Points 
A t , A 2 , A 3 , A t are taken on one side of the 
angle and points B x , B 2 , B 3 , B t on the other 
side. The lines A X B X and A 2 B 2 intersect at 
a point N , and the lines A a B s and A t B t 
at a point M. Prove that for the points 
0, N and M to be collinear, it is necessary 
and sufficient that the following equality'" 
be fulfilled: 

OB\ 2?g2?4 OA\ OA% A^A^ 

OB 9 * OBi ’ B x B t -~~OT 9 * OA 4 ' A x A 2 # 

(See Remark to Problems 43-45). 

61. Given a triangle ABC. Pairs of points 
A x and ^4 a , B x and B 2 , C x and C 2 are taken 
on the sides BC, CA, and AB, respectively, 
such that AA X , BB X , and CC X meet in the 
same point, and AA 2 , BB 2 , and CC 2 also 
intersect at one point. Prove that: (a) the 
points of intersection of the lines A X B X and 
AB, B l C 1 and BC, C X A X and CA lie on a 
straight line l v Just in the same way, the 
points A 2 , B 2 , and C 2 determine a straight 
line l 2 , (b) the point A , the intersection point 
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of the lines l x and l a and the intersection 
point of the lines B X C X and B 2 C t lie on one 
straight line; (c) the intersection points of 
the lines BC and B t C x , CA and C t A a , AB 
and A l B 1 are collinear. 

62. An arbitrary straight line intersects 
the lines AB, BC, and CA at points K, M, 
and L, respectively, and the lines A X B X , 
B X C X , and C X A X at points K x , M x , and L x . 
Prove that if the lines A X M, B X L, and C X K 
meet in the same point, then the lines AM X , 
BL X , and CK X are also concurrent. 

63. Given a triangle ABC and a point D. 
Points E, F, and G are situated on the lines 
AD, BD, and CD, respectively, K is the in¬ 
tersection point of AF and BE, L the inter¬ 
section point of BG&ndCF, M the intersec¬ 
tion point of CE and AG, P, Q, and R 
are the intersection points of DK and AB, 
DL and BC, DM and AC. Prove that all 
the six lines AL, EQ, BM, FR, Ck, and 
GP meet in the same point. 

64. The points A and A x are symmetric 
with respect to a line l, as are the pairs B 
and B x , C and ^1* and N is an arbitrary 
point on l. Prove that lines AN, BN, CN 
intersect, respectively, the lines B X C X , 
C X A X , and A X B X at three points lying on a 
straight line. 

65. Let A x , A 3 , A h be three points situat¬ 
ed on one straight line, and A 2 , A K ,A t on the 
other. Prove that the three points at which 
the pairs of lines 4xA 2 and A t A b , A 2 A a 


6-01557 
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and A b A t , A s A t and A a A t intersect lie on 
a straight line. 

Loci of Points 

66. Drawn through the intersection point 
of two circles is a straight line intersecting 
the circles for the second time at points A 
and B. Find the locus of the midpoints of 
AB. 

67. Given a point A and a straight line l, 
B being an arbitrary point on l. Find the 
locus of points M such that ABM is a regu¬ 
lar triangle. 

68. Given a regular triangle ABC. Points 

D and E are taken on the extensions of its 
sides AB and AC beyond the points B and C, 
respectively, such that | BD | | CE | = 

| BC | 2 . Find the locus of the points of 
intersection of the lines DC and BE. 

69. Given three points A, B, and C on a 
straight line, and an arbitrary point D 
in a plane not on the line. Straight lines par¬ 
allel to AD and BD intersecting the lines 
BD and AD at points P and Q are drawn 
through the point C. Find the locus of the 
feet M of perpendiculars dropped from C 
on PQ, and find all the points D for which 
M is a fixed point. 

70. A point K is taken on the side AC 
of a triangle ABC and point P on the me¬ 
dian BD such that the area of the triangle 
APK is equal to the area of the triangle 
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BPC. Find the locus of the intersection 
points of the lines AP and BK. 

71. Two rays forming a given angle a are 
passing through a given point 0 inside a 
given angle. Let one ray intersect one side 
of the angle at a point A, and the other 
ray the other side of the angle at a point B. 
Find the locus of the feet of the perpendicu¬ 
lars dropped from 0 on the line AB. 

72. Two mutually perpendicular diame¬ 
ters AC and BD are drawn in a circle. Let 
P be an arbitrary point of the circle, and 
let PA intersect BD at a point E. The 
straight line passing through E parallel to 
AC intersects the line PB at a point M. 
Find the locus of points M. 

73. Given an angle with vertex at A 
and a point B. An arbitrary circle passing 
through the points A and B intersects the 
sides of the angle at points C and D (differ¬ 
ent from A). Find the locus of the centres 
of mass of triangles ACD. 

74. One vertex of a rectangle is found at a 
given point, two other vertices, not belong¬ 
ing to the same side, lie on two given 
mutually perpendicular straight lines. Find 
the locus of fourth vertices of such rectan¬ 
gles. 

75. Let A be one of the two intersection 
points of two given circles; drawn through 
the other point of intersection is an arbitra¬ 
ry line intersecting one circle at a point B 
and the other at a point C, both points differ- 


6 * 
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ent from common points of these circles. 
Find the locus of: (a) the centres of the cir¬ 
cles circumscribed about the triangle ABC ; 

(b) the centres of mass of the triangles ABC\ 

(c) the intersection points of the altitudes of 
the triangle ABC. 

76. Let B and C be two fixed points of a 
given circle and A a variable point of this 
circle. Find the locus of the feet of the per¬ 
pendiculars dropped from the midpoint of 
AB on AC. 

77. Find the' locus of the intersection 
points of the diagonals of rectangles whose 
sides (or their extensions) pass through four 
given points in the plane. 

78. Given two circles touching each other 
internally at a point A. A tangent to the 
smaller circle intersects the larger one at 
points B and C. Find the locus of centres of 
circles inscribed in triangles ABC. 

79. Given two intersecting circles. Find 
the locus of centres of rectangles with ver¬ 
tices lying on these circles. 

80. An elastic ball whose dimensions may 
be neglected is found inside a round billi¬ 
ard table at a point A different from the 
centre. Indicate the locus of points A from 
which this ball can be directed so that after 
three successive boundary reflections, by¬ 
passing the centre of the billiard table, it 
finds itself at the point A. 

81. Through a point equidistant from two 
given parallel lines a straight line is drawn 
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intersecting these lines at points M and N. 
Find the locus of vertices P of equilateral 
triangles MNP. 

82. Given two points A and B and a 
straight line l. Find the locus of the centres 
of circles passing through A and B and inter¬ 
secting the line l. 

83. Given two points 0 and M. Deter¬ 
mine: (a) the locus of points in the plane 
which can serve as one of the vertices of a 
triangle with the centre of the circumscribed 
circle at the point 0 and the centre of mass 
at the point M\ (b) the locus of points in 
the plane which can serve as one of the 
vertices of an obtuse triangle with the cen¬ 
tre of the circumscribed circle at the point O 
and the centre of mass at the point M. 

84. An equilateral triangle is inscribed 
in a circle. Find the locus of intersection 
points of the altitudes of all possible trian¬ 
gles inscribed in the circle if two sides of 
the triangles are parallel to those of the 
given one. 

85. Find the locus of the centres of all 
possible rectangles circumscribed about a 
given triangle. (A rectangle will be called 
circumscribed if one of the vertices of the 
triangle coincides with a vertex of the rec¬ 
tangle, and two others lie on two sides of 
the rectangle not including this vertex.) 

86. Given two squares whose sides are 
respectively parallel. Determine the locus 
of points M such that for any point P of the 
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first square there is a point Q of the second 
one such that the triangle MPQ is equilate¬ 
ral. Let the side of the first square be a 
and that of the second square is b. For what 
relationship between a and b is the desired 
locus not empty? 

87. Inside a given triangle, find the locus 
of points M for each of which and for any 
point N on the boundary of the triangle there 
is a point P, inside the triangle or on its 
boundary, such that the area of the triangle 
MNP is not less than 1/6 of the area of the 
given triangle. 

88. Given two points A and I. Find the 
locus of points B such that there exists a 
triangle ABC with the centre of the inscribed 
circle at the point /, all of whose angles 
are less than a (60° < a < 90°). 

89. Points A , B , and C lie on the same 
straight line (B is found between A and 
C). Find the locus of points M such that 
cot /LAMB -f cot /.BMC = k. 

90. Given two points A and Q. Find the 
locus of points B such that there exists an 
acute triangle ABC for which Q is the centre 
of mass. 

91. Given two points A and H. Find 
the locus of points B such that there is a 
triangle ABC for which H is the point of in¬ 
tersection of its altitudes, and each of 
whose angles is greater than a (a < n/4). 

92. Given two rays in a plane. Find the 
locus of points in the plane equidistant 
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from these rays. (The distance from a point 
to a ray is equal to the distance from 
this point to the nearest point of the ray.) 

93. Given an angle and a circle centred at 
O inscribed in this angle. An arbitrary line 
touches the circle and intersects the sides 
of the angle at points M and N. Find the lo¬ 
cus of the centres of circles circumscribed 
about the triangle MON. 

94. Given two circles and two points A 
and B (one on either circle) equidistant 
from the midpoint of the line segment join¬ 
ing their centres. Find the locus of the mid¬ 
points of line segments AB. 

95. Given a line segment AB. Let us take 
an arbitrary point M on AB and consider 
two squares AMCD and MBEF situated on 
the same side of AB. We then circumscribe 
circles about these squares and denote the 
point of their intersection by N (N is differ¬ 
ent from M). Prove that: (a) AF and BC 
intersect at N; (b) MN passes through a 
fixed point in the plane. Find the locus of 
the midpoints of line segments joining the 
centres of the squares. 

96. Given a circle and a point A. Let M 
denote an arbitrary point on the circle. 
Find the locus of points of intersection of 
the midperpendicular to the line segment 
AM and the tangent to the circle passing 
through the point M. 

97. Two circles touch each other at a 
point A. One line passing through A inter- 
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sects these circles for the second time at 
points B and C, the other line—at points B l 
and C x (B and B x lie on the same circle). 
Find the locus of points of intersection of 
the circles circumscribed about the trian¬ 
gles ABjC and ABC X . 

98. Find the locus of the vertices of right 
angles of all possible right isosceles trian¬ 
gles the end points of whose hypotenuses 
lie on two given circles. 

99. The sides of a given triangle serve as 
diagonals of three parallelograms. The 
sides of the parallelograms are parallel to 
two straight lines l and p. Prove that the 
three diagonals of these parallelograms, 
different from the sides of the triangle, in¬ 
tersect at a point M. Find the locus of 
points M if l and p are arbitrary and mutually 
perpendicular. 

100. Let B and C denote two fixed points 
of a circle, A being an arbitrary point of the 
circle. Let H be the intersection point of the 
altitudes of the triangle ABC and M be the 
projection of H on the bisector of the angle 
BAC. Find the locus of points M. 

101. Given a triangle ABC. Let D be an 
arbitrary point on the line BC. Straight 
lines passing through D parallel to AB and 
AC intersect AC and AB at points E and 
F, respectively. Find the locus of the cen¬ 
tres of circles passing through the points 
D, E, and F. 

102. Given a regular triangle ABC. 
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Find the locus of points M inside the trian¬ 
gle such that Z. MAB + Z. MBC + 
Z_MCA = n/2. 

103. A point M is taken inside a triangle 
such that there is a straight line l passing 
through M and separating the triangle into 
two parts so that in the symmetric mapping 
with respect to l one part turns out to be in¬ 
side, or at the boundary of, the other. Find 
the locus of points M. 

Triangles. A Triangle and a Circle 

104. From the vertex A of a triangle ABC, 
perpendiculars AM and AN are dropped on 
the bisectors of the exterior angles B and 
C of the triangle. Prove that the line seg¬ 
ment MN is equal to half the perimeter of 
the triangle ABC. 

105. An altitude BD is drawn in a trian¬ 
gle ABC, AN is perpendicular to AB, CM 
is perpendicular to BC, and | AN | = 

[ DC | , | CM | = I AD | . Prove that 
M and N are equidistant from the vertex 
B. 

106. Prove that for any right triangle the 
radius of the circle which touches internal¬ 
ly the circumscribed circle and the legs is 
equal to the diameter of the inscribed cir¬ 
cle. 

107. Prove that if one of the sides of 
a triangle lies on a fixed line in a plane and if 
the point of intersection of the altitudes coin- 
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cides with the fixed point, then the circle 
circumscribed about this triangle also 
passes through the fixed point. 

108. Given a triangle ABC. Let-dj, fijand 
C x be the points of the circle circumscribed 
about ABC and diametrically opposite 
to the vertices A, B, and C, respectively. 
Straight lines parallel to BC , CA, and AB 
are drawn through A x , B x , and C x , respec¬ 
tively. Prove that the triangle formed by 
these lines is homothetic to the triangle 
ABC, with the ratio of similitude 2 and 
centre at the intersection point of the al¬ 
titudes of the triangle ABC. 

109. Prove that the projections of the foot 
of the altitude of a triangle on the sides 
enclosing this altitude and on the two other 
altitudes lie on one straight line. 

110. In a triangle ABC, a point D 
is taken on the side AB extended beyond 
the point B such that | BD | — | CB | 
In the same manner, taken on the extension 
of the side CB beyond the point B is a 
point F such that | BF | = | AB |. Prove 
that the points A, C, D, and F lie on the 
same circle whose centre is found on the 
circle circumscribed about the triangle 
ABC. 

111. Three equal circles pass through a 
point H. Prove that H is the intersection 
point of the altitudes of the triangle whose 
vertices coincide with three other points 
of pairwise intersection of the circles. 
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112. Let P denote an arbitrary point of 
the circle circumscribed about a rectangle. 
Two straight lines passing through the 
point P parallel to the sides of the rectan¬ 
gle intersect the sides of the rectangle or 
their extensions at points K, L, M, and N. 
Prove that N is the intersection point of 
the altitudes of the triangle KLM. Prove 
also that the feet of the altitudes of the 
triangle KLM, different from P, lie on the 
diagonals of the rectangle. 

113. Drawn in a triangle ABC are the 
angle bisectors AD, BE, and CF. The straight 
line perpendicular to AD and passing 
through the midpoint of AD intersects AC 
at a point P. The straight line perpendicu¬ 
lar to BE and passing through the midpoint 
of BE intersects AB at a point Q. Finally, 
the straight line perpendicular to CF and 
passing’ through the midpoint of CF inter¬ 
sects CB at a point R. Prove that the tri¬ 
angles DEF and PQR are equivalent. 

114. In an isosceles triangle ABC 
( | AB | = | BC | ), D is the midpoint of 
AC, E the projection of D on BC, F the mid¬ 
point of DE. Prove that the lines BF and 
AE are mutually perpendicular. 

115. A circle inscribed in a triangle ABC 
touches the sides AB and AC at points C x 
and 5 1( and the circle touching the side BC 
and the extensions of AB and AC touches 
the lines AB and AC at points C 2 and 
B a . Let D be the midpoint of the side BC. 
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The line AD intersects the lines B-fiy and 
JBjCj at points E and F. Prove that BECF 
is a-parallelogram. 

116. A bisector AD of an interior angle is 
drawn in a triangle ABC. Let us construct 
a tangent l to the circumscribed circle at 
a point A. Prove that the straight line 
drawn through D parallel to l touches the 
inscribed circle of the triangle ABC. 

117. A straight line is drawn in a triangle 
ABC to intersect the sides AC and BC at 
points M and N such that | MN | = 

| AM | + | BN | Prove that all such 
lines touch the same circle. 

118. Prove that the points symmetric to 
the centre of the circle circumscribed about 
a triangle with respect to the midpoints of 
its medians lie on the altitudes of the trian¬ 
gle. 

119. Prove that if the altitude of a triangle 
is Y2 times the radius of* the circumscribed 
circle, then the straight line joining the 
feet of the perpendiculars dropped from the 
foot of this altitude on the sides enclosing 
it passes through the centre of the circum¬ 
scribed circle. 

120. Let ABC be a right triangle (Z. C — 
90°), CD its altitude, K a point in the 
plane such that \ AK \ — \ AC \ Prove 
that the diameter of the circle circumscribed 
about the triangle ABK passing through 
the vertex A is perpendicular to the line 
DK. 
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121. In a triangle ABC a line is drawn 
through the vertex A parallel to BC; a 
point D is taken on this line such that 
| AD | = | AC | + I AB | ; the line seg¬ 
ment DB intersects the side AC at a point 
E. Prove that the line drawn through the 
point E parallel to BC passes through the 
centre of the circle inscribed in the trian¬ 
gle ABC. 

122. Two circles pass through a vertex of 
an angle and a point lying on the angle 
bisector. Prove that the segments of the 
sides of the angle enclosed between the cir¬ 
cles are congruent. 

123. Given a triangle ABC and a point D. 
The line AD, BD, and CD for the second 
time intersect the circle circumscribed about 
the triangle ABC at points A x , B x , and 
C x , respectively. Consider two circles: the 
first passes through A and A x , the second 
through B and B x . Prove that the end 
points of the common chord of these two 
circles and the points C and C x lie on the 
same circle. 

124. Three parallel lines l x , l 2 , and l 3 
are drawn through the vertices A, B, and C 
of a triangle ABC, respectively. Prove 
that the lines symmetric to l x , l t , and l a 
with respect to the bisectors of the angles 
A, B, and C, respectively, intersect at a 
point situated on the circle circumscribed 
about the triangle ABC. 

125. Prove that if M is a point inside a 
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triangle ABC and the lines AM, BM, 
and CM pass, respectively, through the cen¬ 
tres of the circles circumscribed about the 
triangles BMC, CM A, and AMB, then M 
is the centre of the circle inscribed in the 
triangle ABC. 

126. In a triangle ABC points i4j, B x , 
and Cj are taken on the sides BC, CA , and 
AB, respectively. Let M be an arbitrary 
point in the plane. The straight line BM 
intersects for the second time a circle pass¬ 
ing through A x , B, and C x at a point B t , 
CM intersects the circle described through 
A x , B x , and C at a point C 2 , and AM — 
the circle passing through A, B x , and C x 
at a point A x . Prove that the points A 2 , 
B a , C Jt and M lie on the same circle. 

127. Let A x be a point symmetric to the 
point of tangency of the circle inscribed in 
a triangle ABC to the side BC with respect 
to the bisector of the angle A. Points B t 
and C x can be determined in a similar way. 
Prove that the lines AA X , BB X , CC X , and 
the line passing through the centres of the 
circles inscribed in and circumscribed about 
the triangle ABC meet in the same point. 

128. Let AA X , BB X , CC X be the altitudes 
of a triangle ABC. A straight line perpen¬ 
dicular to AB intersects AC and A X C X at 
points K and L. Prove that the centre of 
the circle circumscribed about the triangle 
KLB X lies on the straight line BC. 

129. Four circles of equal radius pass 
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through a point A. Prove that three line 
segments whose end points are different 
from A and are the points of intersection of 
two circles (the opposite end points of each 
line segment do not belong to one circle) 
meet in the same point. 

130. Given a right triangle ABC with a 
right angle C. Let 0 be the centre of the cir¬ 
cumscribed circle, M the point of tangency 
of the inscribed circle and the hypotenuse. 
Let a circle centred at M passing through 0 
intersect the bisectors of the angles A and 
B at points K and L different from 0. Prove 
that K and L are the centres of the cir¬ 
cles inscribed in the triangles A CD and BCD , 
respectively, where CD is the altitude of the 
triangle ABC. 

131. Prove that in a triangle ABC the 
bisector of the angle A , the midline parallel 
to AC, and the straight line joining the 
points of tangency of the inscribed circle 
with the sides CB and CA intersect at the 
same point. 

132. Given three straight lines. One of 
them passes through the feet of two altitudes 
of a triangle, the second line through the 
end points of two of its angle bisectors, and 
the third through two points at which the 
inscribed circle touches the triangle sides 
(all the points are situated on two sides of 
the triangle). Prove that the three straight 
lines intersect at one point. 

133. In a triangle ABC points A lt B x , 
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and C x are taken on the sides BC, CA, and 
AB, respectively, such that the lines AA X , 
BBi, and CC 1 meet in the same point. Prove 
that if AAi is the bisector of the angle 
B 1 A 1 C 1 , then AA X is the altitude of the tri¬ 
angle ABC. 

134. Taken on the sides BC, CA, and AB 
of a triangle ABC are points A x , B x , 
and C x , respectively, such that Z_ AA X C = 
Z’JBB X A = /_CC X B (the angles are measured 
in the same direction). Prove that the 
centre of the cirle circumscribed about the 
triangle bounded by the lines AA X , BB X , 
and CCi coincides with the intersection 
point of the altitudes of the triangle ABC. 

135. The vertices of a triangle A 1 B 1 C l 
lie on the straight lines BC, CA, and AB 
(. A x on BC, B x on CA, C x on AB). Prove that 
if the triangles ABC and A X B X C X are simi¬ 
lar (the vertices A and A x , B and B x , C and 
C x are similar pairwise), then the intersec¬ 
tion point of the altitudes of the triangle 
A X B X C X is the centre of the circle circum¬ 
scribed about the triangle ABC. Is the 
converse true? 

136. Two points are taken on each side of 
a triangle such that all the six line segments 
joining each point to the opposite vertex are 
congruent. Prove that the midpoints of the 
six segments lie on the same circle. 

137. In a triangle ABC, line segments 
| AM | = | CN | = p are laid off on the 
rays AB and CB, where p is the half-pe- 
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rimeter of the triangle (B lies between 
A and M, and between C and N). Let K 
be a point on the circle circumscribed about 
the triangle ABC and diametrically oppo¬ 
site to the point B. Prove that the perpendic¬ 
ular dropped from K on MN passes through 
the centre of the inscribed circle. 

138. From a point on the circle circum¬ 
scribed about an equilateral triangle ABC 
straight lines are drawn parallel to BC, 
CA, and AB which intersect CA, AB, and 
BC at points M, N, and Q, respectively. 
Prove that M, N, and Q lie on a straight line. 

139. Prove that three lines which are sym¬ 
metric to an arbitrary straight line passing 
through the intersection point of the alti¬ 
tudes of a triangle with respect to the sides of 
the triangle are concurrent. 

140. Let M be an arbitrary point in the 
plane, G the centre of mass of a triangle 
ABC. Then the following equality is fulfil¬ 
led: 3 | MG | 2 = | MA | 2 + | MB | 2 + 

| MC | 2 — y (| AB | 2 + \BC | 2 + \CA I 2 ) 
(Leibniz's theorem). 

141. Let ABC be a regular triangle with 
side a, and M some point in the plane 
found at a distance d from the centre of the 
triangle ABC. Prove that the area of the 
triangle whose sides are equal to the line 
segments MA, MB, and MC can be ex- 

pressed by the formula S = | a 2 — 3d 2 |. 


7-01557 
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142. Given two regular triangles: ABC 

and Find the locus of points M 

such that the two triangles formed by the 
line segments MA, MB, MC and MA X , 
MB X , MC X are equivalent. 

143. Given a triangle ABC. Line segments 
AK and CM are laid off on the rays AB and 
CB, respectively, which are equal to AC. 
Prove that the radius of the circle circum¬ 
scribed about the triangle BKM is equal 
to the distance between the centres of the 
circles circumscribed about and inscribed 
in the triangle ABC, and that the straight 
line KM is perpendicular to the line join¬ 
ing the centres of the inscribed and cir¬ 
cumscribed circles. 

144. A straight line is drawn through a 
vertex of a triangle perpendicular to the 
line joining the centres of the inscribed and 
circumscribed circles. Prove that this line 
and the sides of the given triangle form two 
triangles for which the difference between 
the radii of the circumscribed circles is 
equal to the distance between the centres 
of the circles inscribed in and circumscribed 
about the original triangle. 

145. Prove that if the lengths of the sides 
of a triangle form an arithmetic progression, 
then: (a) the radius of the inscribed circle is 
equal to 1/3 of the altitude dropped on the 
middle-length side; (b) the line joining the 
centre of mass of the triangle and the centre 
of the inscribed circle is parallel to the mid- 
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dle-length side; (c) the bisector of the in¬ 
terior angle opposite to the middle-length 
side is perpendicular to the line joining the 
centres of the inscribed and circumscribed 
circles; (d) for all the points of this angle 
bisector, the sum of distances to the sides 
of the triangle is constant; (e) the centre of 
the inscribed circle, the midpoints of the 
largest and smallest sides, and the vertex 
of the angle formed by them lie on the same 
circle. 

146. Let K denote the midpoint of the 
side BC of a triangle ABC, M the foot of 
the altitude dropped on BC. The circle in¬ 
scribed in the triangle ABC touches the side 
BC at a point D; the escribed circle touch¬ 
ing the extensions of AB and AC and the 
side BC touches BC at a point E. A common 
tangent to these circles, which is different 
from the sides of the triangle, intersects the 
circle passing through K and M at points 
F and G. Prove that the points D, E, F, 
and G lie on the same circle. 

* * * 

147. Prove that the centre of mass of a 
triangle, the intersection point of the alti¬ 
tudes, and the centre of the circumscribed 
circle lie on a straight line ( Euler's* line). 


* Euler, Leonhard (1707-1783). A Swiss math¬ 
ematician. 

7 * 
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148. What sides are intersected by Euler’s 
line in an acute and an obtuse triangles? 

149. Let K denote a point symmetric to 
the centre of the cirle circumscribed about a 
triangle ABC with respect to the side BC. 
Prove that the Euler line of the triangle 
ABC bisects the line segment AK. 

150. Prove that there is a point P on the 
Euler line of a triangle ABC such that the 
distances from the centres of mass of the 
triangles ABP, BCP, and CAP to the ver¬ 
tices C, A, and B, respectively, are equal. 

151. Let P be a point inside a triangle 
ABC such that each of the angles APB, 
BPC, and CPA is equal to 120° (any inte¬ 
rior angle of the triangle ABC is assumed to 
be less than 120°). Prove that the Euler 
lines of the triangles APB, BPC, and CPA 
meet in the same point. 

Remark. When solving this problem use 
the result of Problem 296 of this section. 

152. Prove that the straight line joining 
the centres of the circles inscribed in and 
circumscribed about a given triangle is the 
Euler line of the triangle with vertices at 
the points of tangency of the inscribed circle 
with the sides of the given triangle. 

* * * 

153. Prove that the feet of the perpendicu¬ 
lars from an arbitrary point of the circle 
circumscribed about the triangle upon the 
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sides of the triangle are collinear ( Simson's* 
line). 

154. Prove that the angle between two Sim- 
son’s lines corresponding to two points of 
a circle is measured by half the arc between 
these points. 

155. Let M be a point on the circle circum¬ 
scribed about a triangle ABC. A straight 
line passing through M and perpendicular 
to BC intersects the circle for the second time 
at a point N. Prove that the Simson line 
corresponding to the point AT is parallel to 
the line AN. 

156. Prove that the projection of the 
side AS of a triangle ABC on the Simson 
line, corresponding to the point M , is equal 
to the distance between the projections of 
the point M on the sides AC and BC. 

157. Let AA lt SS,, CC X be the altitudes 
of a triangle ABC. The lines AA lt BB lt 
CC X intersect the circle circumscribed about 
the triangle ABC for the second time at 
points A 2 , S 2 , C 2 , respectively. The Simson 
lines corresponding to the points A 2 , S 2 , 
C 2 form a triangle A 3 B 3 C 3 (A 3 is the inter¬ 
section point of the Simson lines correspond¬ 
ing to the points B 2 and C 2 , and so forth). 
Prove that the centres of mass of the trian¬ 
gles AxB^Cx and A 3 B 3 C 3 coincide, while 
the lines A 2 A 3 , B 2 B 3 , and C 2 C 3 meet in 
the same point. 

♦ Robert Simson (1687-1768). A Scottish math¬ 
ematician. 
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158. Let A t , B ly and C 1 be points on the 
circle circumscribed about a triangle ABC 
such that uAA x + kjBB x -f vjCC 1 — 
2kn (all the arcs are measured in the 
same direction, k an integer). Prove that the 
Simson lines for the triangle ABC corre¬ 
sponding to the points A lt B t , and C t meet 
in the same point. 

159. Prove that the tangent to a parabola 
at its vertex is a Simson line for a triangle 
formed by any three intersecting tangents to 
the same parabola. 

* * * 

160. Prove that the midpoints of the 
sides of a triangle, the feet of its altitudes, 
and the midpoints, of the line segments be¬ 
tween the vertices and the intersection point 
of the altitudes all lie on a circle called the 
nine-point circle. 

161. Let H denote the intersection point 
of the altitudes of a triangle, D the mid¬ 
point of a side, and K one of the intersection 
points of the line HD and the circum¬ 
scribed circle, D lying between H and K. 
Prove that D is the midpoint of the line 
segment HK. 

162. Let M denote the median point of a 
triangle, E the foot of an altitude, F one 
of the points of intersection of the line 
ME and the circumscribed circle, M lying 
between E and'/''. Prove that | FM | = 
2 | EM |. 
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163. The altitude drawn to the side BC 
of a triangle ABC intersects the circum¬ 
scribed circle at a point A x . Prove that the 
distance from the centre of the nine-point 

circle to the side BC is equal to | AA X | 

164. In a triangle ABC, AA X is an alti¬ 

tude, H is the intersection point of the al¬ 
titudes. Let P denote an arbitrary point of 
the circle circumscribed about the triangle 
ABC, M a point on the line HP such that 
| HP | | HM | = | HA X | | HA \ 

(H lies on the line segment MP if the trian¬ 
gle ABC is acute-angled and outside if 
it is obtuse-angled). Prove that M lies on 
the nine-point circle of the triangle ABC. 

165. In a triangle ABC, BK is the alti¬ 
tude drawn from the vertex B to the side 
AC, BL the median drawn from the same 
vertex, M and N the projections of the 
points A and C on the bisector of the angle 
B. Prove that all the points K, L, M, 
and N lie on a circle whose centre is located 
on the nine-point circle' of the triangle 
ABC. 

166. Let H be the intersection point of 
the altitudes of a triangle, and F an arbitra¬ 
ry point of the circumscribed circle. Prove 
that the Simson line corresponding to the 
point F passes through one of the intersec¬ 
tion points of the line FH and the nine-point 
circle (see Problems 153 and 159 of the 
section). 
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167. Let l denote an arbitrary line passing 
through the centre of the circle circum¬ 
scribed about the triangle ABC, and let A x , 
B x , and C x be the projections of A, B, and 
C on l. Three straight lines are drawn: 
through A x a line perpendicular to BC, 
through B x a line perpendicular to AC, 
and through C x a line perpendicular to AB. 
Prove that these three lines meet in a point 
situated on the nine-point circle of the 
triangle ABC. 

168. Given a triangle ABC. AA X , BB X , 
and CC X are its altitudes. Prove that Eu¬ 
ler’s lines of the triangles AB X C X , A X BC X , 
and A X B X C intersect at a point P of the 
nine-point circles such that one of the line 
segments PA X , PB t , PC X is equal to the sum 
of the two others ( Thebault's* problem). 

169. There are three circles, each of which 
passes through a vertex of a triangle and 
through the foot of the altitude drawn from 
this vertex and touches the radius of the 
circle circumscribed about the triangle 
which is drawn to this vertex. Prove that 
all the circles intersect at two points situat¬ 
ed on Euler’s line of the given triangle. 

170. Consider three circles each of which 
passes through one of the vertices of a tri¬ 
angle and through the feet of two angle 
bisectors (interior and exterior) emanating 


* Thebault, Victor. A modern French geom¬ 
eter. 



Sec. 2. Selected Problems 


105 


from this vertex (these circles are called 
Apollonius's* circles). Prove that: (a) these 
three circles intersect at two points (M x 
and Af a ); (b) the line M X M 2 passes through 
the centre of the circle circumscribed about 
the triangle; (c) the feet of the perpendicu¬ 
lars from the points M t and M 2 upon tl\e 
sides of the triangle serve as vertices of two 
regular triangles. 

171. A straight line symmetric to a me¬ 

dian of a triangle about the bisector of the 
angle opposite the median is called a syme- 
dian. Let the symedian emanating from the 
vertex B of a triangle ABC intersect AC 
at point K. Prove that | AK | | KC j = 

| AB | 2 : j BC | 2 . 

172. Let D be an arbitrary point on the 
side BC of a triangle ABC. Let E and F 
be points on the sides AC and AB such that 
DE is parallel to AB, and DF is parallel to 
AC. A circle passing through D, E, and F 
intersects for the second time BC, CA, and 
AB at points D v E v and F 1 , respectively. 
Let M and N denote the intersection points 
of DE and F 1 D 1 , DF and D X E U respective¬ 
ly. Prove that M and N lie on the symedian 
emanating from the vertex A. If D coin¬ 
cides with the’foot of the symedian, then the 
circle passing through D, E, and F touches 


• Apollonius of Perga (circa 255-170 B.C.). 
A great Greek geometer who carried on the work 
of Euclid. 
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the side BC. (This circle is called Tucker's * 
circle.) 

173. Prove that the common chords of 
the circle circumscribed about a given tri¬ 
angle and Apollonius’ circles are the three 
symedians of this triangle (see Problems 170 
and 171 of the section). 


* * # 

174. Given a trapezoid ABCD whose lat¬ 
eral side CD is perpendicular to the bases 
AD and BC. A circle of diameter AB in¬ 
tersects AD at a point P (P is different 
from A). The tangent to the circle at the 
point P intersects CD at a point M. Another 
tangent is drawn from M to the circle 
touching it at a point Q. Prove that the 
straight line BQ bisects CD. 

175. Let M and N denote the projections 
of the intersection point of the altitudes of a 
triangle ABC on the bisectors of the inte¬ 
rior and exterior angles B. Prove that the 
line MN bisects the side AC. 

176. Given a circle and two points A and 
B on it. The tangents to the circle which 
pass through A and B intersect each other at a 
point C. A circle passing through C touches 
the line AB at a point B and for the sec- 


* Tucker, Howard Gregory (b. 1922). A modern 
American mathematician. 
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ond time intersects the given circle at a 
point M. Prove that the line AM bisects the 
line segment CB. 

177. Drawn to a circle from a point A, 
situated outside this circle, are two tangents 
AM and AN (M and N the points of tangen- 
cy) and a secant intersecting the circle at 
points K and L. An arbitrary straight line 
l is drawn parallel to AM. Let KM and LM 
intersect l at points P and Q, respectively. 
Prove that the line MN bisects the line seg¬ 
ment PQ. 

178. A circle is inscribed in a triangle 
ABC. Its diameter passes through the point 
of tangency with the side BC and intersects 
the chord joining two other points of tan¬ 
gency at a point N. Prove that AN bisects 
BC. 

179. A circle is inscribed in a triangle 
ABC. Let M be the point at which the cir¬ 
cle touches the side AC and MK be the di¬ 
ameter. The line BK intersects AC at a 
point N. Prove that | AM | = | NC \ 

180. A circle is inscribed in a triangle 
ABC and touches the side BC at a point M, 
MK being its diameter. The line AK inter¬ 
sects the circle at a point P. Prove that the 
tangent to the circle at the point P bisects 
the side BC. 

181. A straight line l touches a circle at 
a point A. Let CD be a chord parallel to l 
and B an arbitrary point on the line l. 
The lines CB and DB for the second time 
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intersect the circle at points L and K , respec¬ 
tively. Prove that the line LK bisects the 
line segment AB. 

182. Given two intersecting circles. Let 
A be one of the points of their intersection. 
Drawn from an arbitrary point lying on the 
extension of the common chord of the given 
circles to one of them two tangents touching 
it at points M and N. Let P and Q denote 
the points of intersection (distinct from A) 
of the straight lines MA and NA and the sec¬ 
ond circle, respectively. Prove that the 
line MN bisects the line segment PQ. 

183. In a triangle yl.BC, constructed on the 
altitude BD as diameter is a circle inter¬ 
secting the sides AB and BC at points K 
and L, respectively. The lines touching the 
circle at points K and L intersect at a point 
M. Prove that the line BM bisects the side 
AC. 

184. A straight line l is perpendicular to 
the line segment AB and passes through B. 
A circle centred on l passes through A and 
intersects l at points C and D. The tangents 
to the circle at the points A and C intersect 
at N. Prove that the line DN bisects the 
line segment AB. 

185. A circle is circumscribed about a 
triangle ABC. Let N denote the intersection 
point of the tangents to the circle which 
pass through the points B and C. M is a 
point of the circle such that AM is paral¬ 
lel to BC and K is the intersection point 
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of MN and the circle. Prove that KA bi¬ 
sects BC. 

186. Let A denote the projection of the 
centre of a circle on a straight line l. Two 
points B and C are taken on this line such 
that \ AB \ — \ AC \ . Two arbitrary se¬ 
cants each intersecting the circle at pairs of 
points, P, Q and M, N, respectively are 
drawn through B and C. Let the lines NP 
and MQ intersect the line l at points R 
and S, respectively. Prove that | RA | = 
\AS | 

187. Given a triangle ABC. A x , B x , C x 
are the midpoints of the sides BC, CA and 
AB' K and L are the feet of the perpendicu¬ 
lars from the vertices B and C on the 
straight lines A X C X and A X B X , respectively; 
0 is the centre of the nine-point circle. 
Prove that the line A x O bisects the line 
segment KL. 


* * * 

188. Let the points A x , B x , C x be symmet¬ 
ric to a point P with respect to the sides 
BC, CA, and AB of a triangle ABC. Prove 
that (a) the circles circumscribed about 
the triangles A X BC, AB X C, and ABC X have 
a common point; ( b) the circles circum¬ 
scribed about the triangles A X B X C, A X BC X , 
and AB X C X have a common point. 

189. Let AB be the diameter of a semi¬ 
circle and M a point on the diameter AB. 
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Points C, D, E, and F lie on the semicircle 
so that /LAMD = A.EMB, Z.CMA = 
A-FMB. Let P denote the intersection 
point of the lines CD and EF. Prove that 
the line PM is perpendicular to AB. 

190. In a triangle ABC, the perpendic¬ 
ular to the side AB at its midpoint D in¬ 
tersects the circle circumscribed about the 
triangle ABC at a point E (C and E lie on 
the same side of AB), F is the projection 
of E on AC. Prove that the line DF bisects 
the perimeter of the triangle ABC, and that 
three such lines constructed for each side 
of the triangle are concurrent. 

191. Prove that a straight line dividing 
the perimeter and area of a triangle in 
the same ratio passes through the centre 
of the inscribed circle. 

192. Prove that three lines passing 
through the vertices of a triangle and bisect¬ 
ing its perimeter intersect at one point 
(called Nagell's* point), Let M denote the 
centre of mass of the triangle, / the centre 
of the inscribed circle, S the centre of the 
circle inscribed in the triangle with vertices 
at the midpoints of the sides of the given 
triangle. Prove that the points N, M, I, 
and S lie on a straight line and | MN | = 
2\JM\, | IS | = | SN |. 


* Nagell, Trygve (1895-1958). A Norwegian 
mathematician. 
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# * * 

193. Let a, b, and c denote the sides of 
a triangle and a -f b + c = 2 p. Let G 
be the median point of the triangle and 
0,1 and I a the centres of the circumscribed, 
inscribed, and escribed circles, respective¬ 
ly (the escribed circle touches the side 
BC and the extensions of the sides AB 
and AC), R, r, and r a being their radii, 
respectively. Prove that the following re¬ 
lationships are valid: 

(a) a 2 -f- 6 2 -f c 2 = 2/> 2 — 2r 2 —8 Rr\ 

(b) | OG | 2 = R 2 — ~ (a 2 -f h 2 -f c 2 ); 

(c) | IG | 2 = ~(p 2 -j-5r 2 — 16/?r); 

(d) |07 | 2 = /f 2 —2f?r (Euler); 

(e) |0/ a | 2 = i? 2 + 2ifr a ; 

(f) \II a \ z = 4R(r a — r). 

194. Let BB t and CC X denote the bisec¬ 
tors of the angles B and C, respectively, 
of a triangle ABC. Using the notation of 
the preceding problem, prove that \B X C X J = 

-—-1 01 I 

(b + a)(c + a) R' Ula '• 

195. Prove that the points which are 
symmetric to the centres of the escribed 
circles with respect to the centre of the 
circumscribed circle lie on a circle which 
is concentric with the inscribed circle 
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whose radius is equal to the diameter of the 
circumscribed circle. 

196. Given a triangle ABC. Prove that 
the sum of the areas of the three triangles 
the vertices of each of which are the three 
points of tangency of the escribed circle 
with the corresponding side of the triangle 
ABC and the extensions of two othfer sides 
is equal to twice the area of the triangle 
ABC plus the area of the triangle with 
vertices at the points of tangency of the 
circle inscribed in /SABC. 

197. Find the sum of the squares of the 
distances from the points at which the cir¬ 
cle inscribedin the given triangle touches 
its sides to the centre of the circumscribed 
cfi“cle if the radius of the inscribed circle 
i'$ r, and that of the circumscribed circle 
iS/'if. 

198. A circle is described through the 
feet of the angle bisectors in a triangle ABC. 
Prove that one of the chords formed by in¬ 
tersection of the circle with the sides of 
the triangle is equal to the sum of the other 
two chords. 

199. Let AA X , BB X , and CC X be the angle 
bisectors of a triangle ABC, L the point of 
intersection of the lines AA X and B X C X , 
and K the point of intersection of the 
lines CC X and A X B X . Prove that BB X is 
the bisector of the angle LBK. 

200. In a triangle ABC, points K and 
L are taken on the sides A B and BC such 
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that | AK | = | KL | = \LC |. Through 
the point of intersection of the lines AL 
and CK a straight line is drawn parallel 
to the bisector of the angle B to intersect 
the line 4S at a point M. Prove that 
\AM | = | BC |. 

201. In a triangle ABC, the bisector of 
the angle B intersects at a point M the line 
passing through the midpoint of AC and 
the midpoint of the altitude drawn to AC-, 
N is the midpoint of the bisector of the 
angle B. Prove that the bisector of the 
angle C is also the bisector of the angle 
MCN. 

202. (a) Prove that if a triangle has two 
equal angle bisectors then such a triangle 
is isosceles ( Steiner's theorem). 

(b) Prove that if in a triangle ABC, the 
bisectors of the angles adjacent to the an¬ 
gles A and C are equal and are either both 
inside or both outside the angle ABC, then 
| AB | = | BC |. Is it true that, if a trian¬ 
gle has two equal exterior angle bisectors, 
then the triangle is isosceles? 

203. Given a triangle. The triangle form¬ 
ed by the feet of its angle bisectors is known 
to be isosceles. Will the statement that the 
given triangle is also isosceles be true? 


* Steiner, Jakob (1796-1863). A Swiss mathem¬ 
atician. 


8-01557 
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204. Let ABCDEF be an inscribed hexa¬ 
gon. Let K denote the' point of intersection 
oi AC and BF, and L the point of intersec¬ 
tion of CE and FD. Prove that the diagonals 
AD and BE and the line KL intersect at 
the same point ( Pascal's theorem). 

205. Given a triangle ABC and a point 
M. A straight line passing through the 
point M intersects the lines AB, BC, and 
CA at points C t , A x , and B lt respectively. 
The lines AM, BM, and CM intersect the 
circle circumscribed about the triangle ABC 
at points A 2 , B 2 , and C 2 , respectively. Prove 
that the lines A X A 2 , B X B 2 , and C X C 2 inter¬ 
sect at a point situated on the circle cir¬ 
cumscribed about the triangle ABC. 

206. Two mutually perpendicular lines 
are drawn through the intersection point 
of the altitudes of a triangle. Prove that 
the midpoints of the line segments inter¬ 
cepted by these lines on the sides of the 
triangle (that is, on the lines forming the 
triangle) lie on a straight line. 

♦ * * 

207. Given a triangle ABC and an ar¬ 
bitrary point P. The feet of the perpendic¬ 
ulars dropped from the point P on the 
sides of the triangle ABC serve as the ver¬ 
tices of the triangle A^B^C^ The vertices 
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of the triangle A 2 B 2 C 2 are found at the 
intersection points (distinct from A, B, C) 
of the straight lines AP, BP, and CP 
with the circle circumscribed about the 
triangle ABC. Prove that the triangles 
A\B^Ci and A 2 B 2 C 2 are similar. How many 
points P are there for a scalene triangle 
ABC such that the corresponding triangles 
A\B l C l and A 2 B 2 C 2 are similar to the trian¬ 
gle ABC ? 

208. Let A lf B lt C 1 denote the feet of 
the perpendiculars dropped from an arbit¬ 
rary point M on the sides BC, CA, and 
AB of a triangle ABC, respectively. Prove 
that three straight lines passing through 
the midpoints of the line segments B 1 C 1 
and MA, C t A x and MB, A x B t and MC 
intersect at one point. 

209. Let S be the area of a given triangle, 

and R the radius of the circle circumscribed 
about this triangle. Let, further, denote 
the area of the triangle formed by the feet 
of the perpendiculars dropped on the sides 
of the given triangle from a point located 
at a distance d from the centre of the cir¬ 
cumscribed circle. Prove that = 

~V 1 — ^2 ( Euler's theorem). 

210. Prove that if A, B, C, and D are 
arbitrary points in the plane, then the 
four circles each of which passes through 
the midpoints either of the line segment^ 
AB, AC, and AD or BA, BC, and BD\ 


8 * 
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or CA, CB, and CD; or DA, DB, and DC 
have a common point. 

211. Given a triangle ABC and an ar¬ 
bitrary point D in the plane. The triangle 
formed by the feet of the perpendiculars 
dropped from D on the sides of the triangle 
ABC will be called the pedal triangle of the 
point D with respect to the triangle ABC, and 
the circle circumscribed about the pedal 
triangle, the pedal circle. Let D x denote 
the point of intersection of the lines sym¬ 
metric to the lines AD, BD, and CD with 
respect to the bisectors of the angles A, B, 
and C, respectively, of the triangle ABC. 
Prove that the pedal circles of the points D 
and Dj coincide. 

212. Consider four points in the plane no 
three of which are collinear. Prove that 
the four pedal circles each of which cor¬ 
responds to one of the points under consider¬ 
ation with respect to the triangle whose 
vertices are the remaining three points 
have a common point. 

213. A straight line passing through the 
centre of the circle circumscribed about a 
triangle ABC intersects AB and AC at 
points C 1 and B x , respectively. Prove 
that the circles constructed on BB X and CC X 
as diameters intersect at two points one of 
which lies on the circle circumscribed about 
the triangle ABC, the other on the nine- 
point circle of the triangle ABC. 
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Quadrilaterals 

214. Given an inscribed quadrilateral 
ABCD. The circle diameter is AB. Prove 
that the projections of the sides AD and BC 
on the line CD are equal in length. 

215. In a convex quadrilateral ABCD: 
0 is the point of intersection of its diago¬ 
nals, E, F, and G are the projections of B, 
C, and 0 on AD. Prove that the area of 

the quadrilateral is equal to ^ A ° ^ 2 ^OG\ ^ ^' 

216. Let ABCD be a convex quadrilater¬ 
al. Consider four circles each of which 
touches three sides of this quadrilateral. 

(a) Prove that the centres of these circles 
lie on one circle. 

(b) Let r x , r 2 , r 3 , and r 4 denote the radii 
of these circles (r x does not touch the side 
DC, r 2 the side DA, r 3 the side AB, and r 4 

the side BC). Prove that + 1^-51 = 

r t r 3 

\BC\ \AD | 

r t ' r 4 

217. Prove that for the area S of an in¬ 
scribed quadrilateral the following formu¬ 
la holds true: 

S = Y (p — a) (p — b) (p — c) (p — d), 
where p is the semiperimeter, and a, b, c, 
and d are the sides of the quadrilateral. 

218. Let 2<p be the sum of two opposite 
angles of a circumscribed quadrilateral, 
a, b, c, and d its sides, S its area. Prove 
that S — Yabed sin tp. 
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219. Points M and N are taken on the 
sides AB and CD of a convex quadrilateral 
A BCD to divide them in the same ratio 
(counting from the vertices A and C). Join¬ 
ing these points to all the vertices of the 
quadrilateral ABCD, we separate the latter 
into six triangles and a quadrilateral. Prove 
that the area of the quadrilateral thus ob¬ 
tained is equal to the sum of the areas of 
two triangles adjacent to the sides fiC and 
AD. 

220. A diameter AB and a chord CD 
which does not intersect that diameter are 
drawn in a circle. Let E and F denote 
the feet of the perpendiculars dropped 
from the points A and B on the line CD. 
Prove that the area of the quadrilateral 
AEFB is equal to the sum of the areas of 
the triangles ACB and ADB. 

221. Given a convex quadrilateral Q v 
Four straight lines perpendicular to its 
sides and passing through their midpoints 
form a quadrilateral Q 2 - A quadrilateral 
Q 3 is formed in the same way for the quad¬ 
rilateral Q 2 . Prove that the quadrilateral 
Q 3 is similar to the original quadrilateral 
Qv 

222. Points M and N are taken on oppo¬ 
site sides BC and DA of a convex quadri¬ 
lateral such that | BM | : | MC | = | AN | 

| ND | = | AB | : | CD |. Prove that the 
line MN is parallel to the bisector of the 
angle formed by the sides AB and CD. 
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223. A convex quadrilateral is separated 
by its diagonals into four triangles. The 
circles inscribed in these triangles are of 
tlSe same radius. Prove that the given quad¬ 
rilateral is a rhombus. 

224. The diagonals of a quadrilateral sep¬ 
arate the latter into four triangles having 
equal perimeters. Prove that the quadri¬ 
lateral is a rhombus. 

225. In a quadrilateral ABCD, the cir¬ 
cles inscribed in the triangles ABC, BCD, 
CD A, DAB are of the same radius. Prove 
that the given quadrilateral is a rectangle. 

226. A quadrilateral ABCD is inscribed 
in a circle. Let M be the point of intersec¬ 
tion of the tangents to the circle passing 
through A and C, N the point of intersec¬ 
tion of the tangents drawn through B and 
D, K the intersection point of the bisectors 
of the angles A and C of the quadrilateral, 
L the intersection point of the angles B and 
D. Prove that if one of the four statements 
is true, i.e.: (a) M belongs to the straight 
line BD, (b) N belongs to the straight line 
AC, (c) K lies on BD, (d) L lies on AC, 
then the remaining three statements are 
also true. 

227. Prove that four lines each of which 
passes through the feet of two perpendic¬ 
ulars dropped from a vertex of an inscribed 
quadrilateral on the sides not including this 
vertex intersect at one point. 

228. Let A B and CD be two chords of 
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a circle, M the point of intersection of 
two perpendiculars: one of them to AB at 
the point A and the other to CD at the 
point C. Let N be the point of intersec¬ 
tion of the perpendiculars to AB and CD 
at the points B and D, respectively. Prove 
that the line MN passes through the point 
of intersection of BC and AD. 

229. Given a parallelogram ABCD. A 
circle of radius R passes through the points 
A and B. Another circle of the same radius 
passes through the points B and C. Let 
M denote the second point of intersection 
of these circles. Prove that the radii of the 
circles circumscribed about the triangles 
AMD and CMD are R. 

230. Let ABCD be a parallelogram. A 
circle touches the straight lines AB and AD 
and intersects BD at points M and N. 
Prove that there is a circle passing through 
M and N and touching the lines CB and 
CD. 

231. Let ABCD be a parallelogram. Let 
us construct a circle on the diagonal AC as 
diameter and denote by M and N the points 
of intersection of the circle with the lines 
AB and AD, respectively. Prove that the 
lines BD and MN and the tangent to the 
circle at the point C intersect at the same 
point. 

232. A quadrilateral ABCD is inscribed 
in a circle. Let 0 lt O t , O a , O t be the cen¬ 
tres of the circles inscribed in the triangles 
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ABC, BCD, CD A, DAB, respectively, and 
H t , H 2 , H 3 , and H t the intersection points 
of the altitudes of the same triangles. Prove 
that the quadrilateral is a rectan¬ 
gle, and the quadrilateral t is equal 

to the quadrilateral ABCD. 

233. Given a triangle ABC and an arbit¬ 
rary point D in the plane. Prove that 
the intersection points of the altitudes 
of the triangles ABD, BCD, CAD are the 
vertices of the triangle equivalent to the 
given one. 

234. Prove that if a circle can be in¬ 
scribed in a quadrilateral, then: (a) the 
circles inscribed in the two triangles into 
which the given quadrilateral is separated 
by a diagonal touch each other, (b) the 
points of tangency of these circles with the 
sides of the quadrilateral are the vertices 
of the inscribed quadrilateral. 

235. Prove tl^at if ABCD is an inscribed 
quadrilateral, then the sum of the radii 
of the circles inscribed in the triangles ABC 
and ACD is equal to the sum of the radii 
inscribed in triangles BCD and BDA. 

* * * 

236. Let a, b, c, and d be the sides of a 
quadrilateral, m and n its diagonals, A 
and C two opposite angles. Then the follow¬ 
ing relationship is fulfilled: m 2 n 2 = a 2 c 2 + 
i^d 2 — 2 abed cos {A + C) (Bretschneider's 
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theorem or the law of cosines for a quadri¬ 
lateral). 

237. Let a, b, c, and d denote the sides of 
an inscribed quadrilateral and m and n 
its diagonals. Prove that mn = ac + bd 
(Ptolemy's* theorem). 

238. Prove that if ABC is a regular 
triangle, M an arbitrary point in the plane 
not lying on the circle circumscribed about 
the triangle ABC , then there is a triangle 
whose sides are equal to | MA |, | MB |, 
and | MC \ (Pompeiu's** theorem ). Find 
the angle of this triangle which is opposite 
the side equal to | MB | if Z-AMC = a. 

239. Let ABCD be an inscribed quadri¬ 
lateral. Four circles, a, {5, y, and 6, touch 
the circle circumscribed about the quadrilat¬ 
eral ABCD at points A, B, C, and D, 
respectively. Let t a& denote the segment 
of the tangent to the circles a and P, t afi 
being the segment of a common external 
tangent if a and p touch the given circle 
in the same manner (internally or exter¬ 
nally), and the segment of a common in¬ 
ternal tangent if a and p touch the given 
circle in a different way (the quantities 
fp Y , e * ,c - are defined in a similar way). 


* Ptolemy (Caudius Ptolemaus) {circa A.D. 
150). An Alexandrian geometer, astronomer, and 
geographer. 

*i. Pompeiu, Dimitrie (1873-1954). A Rumanian 
mathematician. 



Sec. 2. Selected Problems 


123 


Prove that 

^<*p^v6 "i - ^pv^Pos = ^av^P# (*) 

( Ptolemy's generalized theorem). 

240. Let a, p, y, and 6 be four circles in 
the plane. Prove that if the following re¬ 
lationship is fulfilled: 

"’f' Ifiylha ~ ^av^P*’ (*) 

where f a(3 , etc. are line segments of com¬ 
mon external or internal tangents to the 
circles a and p, etc. (for any three circles 
we take either three external tangents or 
one external and two internal, then the cir¬ 
cles a, p, y, and 8 touch the same circle. 

* * * 

241. The extensions of the sides AB and 
DC of a convex quadrilateral ABCD in¬ 
tersect at a point K, and the extensions 
of the sides AD and BC at a point L , the 
line segment BL intersecting DK. Prove 
that if one of the three relationships 

\AB \ + \ CD \ = \ BC \ + \ AD \, 

| BK | + | BL | = | DK | + | DL |, 

| AK \ + \CL\ = \AL\+\CK\ 

is fulfilled, then the two others are also ful¬ 
filled. 

242. The extensions of the sides AB and 
DC of a convex quadrilateral ABCD in¬ 
tersect at a point K, and those of the sides 
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AD and BC at a point L, the line segment 
BL intersecting DK. Prove that if one of 
the three relationships | AD | + | DC | — 
\AB\ + \CB\, \AK\ + \CK\ = 

| AL | -f | CL |, \BK\ + \DK\ = 

| BL\ + | DL | is fulfilled, then the two 
others are also fulfilled. 

243. Prove that if there exists a circle 
touching the straight lines AB, BC, CD, 
and DA, then its centre and the midpoints 
of AC and BD are collinear. 

244. Let ABCD be an inscribed quad¬ 
rilateral. The perpendicular to BA erected 
at a point A intersects the line CD at a 
point M, the perpendicular to DA erected 
at A intersects the line BC at a point N. 
Prove that MN passes through the centre 
of the circle circumscribed about the quad¬ 
rilateral ABCD. 

245. Let ABCD be an inscribed quad¬ 
rilateral, E an arbitrary point on the 
straight line AB, and F an arbitrary point 
on the line DC. The straight line AF inter¬ 
sects the circle at a point M, and the line 
DE at a point N. Prove that the lines 
BC, EF, and MN are either concurrent or 
parallel. 

246. Prove that the feet of the perpendic¬ 
ulars dropped from the intersection point 
of the diagonals of an inscribed quadrilat¬ 
eral on its sides are the vertices of a quad¬ 
rilateral in which a circle can be inscribed. 
Find the radius of that circle if the diago- 
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nals of the inscribed quadrilateral are mutual¬ 
ly perpendicular, the radius of the given 
circle is R, and the distance from its centre 
to the point of intersection of the diagonals 
is d. 

247. The diagonals of an inscribed quad¬ 
rilateral are mutually perpendicular. Prove 
that the midpoints of its sides and the 
feet of the perpendiculars dropped from the 
point of intersection of the diagonals on 
the sides lie on a circle. Find the radius 
of that circle if the radius of the given 
circle is R, and the distance from its centre 
to the point of intersection of the diagonals 
of the quadrilateral is d. 

248. Prove that if a quadrilateral is both 
inscribed in a circle of radius R and cir¬ 
cumscribed about a circle of radius r, the 
distance between the centres of those cir- 

cles being d, then the relationship „ , T v . + 

tb — 375 - = 1/r 2 is true. In this case 

there are infinitely many quadrilat¬ 
erals both inscribed in the larger circle 
and circumscribed about the smaller one 
(any point of the larger circle may be taken 
as one of the vertices). 

249. A convex quadrilateral is separated 
by its diagonals into four triangles. Prove 
that the line joining the centres of mass 
of two opposite triangles is perpendicular 
io the straight line connecting the inter- 
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section points of the altitudes of two other 
triangles. 

250. Let ABCD be an inscribed quadri¬ 
lateral, M and N the midpoints of AC 
and BD , respectively. Prove that if BD 
is the bisector of the angle ANC, then AC 
is the bisector of the angle BMD. 

251. Let ABCD be an inscribed quad¬ 
rilateral. When extended, the opposite 
sides AB and CD intersect at a point K, 
and the sides BC and AD at a point L. 
Prove that the bisectors of the angles BKC 
and BLA are mutually perpendicular and 
their intersection point lies on the straight 
line joining the midpoints of AC and BD. 

252. The diagonals of a quadrilateral are 
mutually perpendicular. Prove that the 
four straight lines each of which joins 
one of the vertices of the quadrilateral to 
the centre of the circle passing through 
that vertex and two adjacent ones of the 
quadrilateral intersect at one point. 

253. Let P, Q, and M are the respective 
intersection points of the diagonals of an 
inscribed quadrilateral and the extensions 
of its opposite sides. Prove that the inter¬ 
section point of the altitudes of the triangle 
PQM coincides with the centre of the circle 
circumscribed about the given quadrilateral 
(Brodcard's theorem). 

254. Let ABCD be a circumscribed quad¬ 
rilateral, K the point of intersection of the 
straight lines AB and CD, L the point of in- 
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tersection of AD and BC. Prove that the 
intersection point of the altitudes of the 
triangle formed by the lines KL, AC, and 
BD coincides with the centre of the circle 
inscribed in the quadrilateral ABCD. 

255. Let ABCD be a convex quadrilater¬ 
al, Z-ABC = /LADC, M and N the feet 
of the perpendiculars dropped from A on 
BC and CD, respectively, K the point of 
intersection of the straight lines MD and 
NB. Prove that the straight lines AK and 
MN are mutually perpendicular. 

* * * 

256. Prove that four circles circum¬ 
scribed about four triangles formed by four 
intersecting straight lines in the plane 
have a common point ( Michell's* point). 

257. Prove that the centres of four circles 
circumscribed about four triangles formed 
by four intersecting straight lines in the 
plane lie on a circle. 

258. Given four pairwise intersecting 
lines. Let M denote the Michell’s point 
corresponding to these lines (see Problem 
256 of Sec. 2). Prove that if four of the six 
points of pairwise intersection of the given 
lines lie on a circle centred at 0, then the 
straight line passing through the two re- 


* Michell, John Henry (1879-1940). An Aus¬ 
tralian mathematician. 
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maining points contains the point M and 
is perpendicular to OM. 

259. Four pairwise intersecting straight 
lines form four triangles. Prove that if 
one of the lines is parallel to Euler’s line 
(see Problem 147 of Sec. 2) of the triangle 
formed by the three other lines then any 
other line possesses the same property. 

260. Given a triangle ABC. A straight 
line intersects the straight lines AB, BC, 
and CA at points D, E, and F, respectively. 
The lines DC, AE, and BF form a triangle 
KLM. Prove that the circles constructed 
on DC, AE, and BF as diameters intersect 
at two points P and N (these circles are 
assumed to intersect pairwise), and the line 
PN passes through the centre of the circle 
circumscribed about the triangle KLM and 
also through the intersection points of the 
altitudes of the triangles ABC, BDE, DAF, 
and CEF. 

261. Given a triangle ABC. An arbitra¬ 
ry line intersects the straight lines AB, BC, 
andCA at points D, E, and F, respectively. 
Prove that the intersection points of the 
altitudes of the triangles ABC, BDE, DAF, 
and CEF lie on one line perpendicular to 
the Gaussian line (see Problem 53 of Sec. 2). 

262. Prove that the middle perpendicu¬ 
lars to the line segments joining the in¬ 
tersection points of the altitudes to the cen¬ 
tres of the circumscribed circles of the 
four triangles formed by four arbitrary 
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straight lines in the plane intersect at one 
point ( Herwey's point). 

263. Consider sixteen points serving as 
centres of all possible inscribed and escribed 
circles for four triangles formed by four 
intersecting lines in the plane. Prove that 
these sixteen points can be grouped into 
four quadruples in two ways so that each 
quadruple lies on one circle. When the first 
method is used the centres of these circles 
lie on one line, when the second—on the 
other line. These lines are mutually perpen¬ 
dicular and intersect at Michell’s point, 
which is a common point of the circles cir¬ 
cumscribed about four triangles. 

Circles and Tangents. 

Feuerbach’s Theorem 

264. On a straight line, points A, B, C, 
and Z) are situated so that | BC | — 2 | AB |, 

| CD | = | AC |. One circle passes through 
the points A and C, and the other through 
the points B and D. Prove that the common 
chord of these circles bisects the line seg¬ 
ment AC. 

265. Let B denote a point belonging to 
the line segment AC. The figure bounded 
by the arcs of three semicircles of diame¬ 
ters AB , BC, and CA lying on the same 
side of the line ^4C is called the shoemaker 
knife or Archimedean arbelos. Prove that 
the radii of two circles each of which 


9—01557 
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touches both two semicircles and the line 
perpendicular to AC and passing through 
B are equal to each other ( Archimedean 
problem). 

266. Of three circles each passes through 
two given points in the plane. Let 0„ 0„ 
O s denote their centres. The straight line 
passing through one of the points common 
to all the three circles intersects them for 
the second time at points A„ A„ A 3 , re¬ 
spectively. Prove that | A,A, j | A,A 3 | = 

I 0 , 0 , | : | 0 , 0 3 |. 

267. Given two non-intersecting circles. 
Prove that the four points of tangency of 
common external tangents to these circles 
lie on a circle; in similar fashion, the 
four points of tangency of common internal 
tangents lie on a second circle, and the four 
points of intersection of the common inter¬ 
nal tangents with the common external tan¬ 
gents lie on a third circle, all the three 
circles being concentric. 

268. Given two non-intersecting circles. 
A third circle touches them externally and 
is centred on the line passing through the 
centres of the given circles. Prove that the 
third circle intersects the common internal 
tangents to the given circles at four points 
forming a quadrilateral two sides of which 
are parallel to the common external tangents 
to the given circles. 

269. Given two circles. A straight line 
intersecting one circle at points A and C 
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and the other at points B and D is drawn 
through the centre of the first circle. Prove 
that if | AB | | BC \ = \ AD | : | DC |, 
then the circles are perpendicular, that 
is, the angle between the tangents to them 
at the point of their intersection is a right 
one. 

270. Points A, B, C, and D lie on a 
circle or a straight line. Four circles are 
drawn through the points A and B, B 
and C, C and D, D and A. Let B lt C v D lt 
and A t denote the intersection points (dis¬ 
tinct from A, B, C, and D) of the first and 
second, the second and third, the third and 
fourth, the fourth and first circles, respec¬ 
tively. Prove that the points A t , B lt C lt 
and D x lie on a circle (or a straight line). 

271. From a point .4 taken outside a 
circle, two tangents AM and AN (M and 
N points of tangency) and two secants are 
drawn. Let P and Q denote the intersec¬ 
tion points of the circle with the first sec¬ 
ant, and K and L with the second one, re¬ 
spectively. Prove that the straight lines 
PK, QL, and MN either intersect at a 
point or are parallel. 

Try to develop the method of construc¬ 
tion of a tangent to a given circle through 
a given point with a ruler alone. 

272. Given a circle with centre O and a 
point A. Let B denote an arbitrary point 
of the circle. Find the locus of intersection 
points of tangents to the circle at the point 

9* 
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B with the straight line passing through 
O perpendicular to AB. 

273. Given a circle and two points A and 
B on it. Let N be an arbitrary point on 
the line AB. "We construct two circles, each 
passing through the point N and touching 
the given circle: one at a point A , the other 
at a point B. Let M denote a second point 
of intersection of those circles. Find the 
locus of points M. 

274. Two arbitrary chords PQ and KL 
are drawn through a fixed point inside 
a circle. Find the locus of intersection points 
of the lines PK and QL. 

275. Two circles intersect at points A 
and B. An arbitrary straight line passes 
through the point B and, for the second time, 
intersects the first circle at a point C, 
and the second at a point D. The tangents 
to the first circle at C and to the second at 
D intersect at a point M. Through the 
point of intersection oi AM and CD, there 
passes a line parallel t o CM and intersect¬ 
ing AC at a point K. Prove that KB touches 
the second circle. 

276. Given a circle and a tangent l to 
it. Let •N denote the point of tangency, 
and NM the diameter. On the line NM 
a fixed point A is taken. Consider an ar¬ 
bitrary circle passing through the point 
A with centre on l. Let C and D be the points 
of intersection of this circle with l, and P 
and Q the points of intersection of the 
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straight lines MC and MD with the given 
circle. Prove that the chord PQ passes 
through the fixed point in the plane. 

277. The points O t and 0 2 are the centres 
of two intersecting circles, A being one of 
the points of their intersection. Two com¬ 
mon tangents are drawn to the circles; BC 
and EF are the chords of those circles 
with ends at the points of tangency (C and 
F being most remote from A), M and N 
are the midpoints of BC and EF, respec¬ 
tively. Prove that /L.O x AO 2 = A.MAN = 
2 /LCAE. 

278. A diameter AB is drawn in a circle, 
CD being a chord perpendicular to AB. 
An arbitrary circle touches the chord CD 
and the arc CBD. Prove that a tangent to this 
circle drawn from the point A is equal t o AC. 

279. Given a segment of a circle. Two 
arbitrary circles touch the chord and the 
arc.of the segment and intersect at points 
M and N. Prove that the straight line MN 
passes through a fixed point in the plane. 

280. Given two equal non-intersecting 
circles. Two arbitrary points F and F' are 
taken on two common internal tangents. 
From both points one more tangent can 
be drawn to each of the circles. Let the tan¬ 
gents drawn from the points F and F' to 
one circle meet in a point A, to the other 
in a point B. It is required to prove that: 
(1) the line AB is parallel to the line join¬ 
ing the centres of the circles (in the case 
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of unequal circles, it passes through the 
intersection point of the external tangents); 
(2) the line joining the midpoints of FF' 
and AB passes through the midpoint of 
the line segment joining the centres of the 
circles. 

(This problem was suggested to the read¬ 
ers of “The Bulletin of Experimental Phys¬ 
ics and Elementary Mathematics” by Pro¬ 
fessor V. Ermakov. This journal was is¬ 
sued in Russia last century. The problem 
was published in issue 14(2) of “The Bullet¬ 
in” in 1887. A prize, some mathematical 
books, was offered to readers for the correct 
solution.) 

281. Given three circles a, P, and y. 
Let l x and l 2 denote the common internal 
tangents to the circles a and p, m x and m 2 
the common internal tangents to the circles 
P and y, and n x and n 2 to the circles y and 
a. Prove that if the lines l v m x , and n x are 
concurrent, then the lines l 2 , m 2 , and n 2 
are also concurrent. 

282. An arc AB of a circle is divided 
into three equal parts by the points C and 
D (C is nearest to A). When rotated about 
the point A through an angle of n/3, the 
points B, C, and D go into points B u C lt 
and D x ; F is the point of intersection of 
the straight lines AB X and DC X , E is a 
point on the bisector of the angle B X BA 
such that | BD | = | DE |. Prove that the 
triangle CEF is regular (Finlay's theorem). 
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* * * 

283. Given an angle with vertex A and 
a circle inscribed in it. An arbitrary straight 
line touching the given circle intersects the 
sides of the angle at points B and C. Prove 
that the circle circumscribed about the 
triangle ABC touches the circle inscribed 
in the given angle. 

284. In a triangle ABC, a point D is 
taken on the side AC. Consider the circle 
touching the line segment AD at a point 
M, the line segment BD and the circle 
circumscribed about the triangle ABC. 
Prove that the straight line passing through 
the point M parallel to BD touches the 
circle inscribed in the triangle ABC. 

285. In a triangle ABC, a point D is 

taken on the side AC. Let O x be the centre 
of the circle touching the line segments AD, 
BD, and the circle circumscribed about 
the triangle ABC, and let 0 2 be the centre 
of the circle touching the line segments CD, 
BD, and the circumscribed circle. Prove 
that the line O x 0 2 passes through the centre 
0 of the circle inscribed in the triangle 
ABC and | O x O \ \ 00 2 | = tan 2 (<p/2), 

where cp = 2-BDA ( Thebault's theorem). 

286. Each of four circles touches inter¬ 
nally a given circle and two of its mutually 
intersecting chords. Prove that the diag¬ 
onals of the quadrilateral with vertices 
at the centres of those four circles are mu¬ 
tually perpendicular. 
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* * * 

287. Prove that the nine-point circle 
(see Problem 160 of Sec. 2) touches the 
circle inscribed in the triangle and all of 
the escribed circles (Feuerbach's theorem). 

288. Let H denote the intersection point 
of the altitudes of a triangle ABC. Prove 
that the nine-point circle touches all of 
the inscribed and escribed circles of the 
triangles AHB, BHC, and CHA> 

289. Prove that the intersection point 
of the diagonals of the quadrilateral with 
vertices at the points of tangency of the 
nine-point circle of a triangle ABC with the 
inscribed and escribed circles of the triangle 
lies on its midline. 

290. Let F, F a , F b , and F e denote the 
points of tangency of the nine-point circle 
of a triangle ABC with the inscribed and 
three escribed circles ( F a is the point of 
tangency with the circle centred at I a and 
so on). Let further A t and A t , B l and B % , 
and Ci and C 2 denote the intersection points 
of the bisectors of the interior and exterior 
angles A, B, and C with the opposite 
sides, respectively. Prove that the follow¬ 
ing triangles are similar pairwise: AF a F b F c 
and AA 1 B 1 C 1 , A FF b F c and AA X B 2 C 2 , 
AFFJFa and A BiC 2 A t , AFF a F b and 
ACxA t B t ( Thebault's theorem). 
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Combinations of Figures. Displacements 
in the Plane. Polygons 

291. Three squares BCDE, ACFG, and 
BAHK are constructed externally on the 
sides BC, CA, and AB of a triangle ABC. 
Let FCDQ and EBKP be parallelograms. 
Prove that the triangle APQ is a right 
isosceles triangle. 

292. Let ABCD be a rectangle, E a point 
on BC, F a point on DC, E t the midpoint 
of AE X , F x the midpoint of AF. Prove that 
if the triangle AEF is equilateral, then the 
triangles DE 1 C and BF X C are also equi- 
lateral. 

293. Two squares ACKL and BCMN are 
constructed externally on the legs AC and 
BC of a right triangle. Prove that the quad¬ 
rilateral bounded by the legs of the given 
triangle and the straight lines LB and 
NA is equivalent to the triangle formed 
by the lines LB, NA, and the hypotenuse 
AB. 

294. Squares are constructed externally 
on the sides of a convex quadrilateral. 
Prove that if the diagonals of the quadri¬ 
lateral are mutually perpendicular, then 
the line segments joining the centres of 
the opposite squares pass through the in¬ 
tersection point of the diagonals of the 
quadrilateral. 

295. Prove that if the centres of the 
squares constructed externally on the sides 
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of a given triangle serve as the vertices 
of the triangle whose area is twice the area 
of the given triangle, then the centres of 
the squares constructed internally on the 
sides of the triangle lie on a straight line. 

2%. Constructed externally on the sides 
BC, CA, and AB of a triangle ABC are 
triangles A X BC, B X CA , and C X AB such that 
/LA X BC = /LC X BA, /LC V AB = Z.B X AC, 
/LB X CA — A.A X CB. Prove that the lines 
AA X , BB X , CCi intersect at a point. 

297. Let ABC be an isosceles triangle 
(1.415 | = | BC |) and BD its altitude. 
A disc of radius BD rolls along the straight 
line AC. Prove that as long as the vertex 
B is inside the disc, the length of the cir¬ 
cular arc inside the triangle is constant. 

298. Two points move in two intersecting 
straight lines with equal velocities. Prove 
that there is a fixed point in the plane 
which is equidistant from the moving 
points at all instants of time. 

299. Two cyclists ride round two inter¬ 
secting circles, each running round his 
circle with a constant speed. Having 
started simultaneously from a point at 
which the circles intersect, the cyclists 
meet once again at this point after one 
circuit. Prove that there is a fixed point 
such that the distances from it to the cyc¬ 
list are equal all the time if they ride: (a) 
in the same direction (clockwise); (b) in 
opposite directions. 
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300. Prove that: (a) the rotation about 
a point 0 through an angle a is equivalent 
to two successive axial symmetry map¬ 
pings whose axes pass through the point 
0 and the angle between the axes is a/2; 
a translation is equivalent to two axial 
symmetry mappings with parallel axes; 
(b) two successive rotations in the same di¬ 
rection, one about the point O x through an 
angle a and the other about the point 0 2 
through an angle p (0^ a < 2n, 0^ p < 
2n) are equivalent to one rotation through 
an angle a + p about a certain point 0 
if a + p =£■ 2n. Find the angles of the 
triangle 0 X 0 2 0. 

301. Given an arbitrary triangle ABC. 
Three isosceles triangles A KB, BLC, and 
CMA with the vertex angles K, L, and M 
equal to a, p, and y, respectively, a -f P + 
y — 2n are constructed on its sides as bases. 
All the triangles are located either out¬ 
side the triangle ABC or inside it. Prove 
that the angles of the triangle KLM are 
equal to a/2, p/2, y/2. 

302. Let ABCDEF be an inscribed 
hexagon in which | AB | = | CD | — 

| EF | = R, where R is the radius of the 
circumscribed circle, O its centre. Prove 
that the points of pairwise intersections of 
the circles circumscribed about the triangles 
BOC, DOE, FOA, distinct from O, serve as 
the vertices of an equilateral triangle with 
side R. 
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303. Four rhombi each having an acute 
angle a are constructed externally on the 
sides of a convex quadrilateral. The angles 
of two rhombi adjacent to one vertex of 
the quadrilateral are equal. Prove that 
the line segments joining the centres of 
opposite rhombi are equal to each other, 
and the acute angle between those segments 
is a. 

304. Given an arbitrary triangle. Con¬ 
structed externally on its sides are equi¬ 
lateral triangles whose centres serve as ver¬ 
tices of the triangle A. The centres of the 
equilateral triangles constructed internally 
on th6 sides of the original triangle serve 
as vertices of another triangle 6. Prove that: 
(a) A and 6 are equilateral triangles; (b) 
the centres of A and 6 coincide with the 
centre of mass of the original triangle; (c) 
the difference between the areas of A and 8 
is equal to the area of the original triangle. 

305. Three points are given in a plane. 
Through these points three lines are drawn 
forming a regular triangle. Find the locus 
of centres of those triangles. 

306. Given a triangle ABC. On the line 
passing through the vertex A and perpen¬ 
dicular to the side BC, two points A x and 
A t are taken such that | AA X \ = | AA 2 | = 

| BC | (A x being nearer to the line BC 
than .<4 2 ). Similarly, on the line perpendic¬ 
ular to AC and passing through B points 
B x and B % are taken such that | BB X | = 
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| BB 2 | = | AC |. Prove that the line seg¬ 
ments and A i B 1 are equal and mutual¬ 
ly perpendicular. 


* * IK 

307. Prove that a circumscribed polygon 
having equal sides is regular if the num¬ 
ber of its sides is odd. 

308. A straight line is drawn through 
the centre of a regular /i-gon inscribed in 
a unit circle. Find the sum of the squares 
of the distances from the line to the vertices 
of the n-gon. 

309. Prove that the sum of the distances 
from an arbitrary point inside a convex 
polygon to its sides is constant if: (a) all 
the sides of the polygon are equal; (b) 
all the angles of the polygon are equal. 

310. A semicircle is divided by the 
points A 0 , A lf . ., A 2n+1 into 2n -f- 1 
equal arcs (A 0 and A in+1 the end points 
of the semicircle), 0 is the centre of the 
semicircle. Prove that the straight lines 
A t A tn , A i A tn _ 1 , . .,A n A n+l , when inter¬ 
secting the straight lines OA n and OA n+1 , 
form line segments whose sum is equal 
to the radius of the circle. 

311. Prove that if perpendiculars are 
drawn to the sides of an inscribed 2n-gon 
form an arbitrary point of a circle, then the 
products of the lengths of the alternate 
perpendiculars are equal. 

312. Let A y A t ... A n be an inscribed 
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polygon; the centre of the circle is found 
inside the polygon. A system of circles 
touch internally the given circle at points 
A t , A 2 , . A n , one of the intersection 
points of two neighbouring circles lying 
on a side of the polygon. Prove that if n 
is odd, then all the circles have the same 
radius. The length of the outer boundary 
of the union of the inscribed circles is 
equal to the circumference of the given 
circle. 

313. Consider the circle in which a re¬ 
gular (2 n + l)-gon A X A 2 A 2n+1 is in¬ 
scribed. Let A be an arbitrary point of the 
arc A 1 A 2n + 1 . 

(a) Prove that the sum of the distances 
from A to the even vertices is equal to the 
sum of the distances from A to the odd ver¬ 
tices. 

(b) Let us construct equal circles touch¬ 

ing the given circle in the same manner at 
points A u A 2 , ., A 2n+V Prove that 

the sum of the tangents drawn from A to 
the circles touching the given circle at even 
vertices is equal to the sum of the tangents 
drawn to the circles touching the given 
circle at odd vertices. 

314. (a) Two tangents are drawn to a 
given circle. Let A and B denote the points 
of tangency and C the point of intersec¬ 
tion of the tangents. Let us draw an arbit¬ 
rary straight line l which touches the given 
circle and does not pass through the points 
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A and B. Let u and v be the distances from 
A and B to l, respectively, w the distance 
from C to l. Find uv/w 2 if ACB — a. 

(b) A polygon is circumscribed about 
a circle. Let l be an arbitrary line touching 
the circle and coinciding with no side of the 
polygon. Prove that the ratio of the prod¬ 
uct of the distances from the vertices of 
the polygon to the line l to the product of 
the distances from the points of tangency 
of the sides of the polygon with the circle 
to l is independent of the position of the 
line l. 

(c) Let A X A 2 A 2n be a 2n-gon cir¬ 
cumscribed about a circle and l an arbit¬ 
rary tangent to the circle. Prove that the 
product of the distances from the odd ver¬ 
tices to the line l and the product of the 
distances from the even vertices to the line 
l are in a constant ratio independent of 
l (the line l is assumed to contain no ver¬ 
tices of the polygon). 

315. Drawn in an inscribed polygon are 
non-intersecting diagonals separating the 
polygon into triangles. Prove that the sum 
of the radii of the circles inscribed in those 
triangles is independent of the way the 
diagonals are drawn. 

316. Let A 2 A 2 . A n be a polygon 

of perimeter 2 p circumscribed about a 
circle of radius r, B lt B 2 , ., B n the 

points at which the circle touches the 
sides A X A 2 , A 2 A 3 , . . A n A ]t respective- 
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ly, and M a point found at a distance d 
from the centre of the circle. Prove that 
lAffijI 2 - \AiA 2 \ + \MB 2 | 2 * \A 2 A a i +. + 

\MB n |MU I — 2p (r 2 + d 2 ). 

317. Let ABCD denote an inscribed 
quadrilateral, M an arbitrary point on the 
circle. Prove that the projections of the 
point M on Simson’s lines (see Problem 
153 of Sec. 2), corresponding to the point M 
with respect to the triangles ABC, BCD, 
CD A, and DAB, lie in a straight line (Sim- 
son's line of a quadrilateral). 

Further, knowing Simson’s line of an 
n-gon, let us determine Simson’s line of 
an (re + l)-gon by induction. Namely, 
for an arbitrary inscribed (re + l)-gon 
and a point M on the circle, the projec¬ 
tions of this point on all possible Simson’s 
lines of this point with respect to all pos¬ 
sible re-gons formed by re vertices of this 
(re + l)-gon lie on a straight line which 
is Simson’s line of an (re + l)-gon. 

318. A circle (5 is situated inside a 
circle a. On the circle a, two sequences 
of points are given: A lt A x , A 3 and 
B lt B 2 , B a following in the same di¬ 
rection and such that the straight lines 
AiA 2 , A 2 A 3 , A 3 Ai . and .B,B 2 , B 2 B 3 , 
B a B t . . . touch the circle p. Prove that 
the straight lines A l B 1 , A 2 B 2 , A 2 B 3 . 
touch one and the same circle whose centre 
is found on the straight line passing through 
the centres of the circles a and p. 
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319. Using the result of the preceding 
problem, prove the following statement 
lPoncelet's* theorem). If there is one n-gon 
inscribed in a circle a and circumscribed 
about another circle (5, then there are in¬ 
finitely many n-gons inscribed in the circle 
a and circumscribed about the circle p and 
any point of the circle can be taken as one 
of the vertices of such an n-gon. 

320. On the sides of a regular triangle 
PQR as bases, isosceles triangles PXQ, 
QYR, and RZP are constructed externally 

so that /-PXQ = -i- (n + 2 /-A), 

X-QYR = JL ( n + 2 /LB), RZP = -i- x 

(n + 2 /-C ), where A, B, C are the an¬ 
gles of a certain triangle ABC. Let A 0 denote 
the intersection point of the straight lines 
ZP and YQ, B 0 the point of intersection 
of the lines XQ and ZR, and C 0 the point 
of intersection of YR and XP. Prove that 
the angles of the triangle A 0 B 0 C 0 are con¬ 
gruent to the corresponding angles of the 
triangle ABC. 

Using the obtained result, prove the fol¬ 
lowing Morley's** theorem: if the angles 
of an arbitrary triangle are divided into 
three equal parts each (or trisected, hence, 


* Poncelet, Jean Victor (1788-1867). A French 
geometer and engineer. 

** Morley, Frank (1860-1937). An English ma¬ 
thematician. 


10-01557 
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the relevant lines are called trisectrices), 
then the three points which are the inter¬ 
section points of the pairs of trisectrices ad¬ 
jacent to the corresponding sides of the 
triangle are the vertices of a regular trian¬ 
gle. 

321. We arrange the vertices of a trian¬ 
gle ABC in positive order (anticlockwise). 

For any two rays a and {1 the symbol (a, P) 
denotes the angle through which the ray 
a must be rotated anticlockwise to be 
brought into coincidence with the ray p. 
Let a t and a[ denote two rays emanating 

from A for which (AB, a x ) = (a t , a[) = 

(a[, AC) — /-A, a 2 and a' the rays for 

which (AB, cc 2 ) = (a 2 , aj) = (aj, AC) — 
- 5 - (Z .A -f 2 ji), and, finally, a 3 and a' 


the rays for which (AB, a 3 ) — (a 3 , a' 3 ) — 
(a', AC) — (Z-A + in) (a t , a\, where 


i — 1, 2, 3, are called trisectrices of the 
first, second and third types). In similar 
fashion, for the vertices B and C we deter¬ 
mine p y , Pj and y h , y' h (j, k = 1, 2, 3). We 
denote by o^P/^ the triangle formed by 
respectively intersecting lines (not rays) 
a* and p), Pj and y*, y h and a\. Prove that 
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for all i, /', k such that i + / + k — 1 is 
not multiple of three, the triangles ajP/y* 
are regular, their corresponding sides are 
parallel, and the vertices lie on nine straight 
lines, six on each line ( Morley's complete 
theorem). 


Geometrical Inequalities. 

Problems on Extrema 

322. At the beginning of the nineteenth 
century, the Italian geometer Malfatti* 
suggested the following problem: from a 
given triangle, cut out three circles such 
that the sum of their areas is the greatest. 
In later investigations, Malfatti's circles 
were understood as three circles touching 
pairwise each other, each of which also 
touches two sides of the given triangle. 
Prove that for a regular triangle Malfatti’s 
circles yield no solution of the original 
problem. (Only in the middle of this cen¬ 
tury was it proved for any triangle that 
Malfatti’s circles yield no solution of the 
original problem.) 

323. Prove that -~Y^Rr, where p 

is the semiperimeter, r and R are the radii 
of the inscribed and circumscribed circles 
of a triangle, respectively. 


* Malfatti, Giovanni Francesco Giuseppe 
(1731-1807). An Italian mathematician. 


to* 
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324. Prove that the perimeter of the 
triangle whose vertices are the feet of the 
altitudes of a given acute triangle does not 
exceed the semiperimeter of the given trian¬ 
gle. 

325. Prove that if the triangle formed 
by the medians of another triangle is ob¬ 
tuse, then the smallest angle of the former 
triangle is less than 45° 

326. Let A BCD be a convex quadrilat¬ 
eral. Prove that at least one of the four 
angles BAC, DBC, ACD, BDA does not 
exceed n/4. 

327. Prove that the median drawn to 
the largest side of a triangle forms with the 
sides enclosing this median angles each of 
which is not less than half the smallest angle 
of the triangle. 

328. Prove that if in a triangle ABC the 
angle B is obtuse and | AB | = | AC |/2, 
then /LC > /LAI2. 

329. Prove that the circle circumscribed 
about a triangle cannot pass through the 
centre of an escribed circle. 

330. In a triangle, a median, a bisector, 
and an altitude emanate from the vertex A. 
Given the angle A, find out which of the 
angles is greater: between the median and 
bisector or between the bisector and the 
altitude. 

331. Prove that if the medians drawn 
from the vertices B and C of a triangle 
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ABC are mutually perpendicular, then 
cot B -f- cot 2/3. 

332. Given a triangle ABC, \ AB | < 
| BC |. Prove that for an arbitrary point 
M on the median drawn from the vertex 
B, /LBAM > /LBCM. 

333. Two tangents AB and AC are 
drawn to a circle from an exterior point A; 
the midpoints D and E of the tangents are 
joined by the straight line DE. Prove that 
this line does not intersect the circle. 

334. Prove that if a straight line does 
not intersect a circle, then for any two 
points of the line the distance between them 
is enclosed between the sum and difference 
of the lengths of the tangents drawn from 
these points to the circle. Prove the con¬ 
verse: if for some two points on the straight 
line the assertion is not fulfilled, then the 
line intersects the circle. 

335. In a triangle ABC, the angles are 
related by the inequality 3 /LA — /LC < 
ji. The angle B is divided into four equal 
parts by the straight lines intersecting the 
side AC. Prove that the third of the line 
segments (counting from the vertex A) into 
which the side. AC is divided is less than 
| AC |/4. 

336. Let a, b, c, d be successive sides of 
a quadrilateral. Prove that if S is its area, 
then S ^ (ac + bd)l2, an equality occur¬ 
ring only for an inscribed quadrilateral 
whose diagonals are mutually perpendicular. 
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337. Prove that if the lengths of the 
angle bisectors of a triangle are less than 1, 
then its area is less than V 3/3. 

338. Prove that a triangle is either acute, 
or right, or obtuse accordingly as the 
expression a 2 -f b 2 + c 2 — 8R 2 is, respect¬ 
ively, either positive, or zero, or negative 
(a, b, c the sides of the triangle, R the ra¬ 
dius of the circumscribed circle). 

339. Prove that a triangle is either acute, 
or right, or obtuse accordingly as its semi¬ 
perimeter is, respectively, either greater 
than, or equal to, or less than the sum 
of the diameter of the circumscribed circle 
and the radius of the inscribed circle. 

340. Prove that if the lengths of the sides 
of a triangle are related by the inequality 
a 2 + b 2 > 5c 2 , then c is the smallest side. 

341. In a triangle ABC, Z-A < A.B < 
Z_C, I is the centre of the inscribed circle, 
O the centre of the circumscribed circle, and 
H the intersection point of the altitudes. 
Prove that / lies inside the triangle BOH. 

342. The triangles ABC and AMC are 
arranged so that MC intersects AB at a 
point 0, and | AM | + \MC | = | AB | + 
| BC |. Prove that if | AB | = | BC |, 
then | OB | > | OM |. 

343. In a triangle ABC, a point M lies 
on the side BC. Prove that (\ AM \ — 
\AC |) | BC |< (\AB | — \AC |) | MC \. 

344. Let a, b, c be the sides of a triangle 
ABC, and M an arbitrary point in the 
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plane. Find the minimum of the sum 
| MA | 2 + I MB | 2 + I MC | 2 . 

345. The sides of an angle equal to a 
form the sides of a billiards. What max¬ 
imum number of reflections from the sides 
can be done by a ball (the ball is assumed 
to be dimensionless)? 

346. Four villages are situated at the 
vertices of a square of side 2 km. The vil¬ 
lages are connected by roads so that each 
village is joined to any other. Is it possible 
for the total length of the roads to be less 
than 5.5 km? 

347. A point A lies between two parallel 
lines at distances a and b from them. This 
point serves as a vertex of the angle a for 
all possible triangles, two other vertices 
of which lying on the given straight lines 
(one on either line). Find the area of the 
least triangle. 

348. In a circle of radius R centred at 

O, AB is its diameter, a point M is on 
the radius OA such that | AM | | MO | = 

k. An arbitrary chord CD is drawn through 
the point M. What is the maximal area of 
the quadrilateral A BCD? 

349. Given an angle with vertex A and 
two points M and N inside this angle. 
Drawn through M is a straight line inter¬ 
secting the sides of the angle at points B 
and C. Prove that for the area of the quad¬ 
rilateral ABNC to be minimal, it is nec¬ 
essary and sufficient that the straight line 
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BC intersects AN at a point P such that 
| BP | = | MC |. Give the method of con¬ 
struction of this line. 

350. The vertex of an angle a is found at 
a point O, A is a fixed point inside the 
angle. On the sides of the angle, points M 
and N are taken such that Z _MAN = 
P (a + p < n). Prove that if | AM | = 

{ ^4iV |, then the area of the quadrilateral 
OMAN reaches its maximum (of all pos¬ 
sible quadrilaterals resulting from change 
in M and N). 

351. Bearing in mind the result of the 
preceding problem, solve the following. 
A point A is taken inside an angle with 
vertex 0. The straight line OA forms angles 
<p and ij) with the sides of the angle. On 
the sides of the former angle, find points M 
and N such that /-MAN — p (q> + ij> -f 
P < ji) and the area of the quadrilateral 
OMAN is maximal. 

352. Given a triangle OBC ( Z.BOC — a). 
For each point A on the side BC we define 
points M and N on OB and OC, respectively, 
so that /-MAN — p (a + p < n) and the 
area of the quadrilateral OMAN is maximal. 
Prove that this maximal area reaches its 
minimum for such points A , M , and N 
for which | MA | = | AN |, and the straight 
line MN is parallel to BC. (Such points 
exist if the angles B and C of the triangle 

ABC do not exceed y + y .) 
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353. Let ABCD be an inscribed quadri¬ 
lateral. The diagonal AC is equal to a and 
forms angles a and § with the sides AB and 
AD, respectively. Prove that the magnitude 
of the area of the quadrilateral lies between 
g* sin (« 4- P) sin p , a 2 sin («-f ft) sin a 

2 sin a 8 2sinP 

354. Given an angle a with vertex at 
a point 0 and a point A inside the angle. 
Consider all quadrilaterals OMAN with 
vertices M and N on the sides of the angle 
and such that Z. MAN — p (a + p > n). 
Prove that if among these quadrilaterals 
there is a convex one such that | MA \ — 

| ^4iV |, then it has the least area among 
all the quadrilaterals under consideration. 

355. Consider a point A inside an angle 
with vertex 0, OA forming angles qp and ip 
with the sides of the given angle. On the 
sides of the angle, find points M and N 
such that Z. MAN = P (<p + ip + P >■ n) 
with minimal area of the quadrilateral 
OMAN. 

356. Given a triangle OBC, Z-BOC = a. 
For any point A on the side BC we define 
points M and N on OB and OC, respectively, 
so that Z_ MAN = p, and the area of the 
quadrilateral OMAN is minimal. Prove 
that this minimal area is a maximum for 
such points A , M, and N for which | MA |= 

| AN | and the straight line MN is paral¬ 
lel to BC. (If there is no such a point A, 
then the maximum is reached at the end 
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of the side BC for a degenerate quadrila¬ 
teral.) 

357. Find the radius of the largest circle 
which can be overlapped by three circles 
of radius R. Solve the problem in the gener¬ 
al case when the radii are R lt R 2 , R 3 . 

358. Is it possible to cover a square 5/4 
on a side with three unit squares? 

359. What is the greatest area of an 
equilateral triangle which can be covered 
with three equilateral triangles of side 1? 

360. In a triangle ABC, on the sides 
AC and BC, points M and N are taken, 
respectively, and a point L on the line 
segment MN. Let the areas of the triangles 
ABC, AML, and BNL be equal to S, P, 
and Q, respectively. Prove that S ^ 

VT + Vq. 

361. Let a, b, c, S denote, respectively, 

the sides and area of a triangle, and a, 
P, v the angles of another triangle. Prove 
that a 2 cot a + b 2 cot P -f c 2 cot 4 S, 

an equality occurring only in the case 
when the triangles are similar. 

362. Prove the inequality a 2 + b 2 + 
c 2 > 4 S VS + (a — b) 2 + (b — c) 2 + 

(c — a) 2 , where a, b, c, S are the sides 
and area of the triangle, respectively (the 
Finsler-Hadviger inequality). 

363. Given a triangle with sides a, b, and 
c. Determine the area of the greatest regu¬ 
lar triangle circumscribed about the given 
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triangle and the area of the smallest regular 
triangle inscribed in it. 

364. Let M be an arbitrary point inside 
a triangle ABC. A straight line AM inter¬ 
sects the circle circumscribed about the 
triangle ABC at a point A v Prove that 

^ 2r, where r is the ra- 

dius of the inscribed circle, an equality 
being obtained when M coincides with the 
centre of the inscribed circle. 

365. Let M be an arbitrary point 
inside a triangle ABC. Prove that 
|AM | sin Z .BMC +| BM | sin Z-AMC + 

| CM | sin Z-AMB ^ p (p the semiperime¬ 
ter of the triangle ABC), an equality occur¬ 
ring when M coincides with the centre of 
the inscribed circle. 

366. Let h x , h 2 , h 3 be the altitudes of 
a triangle ABC, and u, v, w the distances 
to the corresponding sides from a point M 
situated inside the triangle ABC. Prove 
the following inequalities: 


WT-+-7-+ 



(b) h l h 2 h 3 ^27uvw; 


(c) (ftj — u)(h 2 —v)(h 3 —w)^s 8 uvw. 


367. Let h be the greatest altitude of a 
non-obtuse triangle and R and r the radii 
of the circumscribed and inscribed circles, 
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respectively. Prove that R -f h (the 
Herdesh theorem). 

368. Prove that the radius of the circle 
circumscribed about the triangle formed 
by the medians of an acute triangle is great¬ 
er than 5/6 of the radius of the circle cir¬ 
cumscribed about the original triangle. 

369. Prove that the sum of the squares 
of the distances from an arbitrary point 
in the plane to the sides of a triangle takes 
on the least value for such a point inside 
the triangle whose distances to the corre¬ 
sponding sides are proportional to these 
sides. Prove also that this point is the inter¬ 
section point of the symedians of the given 
triangle (Lemuan's point). 

370. Given a triangle each angle of which 
is less than 120° Prove that the sum of 
the distances from an arbitrary point inside 
it to the vertices of this triangle takes 
on the least value if each side of the triangle 
can be observed at an angle of 120° ( Torri¬ 
celli's point). 

371. Prove that among all triangles 
inscribed in a given acute triangle the one 
whose vertices are the feet of the altitudes 
of the given triangle has the smallest pe¬ 
rimeter. 

372. Prove that the sum of the distances 
from a point inside a triangle to its vertices 
is not less than 6r, where r is the radius 
of the inscribed circle. 

373. For an arbitrary triangle, prove the 
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inequality + a < p < -~ a — , 

where a, b, and c are the sides of the triangle 
and p its semi perimeter. 

374. Let K denote the intersection 
point of the diagonals of a convex quadri¬ 
lateral A BCD, L a point on the side AD, 
N a point on the side BC, M a point on the 
diagonal AC, KL and MN being parallel 
to AB, LM parallel to DC. Prove that 
KLMN is a parallelogram and its area is 
less than 8/27 of the area of the quadri¬ 
lateral ABCD ( Hattori's theorem). 

375. Two triangles have a common side. 
Prove that the distance between the 
centres of the circles inscribed in them is 
less than the distance between their non¬ 
coincident vertices ( Zalgaller’s problem). 

376. Given a triangle ABC whose angles 
are equal to a, p, and y. A triangle DEF 
is circumscribed about the triangle ABC 
so that the vertices A, B, and C are found 
on the sides EF, FD, and DE, respectively, 
and Z.ECA = Z.DBC = Z.FAB = q>. De¬ 
termine the value of the angle <p for which 
the area of the triangle EFD reaches its 
maximum. 

377. In a triangle ABC, points A x , B v 
Ci are taken on its sides BC, CA, and AB, 
respectively. Prove that the area of the 
triangle A 1 B i C 1 is no less than the area of 
at least one of the three triangles: AB x Ci, 
A X BC X , A X B X C. 
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378. Let O, I, and H denote the centres 
of the circumscribed and inscribed circles 
of a triangle and the point of intersection 
of its altitudes, respectively. Prove that 
\OH |> \IH | 1/2. 

379. Let M be an arbitrary point inside 
a triangle ABC ; x, y, and z the distances 
from the point M to the vertices A, B , 
and C\ u, v, and w the distances from the 
point M to the sides BC, CA, and AB, 
respectively; a, b, and c the sides of the 
triangle ABC-, S its area; R and r are the 
radii of the circumscribed and inscribed 
circles, respectively. Prove the following 
inequalities: 

(a) ax + by + cz^ AS; 

(b) x -f y + 2 (u + v + w) 

(Herdesh's inequality ); 

(c) xu •+■ yv + zw^ 2 (uv + vw + wu); 

(d) 2 f—; 

(e) xyz^~ (u + v) (v -f w) (w + u); 

(f) xyz^^j-uvw; 

2i? 

(g) xy + yz + zx^-^-iav + vw + wu). 

380. In a given triangle, we draw the 
median to the greatest side. This median 
separates the triangle into two parts. In 
each of the triangles thus obtained, we 
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also draw the median to the greatest side, 
and so forth. Prove that all the triangles 
thus constructed can be divided into a 
Unite number of classes in such a manner 
that all the triangles belonging to the 
same class are similar. Also, prove that 
any angle of any newly obtained triangle 
is no less than half the smallest angle of 
the original triangle. 

381. Find the triangle of the least area 
which can cover any triangle with sides 
not exceeding 1. 



Answers, Hints, Solutions 


Section 1 


17. The angle bisector separates the given 
triangle into two parts whose areas are y sin ^ , 

y sin , and the area of the entire triangle is 

~Y sin a; hence I -y+-£- ) s,n y — y 9in a - 


2ab cos 

! = 0+6 ' 

19. Let us take a circle touching the sides AB, 
BC, and CA. If this circle does not touch the side 
DA , then drawing the tangent DA,(A l lies on AB), 
we obtain a triangle DAA X in which one side is 
equal to the sum of the two others. 

20. Drawing through the vertices of the triangle 
straight lines parallel to the opposite sides, we get 
a triangle for which the altitudes of the original 
triangle are perpendiculars to the sides at their 
midpoints. 



23. 

25. 


}^_i( a + 6_/ a 2 + fc 2) 

c + a no I “ — & 


24. 


1 Vs 


29. - (a —6)® sin a. 


28. 
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30.-|tan*-?^-. 31.30°. 32.-^. 

33. 90°. 36. r* (2/3 + 3). 37. I /a (2 l-a). 
38. -i-(5 1 + 5 t ). 


39. If a > b, then the bisector intersects the 
lateral side CD ; if a < b, then the base is BC. 


40. 


2 ab 

0+6 ' 


41. arccos 


1-fc 
1 + * ‘ 


42. /36* + 2a6 —a*. 43. a*. 



45. (/$!+ /S,) 3 . 46. 90°+-|- . 

48. arcsin (~ 1) . 

49. (6—n): 2n : (6—n). 

50. ^-(/2-l)[(2/2-l)n-4]. 

51. +(8^3-6-,). 52. 

53 . 54 . -j-. 55. -^-S. 

58. If a <90°, P < 90°, then the angles of 
A ABC are equal to 90°—o, 90°—P, o+P; if 
a >90°, p<90°, then they are a—90°, 90°+p, 
180°—a—P; if a <90°, p>90°, then they are 
90°+a, P-90°, 180°—a—p. 

59. 4- 60. 4-. 

62. V 4X - 

V n (4 ji*— 1) 


11-01657 
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63. In an isosceles triangle with the vertex angle 
of jt/ 5, the bisector of the base angle separates the 
triangle into two isosceles triangles one of which is 
similar to the original one. 

Answer : ^~ 2 ~~R- 


64. /?» [cot - -(n-a)] . 65. 10. 

66. - a - ( ll ln - 2a + 1) , 67. 2r»(2/3+3). 

o sin a 


68 . 


a 2 +4r 2 


4r 

71. 2. 72. 


69. 


a 3 b 


3a 


2(5+/l3) 


70. 


a V10 


a cos 


4 (a* + 6 2 ) 

«~P 


74. 

76 


. 73. ^ ^tan —cot . 
if 2 -a 2 


75. 


2 R 


sin (a + P) 


79. ~ (P + V~ a). 

0 4 _ 5_ 

2 sin 2 a sin 20 


80. 

a 

. 82 J ■ 1 '/4<f»-(b-a) 2 . 


83. 2(7? 2 +a*). 

84. Two cases are possible: the two centres 
are on both sides of the common chord and on 
the same side of it. Accordingly, we have two 


— l /~2 — 

pairs of answers: o(l^3 — l), <*-^(1^3 — l) and 
«(/3+l), a ^(/3 + l). 86. . 
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87. Y 13. 88. arccos 1 ± V ^ 1 2k • 
3a* 


89. A 
n 


90. 


8 


91* i 


P 


-w- « + 4 -T . 92. a* 


2 / 3—3 


8 


. (Generally 

speaking, two triangles are possible, but in one 
of them two vertices lie on the extensions of the 
diagonals.) 

7 ^ 5 . 94. — 

c 


93. 


10 


95. Y 7. 


97 .^ 10 . 98 .^ 1 - 

100. "4 Y 96—54 /3. 101. 3:4. 

sinB . o + p 
102 . a —:—cot —s-S- . 
sin a 2 


- 1 . 


103. 25a* + c* + 10accosp. 104. ~S. 

4 YRr (R — r) a* + b*—2ab cos a 

1 ' 6 Rr-r*-R* * 1Ub> 2(b-ecosa) ‘ 


107. -fre. 


108. 


j/ b' + a 


*+2 ab sin 


2 cos 


a 


109. 5 cos* o. 110. Y 4fl*—a*. 111. 


112 . l^a*-)-6*+2«bcoso.| cota | 

113 


*• jAf 6,+ 


4 t 2 _ 

— a 2 -— ab cos a. 

y o 


2 2 

114. arcsin —and n—arcsin — 
n n 


11* 
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115. a*(/2-l). 116. ^ C - 0S ; f+;i .° ^ - ±| j, 
cos(2a+P) cos (2a+0) 


117. a (b — a cos a) sin 3 a. 118. 

2/5,(5 1 + 5 t ) 


2 cos -g- -(- 3 
6 cos +1 


119. 




120. 4cos|]X(^si^l+^cos*!) . 


121 . 


150 
7 • 


/~ sin* •— cos* 

l22 -y 4 -+ ■ ',« ■■■■• 

f a* cos* -s- 


123. /o»+6*-a6, /a*-}-i>*+ai>. 125. 15°, 75°. 
fl /3 


126 


127. 2 V"6. 128. V2- 


129. y(2/3+3). 130. 


2R * sin 3 a sin ft 
sin (a + P) 


131 . 3 %* 3 . * '• 132, 1 1 ,33< If «/ 4 < 

if < a/2, there is only one solution: a*/(16i?). 
If 0 < R < a/4 or if > 2, we have two solutions: 
a*/(16 R) and a*/(8 if). 

jr fli — 

134. -2- and arccos . 135. 30°. 

136. aY 7/4. 137. Ji(3-2/2)/3. 


138. 4 


, / 1 —cosjl 
r 3—c 


139. 


ab tan a 


- cos P ‘ /a* tan* a+(a — 5*) * 

(In the triangle ONP , /GP and ATJIf are altitudes, 
therefore OA is an altitude.) 

140. 2Rr/(R+r). 141. a/2. 
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143. The error does not exceed 0.00005 of the 
radius of the circle. 

12 

* 148. ^+/T\ .49. 2 ^ S 

o 


144. 113 - 56 /3 
147. 

150. 4/3- 151. 


145. 7.5. 146. 3 


16 


(4- /7). 152. V 


3 

VI 

2 


153. 2r* sin® a sin 2a. 154. 2 


5 . 1 / 3 V^3\ 

!55. _„+_arccos(—-—) . 

156. V^(2-/3). 157. ar/(«+2r). 

158. If a < ^ , then the problem has two 

: if -J- <: a < *, 


the only one: R 2 sin a 



solutions: /?* sin a 11 ± sin j 


159. From 4-(3/2-4) to 4-. 160. From 

o o 


I g*—b* I 2abc 

a*+6* 10 101 • a6 + 6c + ca ' 

(Through an arbitrary point inside the triangle, 
we draw three straight lines parallel to its sides. 
Let the first line cut off the triangle which is similar 
to the original one with the ratio of similitude 
equal to X, the second line, with the ratio equal to 
|i, and the third—with y. Prove that X + (i + 
Y = 2.) 


162. 


Rr 

R+r ■ 


163. Take on the line BA a point A t such that 
| Ajfl | = | A X C [. The points A, A, D and C 
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lie on a circle (LDAxC—30 0 — lABC — LDAC). 
Consequently, L A V AC = LA X DC — 90°, and 
hence LB AC — 90°. 

164. 1. 165 . 2 -f-. 166. a. 

4 15 

167. «!.+«4g±Fj. 168 .i!±iit±Vsi. 

4 a—b 

169. 6. 170. 3. 


171. If Q^-^-S, then the desired distance is 
— Yq)- And if then two 

answers are possible: (1^5 ± YQ)- 


172. 3r* 


| i-k 2 

1 + k 2 


173. 


2 (i+c-f-) 

, a 

1+sin — 


174. * («» + b»-c«)c 

4a6 


175. Let A and B denote two adjacent vertices 
of the rhombus, M the point of intersection of its 
diagonals, O x and 0, the centres of the circles 
(O x on AM, O t on BM). We have: | AB | 2 = 

I AM | 2 + | BM | 2 = (| O.A | 2 - | O.M | 2 ) + 
(| O x B I 2 - | O x M | 2 ) = R* + r 2 — (| O x M | 2 + 
| O t M | 2 ) = R* -f r 2 — a 2 . 

Answer: \^R i -\-r i —o*» 


176. 


&RV 

(i? 2 + r*) 2 • 


177. | AB | = V^ aa + fc 2 + 2ab cos a , f 
sin a 

inside the given angle or inside the angle vertical 
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V a*+&*— 2ab cos a 


sma 




3 V~3 


to it; \AB | « - t. " . ■ ““ in the re¬ 

maining cases. 

178 - 2arC9in T(S^) • 179 ‘ 5n-y 

180. Since EF is perpendicular to CO (O the 
point of intersection of the diagonals), and the 
conditions of the problem imply that AC is the 
bisector of the angle A which is equal to 60°, we 
have: | AE 1 = | AF | = | EF |. If K is the mid- 


i/’a 

point of EF , then \ AO \ — 2a , | CO | = 

| CK |*| OK |= | EK |* = | AK |*. 

Answer: and 2a* Y^>- 


3 

181. -y h. 182. Denote: Z BAC =/. BDC — a, 

4 

Z. CBA = Z BCD= P, Z BAM = q>. Then 

| BM [ + | MC | _ sin q>+sin (a — (p) _ 

1 AM 1 + 1 MD | sin (P + a — tp) -f- sin (P + q>) 


.a fa 

sm^cos^y 

-<pj 

* sin a 

sin | 

(ft-L “ 

l p+ Tj 

| cos | 

r a 
> 2 

“<P 

| sin (p-t-a)+sin p 


c 

a + 6 

183. There is always a chord parallel to the 
base of the triangle. The chord is divided by the 
lateral sides into three equal parts (undoubtedly, 

0 < a < 2). Its length is In addition, if 

a <1/ Y2, then there exists one more chord, which 
is not parallel to the base and possesses the same 
property. The length of this chord is 3/1^9 — 2a*. 



168 


Problems in Plane Geometry 


184. Let BC and AC intersect MN at points P 

and Q, respectively. Setting j ^ ^ = x, we 

i_. \MP\ Sbmc | MB | - | MC |. 3* 

nave. , pN ] - Smc \ B N\-\CN\ ~ 4 * 

Hence, | MP | = . Analogously, | MQ | = 


— -j—r-. For x we get the equation —- 

X -j— 1 X 1 

3x 

s—pp = a, 3ai a + (7o — 1) x-}-4a—0. Since 

oX -f-4 

D >. 0 and 0 < a < 1, the greatest value of a 
is equal to 7 — 4 1^3. 

185. The equality S ABN = S CDM implies that 
$mbn ~ $mcn since MN is a median of the 
triangles ABN and CDM. Hence BC || MN and 
AD || MN, that is, ABCD is a trapezoid with bases 
AD and BC. 


Answer: 


5k-2±2 V2k (2k— 1) 
2 — 3 k 


186. We have: | AD | >. | DM | — | AM | = 

2. On the other hand, | AD | ^ 1—^1 = 2. 

sin 60 

Consequently, | AD | = 2, AD is the larger base, 
and the point M lies on the line AD. 

Answer: j/"7. 


187. Let BD denote an angle bisector in a 
triangle ABC, A t and C, the midpoints of the sides 
BC and AB, \ DA X | = | DC X I- Two cases are 
possible: (1 ) A BA X D = ABC X D and (2) £BA X D + 
LBC X D = 180°. In the first case | AB | = | BC j. 
In the second case, we rotate the triangle AC X D 
about D through the angle C X DA X to carry C x 

bn 

into A x . We get a triangle with sides — -r— , 
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+ 


be 


—„— , —,— (a, b, and c the sides of A ABC), 
L a -f- c 

which is similar to the triangle ABC. Consequently, 
ba a + c , 6c . 

—I— : a = —=— b — -t— : e, so a + c = 

a + c 2 a + e 


b\f 2. Since a =£ c, at least one of the two 
inequalities 6 =jfc a, 6 e is true. Let b-=jt= e, then 
i + c= »/2, b = a, and we get a triangle 
with sides a, a, a (\f 2—1), possessing this 
property. Thus, there are two classes of triangles 
satisfying the conditions of the problem: regular 
triangles and triangles similar to that with sides 
1 , 1, /2-1. 


188. If a is the angle between the sides a and b, 
then we have: a + 6 sin o < 6 +a sin a, (a— b)X 
(sin a — 1) :» 1, sin a> 1. Hence, a = 90°. 


A newer: Va* + 6 2 - 

189. Prove that of all the quadrilaterals cir¬ 
cumscribed about the given circle, square has the 
least area. (For instance, we may take advantage 
of the inequality tan o + tan 2 tan [(a + P)/2] 
where a and p are acute angles.) On the other hand, 


Sabcd < y (I MA H MB | + | MB |-| MC i + 


| MC M MD | -f | MD |• | MA |) <|-(|M/1|»+ 

I MB |») +i (| MB |«+| MC |*)+y-(|AfC|»+ 

| MD | a ) + -i (| MD \ a + | MA | 2 ) - 1. Conse¬ 
quently, ACBD is a square whose area is 1. 

190. Let us denote: | BM J — as, 1 DM \ = y, 
| AM | = l, Z.AMB — <p. Suppose that M lies 
on the line segment BD . Writing the law of cosines 
for the triangles A MB and A MD and eliminating 
cos <p, we get: l 1 (i + y) + xy (x + y) = a 2 y + 
(Px. Analogously, we get the relationship i* (*+y)+ 
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xy (i + y) = b 2 y + c 2 x. Thus, (a* — b*) y — 
(c* - d ») x. 

a* — b * 
c*-d ‘ 

191. If the vertices of the rectangle lie on the 
concentric circles (two opposite vertices on the 
circles of radii /?, and /?., and the other two on 
the circles of radii R 3 and R t ), then the equality 
R\ + J?| = Rl + R\ must be fulfilled. Let us 
prove this. Let A denote the centre of the circles, 
the vertices K and M of the rectangle KLMN lie 
on the circles of radii R x and fl„ respectively, and 
L and N on the circles of radii R 3 andfl 4 , respective¬ 
ly. In the triangles A KM and ALN, the medians 
emanating from the vertex A are equal, the sides 
KM and LN are also equal. This means that our 
statement is true. 

Let the second side of the rectangle be x, x > 1. 
The radii R x , R t , R 3 , R t are equal, in some order, 

to the numbers 1 , x, V x* + 1 , >^x* + 1 . 

Checking various possibilities of the order, we 
find: x* =7, R x = 1 , R t = 2 / 2 , /?, = V% 
R t = Vi. 

Consider the square K X L X M X N X with side y 
whose vertices lie on the circles of radii R x = 1 , 
R a = V2, 2 / 2 , R t =Vl. Denote: 

/.AK X L X — 9 , then AAK X N X = 90° + <p or q> + 
90°. Writing the law of cosines for the triangles 
AK X L X and AK X N X , we get 

{ 1 +x*~ 2 x cos q> = 2 , ( 2 x cosq> = x 2 — t, 

l + x 2 ± 2xsin<p = 7, ± 2x sin q> = x 2 — 6 . 

Squaring the last two equalities and adding the 
results, we get: 2x* — 10x 2 + 37 = 0, x* = 5 + 

1 /26- 

Answer: 1^5 ± 2 V 26. 
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192. Let us first prove the following statement. 
If the perpendiculars to AB and BC at their mid¬ 
points intersect AC at points M and N so that 
| MN | = X | AC 1, then either tan A tan C = 

1 — 2A or tan A tan C = 1+2X. Let us denote: 
| AB | = e, | BC | = a, \ AC 1 = b. If the seg¬ 
ments of the perpendiculars from the midpoints of 
the sides to the points M and N do not intersect, 
then 

| MN 1 =b- -- . . — a -\ b=> 2(1 - 

2 cos A 2 cos C ' 

1 

k) sin B cos A cos C= (sin 2 C + sin 2 A) =► 

2 (1 — A) sin (A + C) cos A cos C = 

sin (A + C) cos (A — C) => 2 (1 — k) cos A X 
cos C — cos A cos C + sin A sin C «*■ tan A X 
cos C = 1 — 2k. 

And if these segments intersect, then tan A tan C— 
1 + 2k. In our case k = 1, that is, either tan A X 
tan C = — 1 or tan A tan C — 3. For the angles 
B and C we get (X = 1/2) either tan B tan C = 0 
(this is impossible) or tan B tan C — 2. The 
system 

( tan A tan C = — 1, 

< tan B tan C = 2, 
l A+B+C=n 

has no solution. Hence, tan A tan C = 3. Solving 
the corresponding system, we find: tan A = 3, 
tan B — 2, tan C = 1. 

Answer : n/4. 

193. Let R denote the radius of the circle cir¬ 
cumscribed about A ABC, O its centre, N the median 
point of the triangle BCM. The perpendicularity 
of ON and CM implies the equality | CN |* — 
1 MN | 2 = | CO | a — | OM | 2 . Let 1 AB \ = 1, 
1 MB | = x, | CM 1 == y, then | MN | 2 = 

i (2j, 2 + 2x 2 - A 2 ), | CN l 2 = j (2y* + 2* 2 - x\ 



172 


Problems in Plane Geometry 


1 CO 1* = /?*, | OM | a = R* cos* C + (x- j) 2 

We get equation for x: 2x* — 3x + fc* = 0. 

, 3±V9^8k* I., . _ 31^2 

Answer: -^- I if 1 < k < —^— , 

then both points are found inside the line seg¬ 
ment AB). 

194 . If 0 is the midpoint of AC, then | AB |* = 

| BO |»+ | ,40 |» = \BK\*-\KO |* + | AO |* = 

1 BK 1* + ( I AO 1 — | AK ))(\AO | + \AK |) = 

| BK M CK |=6»+6d. 

Answer: I fb*-\-bd- 

195 . ( 1 ) The length of a broken line of three 

segments is equal to the line segment joining its 
end points. This is possible only it all of its vertices 
.. ... . 2a6 2 ab 

he on this segment, x = ———, V — - ■■- / =■ ; ■ , . 

u-f-6 Vo av 3—f— 6 
(2) x, y, z are the sides of a triangle whose alti¬ 
tudes are a, b, and c. Such a triangle must not be 
obtuse-angled. To find x, y, z, let us take advan¬ 
tage of the fact that a triangle whose sides are 
inversely proportional to the altitudes of the given 
triangle is similar to the latter. 




, where 


,= V p ( p ~ t ) ( p -j) ( p ~t) • 2p== 4 -+ 

li li 

The problem has a solution if 


_L _J_(_L>_L _L+_L>_L 

c* ’ fc» T c* ** a* ’ c* ^ a* ^ b* ‘ 


(3) Consider the points A (a, b), B (x, 0), 
C (0, y) in a rectangular coordinate system. It 
follows from the given system that ABC is an 
equilateral triangle. When rotated about A through 
an angle of 60° in the appropriate direction, the 
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point B goes into C. We can find the equation of 
the straight line into which the z-axis is carried 
by this rotation. (In particular, the slope is equal 
to ± |^3.) 

Answer : x = — a + b V 3, y = —6 + « /3. 

(4) If x> 0, j/ > 0, z > 0, then z, y, t are the 
distances to the vertices of a right triangle ABC 
in which the legs BC and CA are a and b, respec¬ 
tively, from such a point M inside it from which 
all of its sides can be observed at an angle of 120°. 
To determine the sum i +j + j, let us rotate 
the triangle CM A about C through an angle of 60° 
in the direction external with respect to the tri¬ 
angle ABC. As a result, M and A go into M x and A,, 
respectively. Then BMM X A x is a straight line and, 
consequently, z -f- y - f z = | BM | + | CM | + 

1 AM 1 == 1 BA X | = y a* + 6* + a6 V3- Analo¬ 
gously, we consider the case when one of the 
variables is negative (generally speaking, not any 
of them can be negative) and other cases. 

Answer: ± Va* + b*±ab VI. 

196. Let z be the distance from the centre of the 
square to the straight line l, <p the acute angle 
formed by one of the diagonals of the square and 
the line l. The distances from the vertices of the 
square to l are equal to (in the order of traverse): 


z-f-a 


V2 . 
sin 


z+a 


V2 

cos «Pt 



I 

z — a ~y cos <p . 


By hy- 


I a* | | a 2 I 

z*-;psin* q> = z* —— cos* <p , 

whence either tan*q> = l, which is impossible, 
or z*==a*/4. 

Answer: a/2. 

197. From the condition LB — 2LC there 
follows the relationship for the sides of the tri- 
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angle: 6 2 = e 2 + ac. Looking over b = 2c, a = 
2c, b = 2a, and a = 26, we choose a = 2c since 
in other cases the triangle inequality is not 
fulfilled. 

Answer: /_C = ji/6, /.B = n/3, LA — n/2. 

198. Let D be the midpoint of BC. We have: 
6 2 = | BM | 2 =(|B£> | + 1 DN |) (| BD 1- 1 DN |) = 

| BD | 2 — 1 DN 1* = \AB | 2 - | AD | 2 - | DN |* = 
(a + 6) 2 — | AD | 2 — 1 DN | 2 . Hence, |XAM 2 = 
\AD | 2 + | D N | 2 = (a + 6) 2 - 6 2 = a 2 + 2a6. 

Answer : l^a 2 + 2ab. 

199. We take on BC a point N such that the 
triangle ABN is similar to the triangle ADL. Then 
L NMA = L MAK + L KAD = L MAB + 
LDAL — LMAN. Consequently, !AfiVl = 

| AN | = k\AL |. 

Answer : -v-4-6. 
k 

200 . 2 Vm- 

201. (a) -~-V(B±x) (R±y), the plus sign 

Xl 

corresponding to external tangency of the circles, 
the minus sign to internal, (b)^- (ft-}-*) (R— y). 

202. Let \AM\:\MC\ = k. The equality 
of the radii of the circles inscribed in the triangles 
ABM and BCM means that the ratio of their 
areas is equal to the ratio of their perimeters. 
Hence, since the ratio of the areas is k, we get 

1 BM | = . It follows from this equal- 

ity, in particular, that 12/13 <£< 1. Writing 
for the triangles ABM and BCM the laws of cosines 
(with respect to the angles BMA and BMC) and 
eliminating the cosines of the angles from those 
equations, we get for k a quadratic equation with 
roots 2/3 and 22/23. Taking into account the limi¬ 
tations for k, we get k — 22/23 



Answers, Hints, Solutions 


175 


203. Let ABC denote the given triangle, O, K, 
H the centres of the circumscribed and inscribed 
circles, and the intersection point of the altitudes 
of the triangle ABC, respectively. Let us take 
advantage of the following fact: in an arbitrary 
triangle the bisector of any of its angles makes 
equal angles both with the radius of the circum¬ 
scribed circle and with the altitude emanating 
from the same vertex (the proof is left to the reader). 
Since the circle passing through O, K, and H con¬ 
tains at least one vertex of the triangle ABC (say, 
the vertex A), it follows that | OK | = 1 KH |. 
The point K is situated inside at least one of the 
triangles OBH and OCH. Let it be the triangle 
OBH. The angle B cannot be obtuse. In the tri¬ 
angles OBK and HBK, we have: | OK | = | HK |, 
KB is a common side, /.OBK = /.HBK. Hence, 
A OBK = AHBK, since otherwise /.BOK + 
/.BHK — 180° which is impossible (K is inside 
the triangle OBH). Consequently,| BH | —| BO | = 
R. The distance from O to AC equals 0.5 | BH |— 
0.5if (Problem 20 of Sec. 1), that is, Z.B = 60° 
(/.B is acute), | AC \ = R V3. If now A lt B u 
and Ci are the points of tangency of the sides BC, 
CA, and AB to the inscribed circle,respectively, 
then | BAj | = | BC 1 | = r /§, j CA 1 1+1^1= 

) CBi | -f { B t A | = | AC | = R VI. The perim¬ 
eter of the triangle is equal to 2 V3 (R + r). It 
is now easy to find its area. 

Answer: V 3 (R + r)r. 

204. Let P be the projection of M on AB, 

1 AP | = a + *. Then | PB | = a - x, | MP \ = 

| AN |=(a-M , I NB \ = 

a V 2-f y 

a VI _ a /2(« — x + y Vl) 
a V2 + y a V2 + y 


2a—(a-)-*) 
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ML | 
Hence 


a V2(a + x+y Vi) 

a V2+y 


1 AL |»+ | NB |* = ■■ ■ -&' r 2 (a* + 2/2 ay + 
(a \ 2+yr 

2+x«)= ^+ 2 /2oy+2y* + («*- 


{/*))=4a*. 

205. Let x denote the side of the triangle, and 
the sides emanating from the common point of the 
circles form with the straight line passing through 
the centres angles a and P; a ± {$ = 60°, then 

cos a = , cos p = ( or vice versa). Finding 

sin a and sin p from the equation cos (a ± P) = 

we determine the side of the regular triangle: 

i?r/3 

/ R* + r* — Rr ' 

206. We draw a straight line BA and denote 
by D the second point of intersection with the 
smaller circle. Consider the arcs AB and AD (each 
less than a semicircle). Since the common tangent 
to the circle at A forms equal angles with AB and 
AD, the central angles corresponding to these 

arcs are also equal. Consequently, | ) = 4". 

I AiS { ti 

AD = a 4-, 1 BC | = Y\ BD | • | BA | = 

207. Let O x , Oj, and 0 denote the centres of 
the circles (the first two touching AB), x, y, and R 
their radii, respectively. The common tangents to 
the circles centred at O x and O t , 0, and O, O t and 
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0 are equal to 2 Y xy, 2 Y Rx, 2 Y By, respective¬ 
ly. By hypothesis, 2 Y xy = a. Consider the 
right triangle O x MO t with the right angle at the 
vertex M ; O x M is parallel to BC, \ 0,0. \ — 
x + y,J_O t M | = 2 _ 2 R - (* + y), I O t M | = 

| 2 YRx — 2 YRy I (O x M being equal to the 
difference between the common tangents to the 
circles with centres 0, O x and O, 0 S ). Thus, 
(x + y)* = (2 R-x- y)* + (2 YRx - 2 YRy) 1 , 
whence R = 2 Yxy — a. 

208. Note that 010 * 0*04 is a parallelogram with 
angles a and n — a (0i0* ± AC and 0*0* jl AC, 
hence, 0 X 0 4 1| 0*0 3 , etc.). If K is the midpoint of 

AA/.L the midpoint of A/0, then|0 s 0 4 | = = 


1 AC | 

2 sin a * 


Analogously, 


consequently, 5 0l o,o,o 4 : = 


nu 


1 ° i09 1 = 2 sin a 
| AC | • | BD 1 sin a 
4 sin* a 


Sabcd 
2 sin*a ' 

A nswer: 2 sin* a. 

209. When intersecting, the angle bisectors of 
the parallelogram form a rectangle whose diago¬ 
nals are parallel to the sides of the parallelogram 
and are equal to the difference of the sides of the 
parallelogram. Consequently, if a and b are the 
sides of the parallelogram and a the angle between 

them, then S = ab sin a, Q — -i- (a — 6)* sin a. 


S tab 
Q - (a— 6)* • 

.W.: J + gf/g+gg. 

210. Let x denote the area of the triangle 
OMN, y the area of the triangle CMN, then 


12-01557 
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ON 


I OA | 

■S'l + Ss 


A 

s t 


S t S a | AM | . S t +x 


S t ' \MC 
The sought-for area 


is 


y 

equal 


to 


S 1 S a (S 1 + S i )(S a + S 2 ) 

StW-StSJ 

211. Let in the triangle ABC the angle C be 
a right one, M the median point, 0 the centre 
of the inscribed circle, r its radius, Z. B= a; 

then 1 AB |=r (cot -^ + cot ( - |f)) = 

r VI 


a . / n at’ 

Sln ~2~ Sln ("4 2 ~) 

ICO\=r VI, | OM | = r, 


! CM | = 


1 


\ab I 


Z 0U3/ = a - . 

Writing the law of cosines for the triangle COM, 

» 4 oi 8 8x 

we get 1 = 2 -)—- ?=-: -- 7 —, where 

9 (2x — Y 2) 2 3(2x-/2) 

/ at \ , 4 /§—3 /§ 

x =•- cos I —a 1 , whence x = - 


Answer : 


4 


± arccos 


4 /6-3 /2 


212. Let each segment of the median be equal 
to a. We denote by x the smallest of the line 
segments into which the side corresponding to the 
median is divided by the point of tangency. Now, 
the sides of the triangle can be expressed in terms 
of a and x. The sides enclosing the median are 
a V 2_+ x, 3a V2 + x, the third side is 
2a V 2 + 2x. Using the formula for the length of 
a median (see Problem 11, Sec. 1), we get 9a 2 = 

i [2 (a /I + x) 2 + 2 (3a /2 + x) 2 - 

(2a V 2 + 2x) 2 l, whence x = a V 2/4. 
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Answer: 10 : 5 : 13. 

213. Let | BC \ — a, LC > £B, D and E be 
the midpoints of AB and AC. The quadrilateral 
EMDN is an inscribed one (since Z MEN = 
L.MDN = 90°), | MN | = a, \ ED | = a/2, MN 
is a diameter of the circle circumscribed about 
MEND. Consequently, z DME = 30°, Z CAB — 
90° - LEMD = 60°, LCBA = Z.EDN = 
LEMN = AEMDl 2 = 15°, AACB = 105°. 

Answer: £A = 60°, LB = 15°, ZC = 105° 
or /A = 60°, ZB = 105°, ZC = 15°. 

214. We denote by K and M the points of 
intersection of the straight line EF with AD and 



C 



Fig. 1 


BC, respectively. Let M lie on the extension of 
BC beyond the point B. If | AD | = 3«, | BC | = 
a, then from the similarity of the corresponding 
triangles, it follows that | DK | = | AD | = 3a, 
| MB | = | BC | = a (Fig. 1, a). 

In addition, | -ME | = | EF \ = | FK 1. If h 
is the altitude of the trapezoid, then the distance 


12* 
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from E to AD is equal to y h, S EDK = ah, S EDF = 

1 


1 r, _ ah 
Y a edk — 




4 4 

If the line EF intersects the base BC at a point 
M, then | BM | = y a (Fig. 1, b). In this case 

I f/L | = 2 : 4- = and the distance from E 
I MK | o 0 

6 1 

to AD 'equals y h, so that S BFD — y S EDK = 


r 3 - 


6 9 

5 h 20 S ' 


Answer: 


9 


Sor^S. 


4 20 < 

215. Let O be the centre of the inscribed circle, 
M the midpoint of BC, K, L and N the points of 
tangency of the inscribed circle with the sides 
AC, AB, and BC of the triangle, respectively. We 
denote: | AK | = | AL | = x, \ CK | = | CN | = 
y, | BL | = | BN | = z, y + * = a. By hy¬ 
pothesis, \OM\ = y — r. Consequently, | NM 1 = 


the 


V I OM I*— 1 ON |*= ],/"y --ar and one of 
line segments, either y or t, is equal to y— 

y—or, and the other to y-f- J/^y— ar. 

Equate the expressions for the are a of the trian gle 

by Hero’s formula and S — pr: Vi.x-\-y+z) xyz — 

(*+F+*)r=£xor=(x+fl)r*=£* =-. Thus, 

a —r 

the sought-for area ia equal to ^ a \S r m + a j r= 
a f r 



Answers, Hints, Solutions 


181 


216. Let us prove that if C x and C. (Fig. 2) are 
situated on the other side of BC than tne vertex A , 
then the centre of the circle circumscribed about 
the triangle CC x C t is found at the point 0 on the 

1 

side AB, and | BO | = | AB |. Drawing the 

altitude CM from the vertex C, we obtain the 
quadrilateral BC X CM which is a rectangle. Hence 



A U C 

Fig. 2 


the perpendicular drawn to CC X at its midmrfnt 
passes through O. Taking into consideration^that 

C x C t || BD and | C x C t | = -|- | BD |, we see that 

the middle perpendicular to C X C. also passes through 
0. Now, we find easily the desired radius: it is 
equal to V \ CM \* + \ MO |* = 



217. Consider two cases: (1) the feet of the 
perpendiculars are found on the sides of the paral¬ 
lelogram, and (2) one of the perpendiculars does 
not intersect the side on which it is dropped. In 
the first case we arrive at a contradiction, while 

in the second case we obtain cos o = , 

o® + 6* * 
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where a is the acute angle of the given paralle¬ 
logram. 

218. Expressing the angle PQN in terms of the 

angles of the triangle and bearing in mind that 
Z.PMN + Z. PQN = 180°, we find: /.PMN = 
60°; hence Z.NPQ = z QMN = 30°, LPNQ = 
Z PMQ = 30°, that is PQN is an isosceles triangle 
with angles at the side PN of 30°, |P^| == = 

mVT. 

219. It follows from the conditions that ABCD 
is a trapezoid, BC || AD, and AC is the bisector of 
the angle BAD', hence | AB | — | BC |, analogous¬ 
ly, | BC | = | CD |. Let | AB | = \BC\ =| CD | = 
a, \ AD \ = b. The distance between the mid¬ 
points of the diagonals is 2r, consequently —y— = 
2r. We draw the altitude BM from the point B 
on AD and we get that | AM | = ~2~ ~ 2r, 

| BM | = 2r. Consequently, a — | AB | = 2r 1^2, 
6 = 4r + 2r Y 2. 

Answer : 4r* (]/"2 + 1). 

220. Let us denote the angles A, B, and C by 
a, p, and y, respectively. Let H be the point of 
intersection of the altitudes, O the centre of the 
circle passing through A, H, and C. Then Z HOC = 
2 LHAC = 2 (90° - v), LHOA = 2 LHCA = 
2(90° — a). But LAOC = 180° - BfsinceBdOC 
is an inscribed quadrilateral), 2 (90° — y) + 
2 (90° - a) = 180° - p, 360° - 2a — 2y = 
180° - P, 2P = 180° - P, p = 60°, \AC | = 
2 R sin p = V 3. 

I AM 1 

221. Denoting the ratio ^ ^ = X, we have: 

T 

Smcp = -y~, Scpn — ^Q, Smcp^^Scpn', conse¬ 
quently, (T/Q) = \ 9 , S a bc —’ | CN 1 ScMN= 
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- 

(X+i)s<?=(r l ;»+<? l / s ) s . 

222. If O is the centre of the circle, then the 

area of A OMN is —times the area of A KMN. 
a — R 

R* a 

If Z MON=a, then sin a =-- S, sina = 

l CL — H 

R^a—R) ’ I MN I — 2/isin = if /1 — cosa = 

_ / / 4fl*5* 

Ry 1 ± y 1 - Ri ( a . The problem has a 

solution if S ^ ^ ——. 

la 

223. If Z BAC= Z. BCA =2a, then by the law 

of sines, we find: | AE \ _ . 2m . si ° 2g | AF | = 

sm3a 

I AE | 2m sin 2a 9 2m sin 2a 

cos a sin 3a cos a 4 sin 3a cos a 

7 

whence cos 2 a = - 75 -, Sabc = m2 tan 2 a = 
lo 

5m» /fi 
7 

224. The points C, M, D, and L lie on a circle, 

consequently, Z.CML = ZCDL — 30°. In sim¬ 
ilar fashion Z.CMK = 30°; thus, Z_LM_K = 60° 
and A LMK is regular, | KM | = 2/ 1 /"5. By the 
law of cosines, we find: cos /.LCK = —3/5. Since 
Z DCB = Z.LCK - 120°, we have: | | = 

2-/3 

l/5 

225. Let A be the point of intersection of the 
straight lines BC and KM. The quadrilateral 
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ONBC is an inscribed one (£OCB = £ONB = 
90°), consequently, /OBC = LONC = a/2. Sim¬ 
ilarly, CM AO is also an inscribed quadrilateral and 
£CAO = ACMO = a/2, that is, OAB is an iso¬ 
sceles triangle . Thus, | CB | = | A C \ = \CO\ X 

cot ~ = y R* + 6* — 2Rb cos cot j. 

226. The points E, M, B, and Q lie on a circle 
of diameter BE, and the points E, P, D, and N 

M 



on a circle of diameter ED (Fig. 3). Thus, lEMQ = 
AEBQ - 180° — AEDC = LEDN = aepn, 
analogously, z EQM — £ENP, that is, the tri¬ 
angle EMQ is similar to the triangle EPN with 
the ratio of similitude of Vk. (For completeness of 
solution, it is necessary to consider other cases of 
the arrangement of the points.) 

A nswer : dVk. 

227. Extending the non-parallel sides of the 
trapezoid to their intersection, we get three similar 
triangles, the ratio of similitude of the middle to 
larger triangle and of the smaller to middle one 
being the same. Let us denote this ratio by X, the 
larger base by x, the radius of the larger circle by 
R. Then the line segments parallel to the larger 
base are, respectively, equal to \x and hx, the 


Answers, Hints, Solutions 


185 


larger lateral side of the lower trapezoid to 21? , 

the second radius to XR. Hence, R + \R = 

By the property of an circumscribed quadrilateral, 
x -f kx — 2R + 2ft —. And finally, dropping 

C 

from the end point of the smaller base of the entire 
trapezoid a perpendicular on the larger base, we 
get a right triangle with legs e, x — fax, and hy¬ 
potenuse d. Thus, we have the system 

*(l+X.) = 2ft-^±i, 

x(l—X*)=l/>—c», 
ft (! + >.) = c/2, 

<*_ / d*— c* 

whence X=-. 


Answer: the bases are equal to 

md j+Zinrr. 

e 


d—Vd*—e* 

e 


228. Let us draw perpendiculars from the centres 
of the circles to one of the sides and draw through 
the centre of the smaller circle a straight line 
parallel to this side. In doing so, we obtain a right 
triangle with hypotenuse fl + r, one of the legs 
R — r and an acute angle a at this leg equal to the 
acute angle at the base of the trapezoid. Thus 
_ r 

cosa= —;—. The larger base is equal to 
\R -r r _ 

2 R cot — 2 R —. The smaller base is 

2 r r __ 

equal to 2r tan ~ = 2r 1/ —. 

2 y r 
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229. Let us take on the side AB a point K such 
that | BK | = | BD |, and on the extension of 
AC a point E such that | CE | = J CD |. Let us 
show that the triangle ADK is similar to the tri¬ 
angle ADE. If A, B, and C are the sizes of the 
interior angles of the A ABC, then, LDKA — 
180° - Z.DKB = 180° - (90° - / Bl 2) = 90° + 
L S/2, /ADE = 180° — LCED - /A/2 = 

180° (LA + LC) = 90° + ZB/2. Thus, 
LAKD — LADE. In addition, by hypothesis, 
LDAE = ldak. 

A rawer: Y ab. 

230. Using the notation of the preceding prob¬ 
lem, we have: 

| AD |* = (\AC | -H CD |) (| AB\ — | BD |) = 

| AC |-| AB | — | CD H BD \ + 

(| AB |.| CD | — I A C | • | BD |). 

But the term in the parentheses is equal to zero 

since | f ■ (see Problem 9 in Sec. 1). 

I AC I I CD I 

231. Let us extend BN and CN to intersect the 
second circle for the second time at points K and 
L, respectively; | MN \ = | NK | since lANB — 
90° and MK is a chord of the circle centred at A. 
Since the corresponding arcs are equal, we have 
L.LNK = LBNC = LBND. Thus, I LN \ = 

i ND | = 6, 1 MN | • | NK \ = | MN | a = ab, 

| MN | = Yab. 

232. Note that PQ is perpendicular to CB. Let 
T be the point of intersection of MN and PQ, 
and L and K the feet of the perpendiculars dropped 
from C and B on the straight line MN (L ana K 
lie on the circles constructed on CN and BM as 
diameters). Using the properties of intersecting 
chords in circles, we get: | PT | • | TQ | = | NT | X 

| LT |, \ PT\-\ TQ \ = \ MT\-\ TK \. But 
| LT | = | CD |, | TK | = | DB \ (since CLKB is 
a rectangle and PQ is perpendicular to CB). Thus, 
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| NT |*| CD \ — \ MT H DB |, =Lgi, 

that is, the straight line PQ divides CB and MN 
in the same ratio, hence, PO passes through the 
point A , and D is the foot of the altitude. 

Answer : | BD | : | DC \ = 1 : 1^3. 

233. Let LBOC = 2a, LBOL = 26. Then 
\AC\ — 2R cos a, | CL | = 2if sin (a -f P), 

| CM | = | CL | cos (90° - 6 ) = 2ifsin(a + P)X 
sin p, | AM | = | AC \ - \ CM | = 2R (cos a - 
sin (a + P) sin p) = 2 R cos p cos (a + P), and, 
finally, | AN | = a = | AM | cbs a = 2if cos a X 
cos p cos (a + P). On the other hand, if K, P, 
and Q are the midpoints of AO, CO, and CL, re¬ 
spectively, then | KP | = \ AC | — R cos a. 

Further | PQ i = Rl2, / KPQ = / KPO + 
AOPQ = a + 180° - Z.COL = 180° - a - 2p, 

R* 

and, by the law of cosines, | KQ |* = + 

R * cos* a + if* cos a cos (a + 2 P) = if*/4 + 

if* 

2R * cos a cos P cos (a -f P) = -j- + ifa. 

/ ~R* 

Answer, y -^--f-ifa . 

234. It follows from the similarity of the tri¬ 
angles MAB and MBC that 

\MA\ \MA\ \MB\ \BA\* 

\MC\ ~ \MB\ ' \MC\ \BC \* ' 

235. From Problem 234 in Sec. 1, it follows 
\AM\* \AC\ |AA|* \AD\ 

1 \MB\*~ \BC\ ’ |/VZf|* \BD\ ' 

is the point of intersection of MN and AB, then 


\AK 1 

Samn 

\AM\-\AN\ sin L MAN 

\KB\ ~ 

Sbmn 

~ \MB\-\NB\ sin £ MBN 

V \BC\ 

\AD\ 

\BD\ 

“P 

V (a — 1) (P — 1) 
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236. Let K, L, M, and N be the points of tan- 
gency of the sides AB, BC, CD, and DA with the 
circle, respectively. Let P denote the point of in¬ 
tersection of AC and KM. If LAKM — 9 , then 


i'.JCMC = 180° - <p. 


Thus, 


\AP 1 
\PC\ 


Sakm _ 
Skmc 


y MKH*M|sin<p 
y \KM\-\MC\ sin (180° — q>) 


|iWC| 


But in the same ratio AC is divided by the straight 
line NL. Hence, the lines AC, KM, and NL meet 
in the same point. Considering the diagonal BD 
and reasoning in the same way, we prove that BD 
also passes through the point P. The sought-for 
ratio is equal to alb. 


237. Let P and Q be the intersection points of 
BK and AC, and AB and DC, respectively. The 
straight line QP intersects AD at a point M, and 
BC at a point N. Using the similarity of the cor- 

responding triangles we get: —- - - - - 1 - 


\MD 1 


l^CI 


\MK\ 
\AM | 

then - 

k—x 


\AM\ 


\AK\-\AM\ 
\AM\ 
\AM\ 


\MD\ 


whence x 


\AD\-\AM\ 
k 


X + l 


If \AM\=x \AD\, 
x x 

~~ i — X ’ 1 —X ~ 


Answer: 


k 

k+i 


If k— — , then |i4Af| = —i-j- \AD\, Thus, 
n n +1 

taking first K to be coincident with D (k = 1), we 
get the midpoint of AB as M t : taking K to be 
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coincident with M x , we find that M t is 1/3 distant 
from AD, and so forth. 

238. Let | KM \ — | KN | — ar_j_ | AD | = y, 
and | DB | = i. Then | CD | = V yz, y + z = e. 
The radius of the circle inscribed in the triangle 
1 1 ,_ 

A KB is equal to y | CD | = v yz. Express 

the area of the triangle A KB by Hero’s formulas 
and S — pr. We get the equation 

V (x + + + 


Knowing that y + x = c, we find x = e/3. 

239. Through the point A t , draw a straight 
line parallel to AC. Let R be the point of inter¬ 
section of this line and A B. Bearing in mind that 
| AH |- IHxA*! - 1 ^AC\\ - k we find; 


IJICjI 

\AR\ 


\A t C X \ 

k 


k ’ \C X B\ 

In similar fashion, drawing 


\AB\~ (*-H)* 
through C t a straight line parallel 


tersect BC at a point S, we obtain that 



in- 


• Therefore the points R, A t , C t , and 

S lie on a straight line parallel to AC. Thus, the 
aides of the triangles ABC and A t B t C t are corre¬ 
spondingly parallel. Now it is easily obtained 
that MtC*! = \RS\ - |HA,| - |C,S| = | AC | X 

( 3k \ 

1 — t * iere f° re th e ratio of similitude 

, . **—*4-1 

is equal to 

240. Let us use the following formula for the 
area of a triangle: S = 2R* sin A sin B sin C, where 
A, B, and C are its angles. Then the area 
of the triangle A X B X C X , where A x , B x , and 
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Ci are the intersection points of the angle 
bisectors of the triangle ABC with the cir¬ 
cumscribed circle, will be equal to S i = 2R* X 


sin 


A + B 
2 


sin 


B+C 


• C-j-A „ 
sm>— 2~= 2B* cos 


£ 

2 


X 


A B , S 0 . A . B 

cos - 7 j- cos -j -, and — = 8 sm sm -j x 

Q 

sin . On the other hand, \BC\ = 2R sin A, r x 

|cot -y-4-cot -y j =2R sin4, and r = 4/?sinyX 

. B . C 5 2r 

sin-ysm T . Thus, T - = - r 


241. Let O be the centre of similarity of the 
inscribed and circumscribed triangles, M x and M, 
two similar vertices (Afj lies on the side AB), and 
let the line segment OA intersect the inscribed 
triangle at a point K. Then S OM K — XS lt S OM A = 

S om,a ... I OMi | 


s om,a I 0M * I 




whence 


§ 

5 0m , a = X / S t S t , where X = —Consider¬ 
ing six such triangles and add ing together their 
areas, we get: Sa BC = YS t S t . 

242. Let 0 denote the centre of the circum¬ 
scribed circle, H the intersection point of the alti¬ 
tudes of the triangle ABC. Since the straight line 
OH is perpendicular to the bisector of the angle A, 
it intersects the sides AB and AC at points K and 
M such that \ AK \ = \ AM \. Thus, A AOB = 
2 /_C (we assume the angle C to be acute); A OAK= 
90° - LC = LHAM. Hence, A OAK = A HAM, 
and | OA | = | HA \ = R (R the radius of the 
circumscribed circle). If D is the foot of the per¬ 
pendicular dropped from O on BC, then | OD | = 

| AH \/2 — R/2. Consequently, cos.4 = cos A DOC = 

1/2, Z4 = 60°. 
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243. Prove that the triangle will be acute, right, 
or obtuse according as the distance between the 
centre of the circumscribed circle and the point 
of intersection of the altitudes is less than, equal 
to, or greater than half the greatest side. 

Answer: 90°, 60°, and 30°. 

244. The condition S^ BDM = S^ BCK means 

that \BD |• | BM | = | BK \-\BC |, that is, 
(\BA \+\AC\)\BM\= \BK\-\BC\. (1) 


Through M, draw a straight line parallel to AC; 
let L be the point of intersection of this line and 
BA. Prove that | LM | = | KL j; hence it follows 

i n 

that the desired /.BAM = y £BAC —-^-. Since 
the triangle BLM is similar to the triangle BAC, 
we have \LM\ =J^L.|^C|, 

|AB|. Now, we find |BA| from (1) and compute: 

I BA | + | AC | 


\KL\ = |BA| - |BL| =- 


\BM\ 

\BC\ 

\KL\. 


\BC\ 


\BM\ 


1 AB | = iMi.ACI, whence | LM | = 


245. Let |AD|=a, |BC|=6. Drop from 0 a 
perpendicular OK on AB. We now find: |BA| = 

Yob b 


b+a 


‘Yob 


| BE 
b 


= Yob b 


Yob, 

2 ' ~ b+a 

| BE | + | BK | = Yob 
ab 

a + b 

Answer. 90°. 


a — b 

■-YTb a ~ b 


| MK I = 
\EK\ = 

(a-b)(a+b) ’ |0 * l = 
. It is easy to check that \OK\*=\EK\-\MK\. 


2(a+b) 

2ab 
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246. Note that the points A, M, N, and 0 lie 
on the same circle (see Fig. 4). Consequently, 
LNMO = /.OAN = 90° — LA6n. Hence, with 
OA rotated about O through an angle <jp, the straight 
line NM rotates through the same angle <p (in the 
opposite direction), and when A displaces along 



OA , the line NM displaces parallel to itself. Hence 
it follows that the desired angle is equal to a. 

247. If O x is the centre of the smaller circle and 

LBOA=<f, then LBAO = 90°--|-, LCO x A = 

90° + q>, LCAO x = 45° - . Thus, LBAC = 

LBAO - LCAO x = 45°. 

248. Construct a regular triangle ABK on AB 
inside the square. Then LKAB = 60°, / KCD = 
15°, that is, K coincides with M. 

Answer : 30°. 

249. Let Mi be symmetric to M with respect to 
BC and CB is the bisector of the angle MCM x . 

Since lM x CA = 60° and | AC | = j | CM X | we 

have that LM X AC — 90°, hence A B is the bisector 
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of the angle M X AC. In addition, CB is the bisector 
of the angle M X CM, that is, B is equidistant from 
the straight lines M X C and M X A and lies on the 
bisector of the angle adjacent to the angle AM X C. 
Thus, /BMC = /BM X C = 75°. 

Answer: 75°. 

250. If /BAC = 2ot, then we readily find that 
/ KMC = Z MKC = 30° + a, that is, | MC | = 

| KC |. Let us extend MK to intersect the circle 
at a point A; A KMC is similar to A KAN, hence, 
| AN | = i KN I = R, i.e., to the radius of the 
circle (since /AMN = 30°). The points A, K, 
and 0 lie on a circle centred at N, /ANO = 60°, 
consequently, z AKO = 30° or 150° depending 
on whether the angle AMC is obtuse or acute. 

Answer: 30° or 150°. 

251. (a) Draw the bisector of the angle A and 
extend BM to intersect the bisector at a point N 
(Fig. 5). Since | BN j = | NC |, Z BNC = 120°, 



hence each of the angles BN A and CNA is also 
equal to 120°, LNCA = /.NCM = 20°, that is, 
A NMC = A NCA, \ MC \ — | AC |. Consequent¬ 
ly, the triangle AMC is isosceles, and /.AMC — 
70°. 

(b) The points M, P, A, and C lie on the same 
circle (the point M from Item (a)); /PAC = 
/PMC = 40°. 


13-01557 



194 


Problems in Plane Geometry 


252. Describe a circle about the triangle MCB 
(Fig. 6) and extend BN to intersect this circle at 
a point Mi, | CM, \ = | CM | since the sum of 
the angles subtended by them (80° and 100°) is 
equal to 180°; LM V CM = £M t BM = 20°, that 


A 



is, NC is the bisector of the angle M X CM and 
AM X CN = ANCM, LNMC = LNM X C = 

LCMB = 25°. 

253. On BC, let us take a point K (Fig. 7) 
such that Z.KAC = 60°, MK || AC. Let L be the 
intersection point of A K and MC; ALC is a regular 
triangle, ANC is an isosceles triangle (the reader 
is invited to determine the angles). Hence, LNC 
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is also an isosceles triangle, A LCN — 20°. Let us 
now find the angles NLM and MKN— each of 
them is equal to 100°. Since MKL is a regular 
triangle, each of the angles KLN and N KL is equal 
to 40°, i.e., | KN | = | LN | and A MKN = 
AMLN, LNML = A KMN = 30°. 

254. Let us take a point K (Fig. 8) such that 
AKBC — t-KCB = 30° and denote by L the 
intersection point of the straight lines MC and BK. 


A 



Since A BNC is isosceles (A NBC = £NCB = 
50°), A KNC = 40°. L is the intersection point 
of the angle bisectors of the triangle NKC (LK 
and LC are angle bisectors). Consequently, NL 
is also the bisector of the angle KNC and A LNB = 
60°; BN, in turn, is the bisector of the angle MBL\ 
in addition, BN is perpendicular to ML; hence, 
BN bisects ML, and /_MNB = /_BNL = 60° 
and LNMC = 30°. 

255. Let O be the centre of the inscribed circle; 
the points C, O, K, and M lie on the same circle 
(A COK = A A/2 + A C/2 .= 90° — A B/2 — 


13* 
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/KMB = 180°- /.KMC; if the point K lies 
on the extension of NM, then Z COK — / CMK). 
Thus, z OKC = /.OMC = 90°. 

256. If P lies on the arc AB, Q on the arc .<40, 
then, denoting the angle PAB by <p, and the angle 
QAC by t|>, we get two relationships: 
f sin* (C — q>) = sin <p sin (B + C — <p), 
i sin* (B — ib) = sin i|> sin (B + C — $). 

Writing out the difference of these equalities and 
transforming it, we get: sin (B + C — <p — ip) X 
sin ((£ — C) + (qp — \f)]=sin (B + C — <p— i|>)X 
sin (<p — if), whence (since 0< B + C — tp — 
i|> ■< n) B — 0+f — ip = jt — (<p — xj>) and we 
get the answer. 

. n — a 

Answer : —^— 

257. Let us prove that the triangle CMN is 
similar to the triangle CAB (Fig. 9). We have: 



Z MCN = z CBA . Since the quadrilateral CBD M 

... , | CM | sin Z CBM 

is an inscribed one, we have =—— ; = 

’ \CB\ sm z CMB 

sin Z CDM sin z DBA \AD\ _ 1CJV| 

sin / CDB ~ sin z ADB \AB\ — \AB\ ’ 
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Hence, Z CMN — Z BCA, that is, the desired 
angle is equal to either or n— -y 

258. Let Z ABC = 120°, and BD, AE , and CM 
the angle bisectors of the triangle ABC. We are 
going to show that DE is the bisector of the angle 
BDC, and DM the bisector of the angle BDA. 
Indeed, BE is the bisector of the angle adjacent 
to the angle ABD, that is, for the triangle ABD, 
E is the intersection point of the bisectors of the 
angle BAD and the angle adjacent to the angle 
ABD; hence, the point E is equidistant from the 
straight lines AB, BD, AD; thus, DE is the bisect¬ 
or of the angle BDC. Exactly in the same way, 
DM is the bisector of the angle BDA . 

259. Denote: Z ABD = a, Z BDC — q>. By 
hypothesis, Z DAC — 120° — a, /_BAC = 30° + 
a, LADB = 30° - a, LDBC = 60° + a. By 
the law of sines for the triangles ABC, BCD, ACD, 

|£C| sin (30° + o) 1 

Weget |AC| ~ sin(60° +2a) ~ 2cos(30°+a) ’ 

| DC | sin (60° +g) |AC| sin(30°-g + <p) 

|SC| ~ sincp ’ |DC| ~' sin (120° —a) * 
Multiplying these equalities, we have: sin (30°— 
o + <p) =2cos(30° + o) sin <p =+ 2cos (60° + a) X 
sin (30°—<p) = 0; thus Z BDC cp = 30°. 

260. In Problem 17 of Sec. 1 we derived the 
formula for the bisector of an interior angle of a 
triangle ABC. In the same way it is possible to 
prove that the bisector of the exterior angle A is 

2 be sin -g- 

computed by the formula l\— —-- r- (|AB| = 

\b c | 

e, | BC | = a, | CA \ = b). We then find 
sin i- :S m j/i-(l-cos a) = 
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/t( 


1 - 


6*-f. c * — 


2bc 


*)-/ 


(a-\-b—c) (a-\-c— 6) 


46c 


^4 ^ 

Finding in the same way lc sin y and sin — in 


terms of the sides of the triangle, and equating 


l A to lc, we get 


Yc (a4-6— c) Ya (6-j-c—a) 


|b-c| 


|6-a| 


By hypothesis, 6 = 2, c = 1. Hence, a must satisfy 

the equation Y a ~\~ 1 = ^ ^ =/ (a — 1) X 

| <z—- Z | 

(a 2 — a —4)=0. But a 1, consequently, |BC|=a= 

j+YTi 

2 

261. If O and 0 1 are the centres of the circles 
circumscribed about the triangles ABC and ADB, 
respectively, then the triangle AOO t is similar 
to the triangle A CD. 

Answer: a B. 

262. If K is the midpoint of the arc AB, O the 
centre of the circle, | AB \ = 2R = c, then 
| CM | 2 = 1 CD | 2 + | DM | 2 = | CD | 2 + | DK | 2 = 
| AD | • | DB | + B* -H DO l 2 = (B + | DO 1) X 
(R — | DO |) + B} + | DO I* = 2R* = cV2. 

Answer: c Y 2/2. 

263. Let KM be a line segment parallel to BC, 

and N and L the points at which the inscribed 
circle touches the sides AC and BC. As is known 
(see Problem 18 ir Sec. 1), | AN \ = | AL | = 
p — a, where p is the semiperimeter of the triangle 
ABC. On the other hand, | AN \ = | AL \ is the 
semiperimeter of the triangle A KM which is 
similar to the triangle ABC. Consequently, 
p—a b a* 

p a ' P — a —6 ' 

2a* 


Answer: 


a — b ' 
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264. If a, b, c are the sides of the given triangle, 
then the perimeters of the cut-off triangles are 
2 (p — a), 2 (p — 6), 2 (p — c), where p is the 
semiperimeter of the given triangle. Consequently, 
if R is the radius of the circumscribed circle, then 

«•+«■+*- (- £ f L +- £ T L + J T 1 ) 

Answer: R x + R t -f- R 3 . 

265. If L A = a, then \AM\ , |AW| = 

sin a 

J4®L, that is, \AM\:\AN\ = \AC\:\AB\: thus, 
sm a 

A AMN is similar to A ABC with the ratio of 

similitude —4—, therefore \MN\ — ^?^~~2R. 
since since 

266. Let 0 X and 0 t be the centres of the inter¬ 
secting circles. We denote their radii by x and y, 
respectively, | OA | — a. Since, by hypothesis, 
the triangles AOO x and AOO t are equivalent, ex¬ 
pressing their areas by Hero’s formula and bearing 
in mind that | 0 X A \ = x, | OO t \ — R — x, 

| O t A | = y, | 00 2 | = R — y, after transforma¬ 
tions we get: ( R — 2ar) a = (fl — 2y) 2 , whence 
(since x =£ y) we obtain: x + y = R. 

Answer: R. 

267. Let AB and CD be the given chords and M 
the point of their intersection. 

(a) The sum of the arcs A C and BD is equal to 

180° (semicircle); consequently, 1 AC | 2 + | BD\ 2 — 
4 R 2 , thus, 1 AM I 2 + | MC l 2 + | MB l 2 + 

| MD | 2 = \ AC | 2 + | BD | 2 = 4fl 2 . 

Answer: AR 2 . 

(b) | AB | 2 + | CD | 2 = (| AM | + | MB |) 2 + 

(1 CM | + | MD |) 2 = 4/? 2 + 2 | AM \ |MJ?| + 

2 | CM | • | MD | = 4/? 2 + 2 (i? 2 — a 2 ) = 6 R 2 - 2a 2 . 

Answer: 6 R 2 — 2a 2 . 

268. If M is the second point of intersection of 
BC and the smaller circle, then | BM \ = | PC \ 
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(M between B and P), 1 BP | = | MP | + 1 BM |, 

1 7M | 2 + | PP | 2 + | PC | 2 = | | 2 + (| PP | - 

| PC |) 2 + 2 | PB | • | PC | = | PA I* + | MP | a + 

2 | PB | | PC | = 4r* + 2 (R 2 - r 2 ) = 2 (P 2 + r 2 ). 

269. Let us denote the lengths of the segments 
of the chords as in Fig. 10 and the diameter by 2r. 



Taking advantage of the fact that the angles based 
on the diameter are right ones, and xy = uv, we 
get x (x + y) + u (u + v) = (u + v) 2 + x 2 — v 2 — 
(u + v) 2 + TO 2 = 4r 2 . 

270. If a, p, y, 6 are the arcs corresponding to 
the sides a, b, c, and d, then the equality to be 
proved corresponds to the trigonometric equality 
a y , a y p 6 , 

sin ~y cos + cos -jp- sin ~~ =sin cos-^- + 


P . 6 
cos f sin - 


or sin 


a + V 

—= S,n 


P + 6 
2 


271. Let ABCD be an inscribed quadrilateral. 
AB and CD intersect at a point P, A and D lie on 
the line segments BP and CP, respectively. BC 
and AD intersect at a point Q, while C and D lie 
on the line segments BQ and AQ. Let us circum¬ 
scribe a circle about the triangle ADP and denote 
by M the intersection point of this circle and the 
straight line PQ. (Prove that M lies on the line 
segment PQ,) We have: Z.DMQ = Z.DAP = 
/.BCD. Consequently, CDMQ is an inscribed 
quadrilateral. Since, by hypothesis, the tangents 
drawn from P and Q to the original circle are equal 
to a and b, respectively, we have 1 QM \ • | QP \ = 
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\QD \-\QA | = b\ \PM\-\PQ\=\PD\x 
j PC ! = a 2 . Adding together these equalities, 
we get j PQ | 2 = a 2 + & 2 - 

A nswer: /a 2 + 6 2 . 

272. The line segment QP is equal to 

/ (fe 2 - A 2 ) + (c 2 - B 2 ) = /fc 2 + c 2 - 2R 2 (see 
the preceding problem). Let A BCD be the given 
quadrilateral, Q the intersection point of AB and 
CD ( A lies on the line segment BQ). To find the 
length of PQ, we circumscribe a circle about the 
triangle QCA and denote the point of intersection 
of QP with this circle by N. Since AANP = 
£ACQ = AABP, the points A, B, N, and P 
also lie on a circle. We have | QP |-| QN | = 

I QA M QB | = 6 2 — R\ | PN | • !/><?! = \CP |X 
| PA j = /f 2 — a 2 . Subtracting the second equal¬ 
ity from the first one, we get | QP | 2 = 6 2 a 2 — 
2f? 2 . Analogously, | PM | 2 = c 2 + a 2 — 2/f 2 . 

Answer: \ QM | V 6 2 + c 2 — 2fl 2 , |<?P| = 

V'6 2 -fa 2 -2ff 2 , | PM | = Y c*+« 2 -2 R*. 

273. The radius of the inscribed circle is con¬ 
tained between the values of the radii for the two 
limiting cases. It cannot be less than the radius 
of the circle inscribed in the triangle with sides 
a+6, 6 + c, e + a which is equal to S/p, where 
S is the area and p the semiperimeter of the tri¬ 


angle; thus 

l/~ afrc 
r a + b + c ' 


S _ (a b c) abc _ 

r p a+6+c 

On the other hand, r is less 


than the radius of the circle shown in Fig. 11 (on 
this figure, the opposite tangents are parallel, and 
the point C tends to infinity). Since for the angles 
a, p, and y marked in the figure the following 
equality is fulfilled: a + p + y = st/2, tan a = 
c/p, tan p = a/p, tan y = 6/p, where p is the 
radius of the shown circle, tan (a + fi) = cot y. 
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or = ~~ whence p = V ab -f- 6c + ea. 

p s — acb 



Fig. 11 


274. Let M be the point of intersection of the 
straight line CB and the lines of centres of the 
given circles. Let us denote: | AM | = x, /.ACB = 


q>; \AB\ 2 = 2 rx, I AC |* = 2 Rx, sin <p = jjg -. 

If p is the radius of the circle circumscribed about 

AABC, then p = M = M£ H j £J =/17. 
, _2 sin <p 2x 

A nswer : VRr. 

275. Let Oj, 0 2 be the centres of the circles and 
A the point of their intersection most remote from 
BC, L0 X A0 2 — (p. Let us show that LB AC — 

(p/2. ^ For the other point the angle is 180° — y . J 

Indeed, LBAC = 180° — LABC - LBCA = 


180° — (90° - LABO x ) — (90° — LACO t ) = 
LAB0 1 + LAC0 2 = Z5.40, -f ZC,40 9 = q> - 
LB AC). Let \ O l O % \ = a. * Drawing 0 % M || BC 
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(M on Ojfl), 
Y a 2 


we get | BC 1 = 1 0 2 M 1 = 


(R— r) 2 . From the triangle O x A0 2 we find 


that cos (p = 


i? 2 + r 2 - 
2 Rr 


thus, the radius of 


the circle circumscribed about the triangle ABC 
\BC\ _ V a 2 — (/? — r) 2 


is equal to 


2 sin 


<P 


V 2 


/ 


i? 2 + r 2 —a 2 
2 Rr 


Y Rr- 

Answer: YRr (for both triangles). 

276. DO and CO are the bisectors of the angles 
ADC and DCB. Let a, p, and y denote the corre- 



Fig. 12 


sponding angles (Fig. 12). But a + 2p + 2y +a = 
2n; hence, a + P + y = n; hence it follows that 
/.DOA = y, /COB = p, and the triangle AOD 
is similar to the triangle COB ; consequently, 
| AD | | CB | = \AO M OB | = | AB | 2 /4. 

Answer: a 2 lib. 

277. It follows from the conditions of the 
problem that the bisectors of the angles C and D 
intersect on the side AB. Let us denote this point 
of intersection by O. Circumscribe a circle about 
the triangle DOC. Let A be a second point of 
intersection of this circle with AB. We 

have: /.DKA = LDCO = j /DCB = |x 
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(180° LDA K) 


(.LDKA + LADK). 


Hence, Z DKA = LADK and \ AD \ = \ AK \. 
Similarly, | BC \ — 1 BK |; consequently, | AD |+ 
I CB | = \AB |. 

A newer: a — b. 

278. On the ray MC, we take a point N such 
that | AN | = 1 AB | = | AD |. Since 

sin Z MNA _ | AC \ = | AC | = sin! A ADC 
sin Z MCA | AN | | AD | sin Z ACD 

and LMCA = A ACD, we have: sin /.MNA — 
sin LADC = sin Z ABM, that is, the angles 
ABM and MNA are either congruent or their 
sum totals to 180°. But M is inside the triangle 
ABN, hence, /.ABM — /.MNA. Now, we can 
prove that AABM — AAMN; LNAC = 
/.MNA — Z NCA = LADC — LACD = <p. 
a + <P 
2 ' 

279. Let K and L denote the points of tangency 
of the first and second circles with one of the sides 
of the angle, and M and N the other points of 
intersection of the straight line AB with the first 
and second circles, respectively. Let 0 denote the 
centre of the second circle. Since A is the centre 

of similarity of the given circles, • — — 


A nswer: 


AB 


AL 


AB 


— k, whence | A K | • 


AL | = X | AL |*= 
the other hand, 


I AN | 

k 1 AB | -| AN | = | AB | 2 . On 
from the similarity of the triangles AKC and ALO 
we have: \AK\-\AL | = \ AC H AO |. Con¬ 
sequently, j AC \ -\ AO 1 = | AB | 2 ; hence, the 
triangles A BC and A OB are similar. 


Answer: or n — . 

280. Let LBAF = <p, <LDBA = a, lDAB = 
2a (by hypothesis, it follows that the points A, E, 
and F lie on the same side of BD, and LBDA < 
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90°, that is, a > 30°). By the law of sines, for the 

\DE\ 


triangles DEA, DAB, and BAF we have: 


\AD 1 


sin ( 120 ° — 2 a) 
sin (30°+ a) 


2 cos (30° +a); 


\AD\ sin a 
\AB\ “sin3a 


_1_ \AB\ cos (a— q>) 

4 cos (30° -f a) cos (30° — a) ’ \BF\~ sin q> 


Multiplying the equalities, we find: 


cos(g —q>) 
sinq> 


2 cos (a —30°), whence A BAF = <p = 30°. 

281. Consider two cases. 

(1) The line segment BK intersects AC. From 

' O / A _ / 

the condition that ABKC = -^-— it fol¬ 

lows that AC = 90° (ABCK — LB + AC, 
ACBK = 3 LA ~ LC + (AB + AC) + 

jL b 

__ = 180°, etc.). Consequently, the point O is 
found on AB, and the sum of the distances from O 

4 

to AC and AB is equal to - 5 - 1 BC j; thus, 1 BC 1 = 

u 

4 > 2 + = | AC 1 + | AB | > | AB |, 

that is, a leg is greater than the hypotenuse which 
is impossible. Thus, we have arrived at a contra¬ 
diction. 

(2) The line segment BK does not intersect AC. 
In this case, A. CBK = 180°- -4^- , / BCK — 


A A, LBKC — ^ (by hypothesis);hence, 

(l80°- + A A+ 3 - ^~- Z — —180°, 

whence A A — 30°. 

Again, two cases are possible. 
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(2a) The centre of the circumscribed circle O 
is inside the triangle ABC. Let the perpendicular 
dropped from 0 on AB intersect AB at N, and AC 
at K, and let the perpendicular drawn to AC inter¬ 
sect AC at M and AB at L. Let us denote: |OM| = 
at, | ON | = y|_a; + y= 2 (by _ hypothesis), 

1 OK | = 2x1 V" 3, | MK\ = x/l/3, \AK | = 

2 | NK 1 = 2y + ix/f 3, \AM | = \AK\ 

| MK (=2y + x/\^3. Similarly, we find: |4/V| = 
2x + y By hypothesis, | AN | + |4Af| = 

i (MB 1 +' | AC |) = (2 + ]A3). On the 

other hand, | AN | + 1 AM 1 (2 + /T) X 

(x + y) = 2 (2 + V^3), which is a contradiction. 

(2b) The point 0 is outside the triangle ABC. 
We can show that /.B is obtuse. Otherwise, if 

A C > 90°, then 3 . ^ . A~A9 < o, thus, O is 

found inside the line segment A C not containing £; 
however, this does not affect the answer. Using 
the notation of the preceding item, we have: 

1 AM | = 2y - x VT, 1 AN 1 = y VS-2x 
From the system y -f x — 2, 1 AM | +_| AN | =■ 

(2 + VI) y - (2 + / 3 ) x = we f,nd: 


-I 




AM ' = J 


3 /3 


the 


radius of the circle is \f\ AM \ 2 + \ MO | 2 = 


1/2 / 34-15 V 3 . 

282. If C v is a point symmetric to C with respect 
to AB, and By is symmetric to B with respect to 
AC, then (as usually, a, 6, c are the sides of A ABC, 
S its area) | CyBy | 2 = 6 2 4 - c 2 - 2 be cos 34 = 
a 2 + 26c (cos A — cos 34) = a 2 + 86c sin 2 4 X 

cos 4 = a 2 -f- 16 (6 2 + c 2 — a 2 ) -j^. Thus, we get 
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the system of equations: 

(a 2 6 V + 165 s ( 6 2 + c 2 - a*) = 86 V, 

J a 2 b i c i + 165 2 (a 2 + 6 2 - c 2 ) = 8 a 2 6 2 , 

I a 2 6 2 c 2 + 16S 2 (c 2 + a 2 - 6 2 ) = 14c 2 a 2 . 

Subtracting the second equation from the first one 
and bearing in mind that a e, we find: 4S 2 = 
6 2 . Replacing S 2 by 6 2 /4, we get: 

( a 2 c 2 + 4 ( 6 2 — c 2 — a 2 ) = 0, 

< a 2 6 V + 46V + 46 2 o 2 — 46 4 — 14aV = 0, 
l 6 2 = 4 S 2 . 

Denoting aV = x, a 2 + e 2 = y, we have: 

/ 4 y — x = 46 2 , 
t x ( 6 2 - 14) + 46 2 y = 46 4 . 

Multiplying the first equation of the latter system 
by 6 2 and subtracting the result from the second 
equation, we find: x (2b 2 — 14) = 0, whence 6 = 

Aniwer: i, /7, V* or |/ ——, 

| /,« _ A | 

283. Prove that tan a = -- ——where S 

is the area of the triangle (prove this for the other 
angles in a similar way). 

Answer: arctan | tan a ± tan P |. 

284. Let us find the cotangent of the angle 

between the median and the side of the triangle 
ABC. If LA X AB — ® (AAi a median of the tri¬ 
angle ABC, a, 6 , c the sides of the triangle, m a , 
m b , m c its medians, S the area), then cot q> = 
2c — a cos p_2c 2 — ac cos B _ 3c 2 + 6 * — o 2 

T c 2 S 4 S ' 

Let M be the median point of the triangle ABC’, 
the straight lines perpendicular to the medians 
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emanating from the vertices A and B intersect at C,; 
/. MCiB= L MA S=<p(Mi4 C X B is an inscribed quad- 
, , 1/9 \ 2 

rilateral). Consequently, S MBC 


(2a 2 +2c 2 -b 2 )(3c 2 +b 2 -a 2 
72 S 


1(2 y 

i = T\ 3 m ») 

. The area of the 


cot <p 

required triangle is the sum of the areas of the six 
triangles, each area being found in a similar way. 

Finally, we get ^ 

(the equality a 2 + 6 2 + c 2 = 9 (/? 2 — d 2 ) is left 
to the reader). 

Answer: (JR 2 — d 2 ) 2 . 

285. 60°. 


286, First note that | MN | is equal to the 
common external tangent to the circles with centres 
at Oy and 0 2 (Problem 142, Sec. 1). Consequently, 
if the radii of these circles are x and y and x + y = 
2R — a, then 1 MN | = /a 2 — (x — y) 2 . Let q> 
denote the angle formed by AB with O y O 2 , L the 
point of intersection of AB and O t 0 2 . We have: 

I W =—, = 2R~=~a' Sln * = \ OJT\ 
2 - - ~ I OL | I x + | O t L\ - R | 

+ -5^4— I,-,I. 

I AB 1 2 V R 2 - I OL l 2 sin 2 q> = 

— Va 2 ~ (x-y) 2 = — \MN\. 
a a 

2R 

Answer: — (in both cases). 


287. The angle A KB is equal to 90° (see Problem 
255, Sec. 1). Let R be the point of intersection 
of BK andi4C, Q a point on BK such that NQ || 4C. 
Using the usual notation, we have: \AR | = \AB\ — 
c, | MR | = c — (p — a ) — p — 5=| NB |, 
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i MK | | MR 1 | CB | 

| KN | | QN | | RC | b - c 1 ^ '• 

Since | MJV | 2 <p - c) sin |, | MK | = 

a sin Other line segments are considered in a 

similar way. The desired triangle is similar to the 
triangle ABC , the ratio of similitude being equal 
to sin (a/2). Its area equals S -sin 2 (a/2). 

288. Let | AM | = x, 1 CN | = y, x + V = a, 
where a is the side of the square. We denote by E 
and F the points of intersection of MD and DN 
with AC. The line segments | AE |, | EF |, | CF | 
are readily computed in terms of a, x, y, where¬ 
upon it is possible to check the equality | EF | 2 = 

1 AE | 2 + | FC | 2 - | AE H FC |. 

289. Let P be the point of intersection of the 
straight line DE with AB, K a point on AB such 
that KD is parallel to AC, AKD is an isosceles 
triangle (/KDA = ADAC = LDAK). Hence, 
KD is a median in the right triangle, and | MN 1 = 

i | KD | =1 \AP | =1 \AE | 

290. Let A, be another point of intersection of 
the circles circumscribed about tha A ABC and 
AAB 1 C 1 . It follows from the hypothesis that 
| BB X | = | CC X |, in addition, Z ABA X = AACA X 
and LAB X A X = LAC X A X . Consequently, 
AA X BB X — AA X CC X . Hence, 1 A X B | = | A X C |. 
Let /.ABC = P, Z ACB = y, /.ABA X = 
/.ACA X = <p. Since A A X BC is isosceles, we have 
LA X BC — /A X CB, i.e., p-f-<p = y — <p, <p = 

Y (V — P) end if the radius of the circle circum¬ 
scribed about the A ABC is R, then 1 AA X | = 
2R sin y -~- P ; but | AB | | AC 1 = 

2 R (sin y — sin P) = 4 R sin — - cos ^ 


14 - 0)557 
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2 | AA t | sin consequently, \ AA 3 \ 

a 

„ . a ‘ 

2 sin j 

291. Note that the points A, O, M, B lie on the 
same circle (Z AMB is measured by one-half of the 
sum of the arc AB and the arc symmetric to AB 
with respect to OC, that is, z AMB = 2.AOB). 
We lay off on AM a line segment MK equal to MB; 
then the triangle A KB is similar to the triangle 
OMB. 

Answer: | AB 1 = 2a. 

292. Let | AB | = 2r, 1 BC | = 2 R, O l the 
midpoint of AB, 0 2 the midpoint of BC, 0, the 
midpoint of AC, 0 the centre of the fourth circle 
whose radius is x. From the conditions of the 
problem it follows that | 0 1 0 3 | = R, 1 0,0, | = 
r, | O x O | = r + x, | 0*0 1 = R + x, | 0,0 | = 
R + r — x. Equating the expressions for the areas 
of the triangles 0j)0 3 and 0 l O 0 2 obtained by 
Hero’s formula and as one-half of the product of 
the corresponding base and altitude, we get two 
equations: 

|V(/f + r)r (/?-*)*= -L Rd. 

[/<* + r+r)flrz = i-(it + r)d, 

Squaring each of them and subtracting one from 
the other, we find: x — d/2. 

Answer: d/2. 

293. Let P be the foot of the perpendicular 
dropped from N on the straight line MB, then 
1 MP | = R cos a; consequently, | MP | is equal 
to the distance from the centre 0 to AB. But the 
distance from the vertex of a triangle to the point 
of intersection of its altitudes is twice the distance 
from the centre of the circumscribed circle to the 
opposite side (Problem 20, Sec. 1), i.e., 1 MP | = 
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i | MK |. Hence, it follows that if M is located 

on the major arc, that is, LAMB = a, then 
| NK | = R; and if LAMB = 180° - a (that is, 
M is found on the minor arc of the circle), then 
| NK | 2 = R* (1 + 8 cos 2 a). 

Answer: 1 NK | = R if M is on the major arc 
and 1 NK | = R 1 + 8 cos 2 a if M lies on the 
minor arc of the circle. 


294. Let ABC be the given triangle, CD its 
altitude, 0 1 and 0 2 the centres of the circles in¬ 
scribed in the triangles A CD and BDC, respective¬ 
ly, K and L the points of intersection of the 
straight lines D0 1 and D0 2 with AC and CB, 
respectively. Since the triangle ADC is similar to 
the triangle CDB, and KD and LD are the bisectors 
of the right angles of these triangles, 0 , and 0 2 
divide, respectively, KD and LD in tne same 
ratio. Hence, KL is parallel to 0 X 0 2 . But CKDL 
is an inscribed quadrilateral (lKCL = L KDL = 
90°). Consequently, LCKL = lCDL — n/4, 
LCLK — LCDK = n/4. Thus, the straight line 
0,0 2 forms an angle of n/4 with each of the legs. 
If M and N are the points of intersection of OtO., 
with CB and AC, then the triangle CMO t is con¬ 
gruent to the triangle C00 2 (C0 2 is a common side, 
LO^CD = LO t CM, LCDO t = LCMOJ. Hence, 
| CM | = | NC | = h. 

Answer: the angles of the triangle are n/4, n/4, 
n/ 2 , and its area is A 2 / 2 . 

295. For designation see Fig. 13. CKDL is a 
rectangle. Since L LKA = 90° + a, L.LBA = 
90° — a, BLKA is an inscribed quadrilateral, 


tan q> = 


h cos a 

_ 


= -g-sin 2 a. 


sin a 


■If R is the radius of the circle, then 


R = \KL\ h 

;> 2 sin<p 2 sin<p ‘ 


: 14* 


(2) 
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Since Z LOK — 2<p, we have: |0./V| = R cos<p = 
h h 

—-— —t—~— (we have used the equalities 

2 tan (p sin 2 a 

(1) and (2)), | OM | = | ON | sin (90° - 2a) = 


C 



h — : —s ——h cot 2a, and, finally, we get the ex- 
sin 2a ° 

pression-|- | PQ | = | QM | = - \OM |* = 

h —■ (l + cot*cp)—cot 2 2 a = 

*/T(_ 1 +3s)-“' ! *= ! T i ' 

\PQ\=hY$- If now the segments | PD | and 
\DQ\ of the chord are denoted by x and y, then 
x-\-y = hV 5, xy — h *, whence the desired line 
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segments are equal to 


Y 5+1 . Y 5-1 


K 


h. 


2 

296. Let (Fig. 14) P and Q be the points of 
tangency of the tangents drawn from E. Prove that 


B 



Fig. 14 


1 EP 1 = | EQ 1 = | BD |. Indeed, | EP | 2 = 
{\BD\ + \DC\){\ED\-\DC\)=\ ED |* - 
1 DC | 2 = | BC | 2 — | DC | a = | BD | 2 (by hy¬ 
pothesis, j ED | = | BC |). Denote | KN \ — x, 
\PN\=\NA | — y. \EQ | = | EP | = | BD | = z. 
Then | KE | = x + y — z. We have: S KEN = 
1 

-^■x(2R— z); on the other hand, S KEN = S K0N + 

S KOE — S EON = yfl(* + I + S- 2- J- *) = 
R (x — z). Thus, J x(2R-z)^R (x-z), i = 2 R. 
Answer: 2R. 

297. First, find lim Denote: /. C — 6 . 

«-o \0C\ ' H 
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\AO\ S a bd 
\OC\~ Sbdc 1 


-=- ab sin a 


(1) 


~2-(P— a ) (P~ b ) sin P 


But by the law of cosines, a 2 + ft 2 — 2ab cos a — 
(p —a)* + (p—b)*—2 (p—a) (p—ft) cos P=> cos (5 = 
P(p-a-b) + ab coscc 

(p— a ) (P — ft) 

sin P = Y l — cos 2 P = 1^(1 — cos P) (1 + cos P) 
_ Y fl ft (1 — cos ct) (2p 2 — 2ap — 2ftp -f- aft+aft cos g) 
~ (p-o)(p-ft) 

(2) 

If a 0, then cos a 1; consequently, 
sin a 


Yl 


cos a 


■■ Y2 cos -y 1^2 as a -*■ 0. Taking 


this into account, we obtain from (1) and (2): 

.Since \AC\ -*-p, 


lim I' 40 ' 


o-»o |0C| 


= 1 /_ 2 $_ 

V (p — a) (p—l 


(p—a) (p—b) 
pYab 


hm* I AO | y ab _ j_ y(p—a) (p—b) 


Section 2 

1. Prove that if D is the projection of M on AB, 
then | AD | 2 — | DB | 2 = | AM | 2 — | MB | 2 . 

2. Suppose that there is such a point (let us 
denote it by N), then the straight line MN is per¬ 
pendicular to all the three sides of the triangle. 

3. If M is the point of intersection of the per¬ 

pendiculars from Aj and B 1 on BC and AC, then 
(see Problem 1 in Sec. 2) | MB | 2 — | MC | 2 = 
| A t B | 2 - | A X C | 2 , | MC | 2 — | MA | 2 = 

I ByC | 2 — | ByA l 2 ; adding together these equal- 
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ities and taking into consideration the conditions 
of the problem, we get: | MB | 2 — | MA | 2 = 

| C X B | 3 — | C X A | 2 , that is, M lies on the per¬ 
pendicular drawn to AS through C,. 

4. It follows from the result of the preceding 
problem that the condition of intersecting at one 
point for the perpendiculars dropped from A„ B u 
and Ci on the sides BC, CA, and AB is the same 
as that for the perpendiculars from A, B, and C 
on B X C X , CiAi, and A X B X , respectively. 

5. We note that the perpendiculars dropped from 
A x , B x , C x on BC, CA, AB, respectively, inter¬ 
sect at one point D and then use the result obtained 
in the preceding problem. 

6 . The next problem proves a more general 
fact. From the reasoning of that problem it will 
follow that the centre of the circle lies on the 
straight line AB. 

7. We introduce the rectangular coordinate 

system. If the coordinates of the points A lt A 2 , ., 
A n are, respectively, (x lt y t ), (x x , y t ), . ., (x n , y n ) 

and those of the point M are ( x, y), then the locus 
is given by the equation a (x 2 + y 2 ) + bx + cy + 
d = 0 , where a — k x + k 2 + + k„; hence, 

there follows our statement. 

8 . If B is the point of tangency and 0 the centre 
of the given circle, then | OM | 2 — | AM | 2 — 

| OM | 2 - | BM \ 2 = | OB | 2 = B 2 . Hence, M lies 
on the straight line perpendicular to OA (see Prob¬ 
lem 1 of Sec. 2). 

9. The condition defining the set of points M 
is equivalent to the condition | AM | 2 —Ac 2 | BM\ 2 = 
0, that is, this is a circle (see Problem 7 in 
Sec. 2). This circle is called Apollonius' circle; 
obviously, its centre lies on the straight line AB. 


10. Since MB is the bisector of the angle AMC, 
\AM\ \AB\ _ 

v. -? , v = ; ~ nn i 1 • Consequently, the bisector of 
1 ML, 1 | tfC | 

the exterior angle with respect to the angle AMC 
intersects the line AC at a constant point K: 
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\AK 1 | AB | , ,, ... , . , 

= . - ■ , and the sought-for set of points 

1 /Co I I oC i 

M is the arc of the circle constructed on BK as 
■diameter and enclosed between the straight lines 


perpendicular to the line segment AC ana passing 
through the points A and C. 

11. Let Oy and 0 2 be the centres of the given 
circles, r t and r 2 their radii, M a point of the 
desired set, MA v and MA 2 tangents. By hypothe¬ 
sis, | MAy 1 — k | MA a |. Consequently, | MOy | 2 — 
k 2 | MO a | 2 = rf — k 2 r\. Hence (see Problem 6 of 
Sec. 2), for k 1, the sought-for set of points M 
is a circle with centre on the straight line 0,0 2 , 
while for * = 1 , the desired set is a straight line 
perpendicular to 0y0 2 . 

12. Let (Fig. 15) K and L be the points of 
intersection of the tangent to the second circle 




passing through D and the tangents to the first 
circle passing through B and A , and M and N two 
other points. It is obvious that /.DKB = /. CM A 
(either of these angles is equal to one-half of the 
difference between the angles corresponding to the 
arcs AB and CD). Therefore (in the figure) 
Z LMN + Z LKN = 180°. Consequently, KLMN 
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is an inscribed quadrilateral. Further, we have 


. n „. . n „ sin-i-wAB 

| DK | sin L DBK 2 

| KB | “ sin L BDK~~~ 1 

sin y w DC 


The ratios 


of the lengths of the tangents drawn through the 
points L, M, and N are found in a similar way. All 
these ratios are equal; hence, the centre of the 
circle circumscribed about KLMN lies on the 
straight line passing through the centres of the 
given circles (see Problem 6 in Sec. 2). 

13. Expressing the distances from the vertices 
of the triangle to the points of tangency, check the 
fulfillment of the conditions of Problem 3 in 


Sec. 2. 


14. Let 1 AM X | : | BM X | : | CM X 1 = p: q : r. 
Then the set of points M such that(r 2 — q 2 )\A M |*-f 

{ p 2 - r 2 ) | BM | 2 -f (? 2 — p 2 ) 1 CM l 2 = 0 is a 
straight line passing through M x , Af 2 , and the 
centre of the circle circumscribed about the triangle 
ABC (see Problem 7 in Sec. 2). 

15. Points M x and M 2 belong to the set of points 
M for which 5 | MA | 2 — 8 | MB | 2 + 3 | MC l 2 = 
0. This set is a straight line, and, obviously, the 
centre of the circumscribed circle satisfies the con¬ 
dition that defines this set (see Problem 7 of Sec. 2). 

16. Let | AA X | = a, | BB X | = b, 1 CC X \ = c, 
| A X B X | = x, | B X C j 1 = y, | C X A X | = z. Then 
| AB X | 2 = a 2 + z*. |BiC| a = c 2 4- y 2 and so forth. 
Now, it is easy to check the conditions of Problem 3, 
Sec. 2. 


17. Let 1 AD | = x, \ BD \ — y, | CD | = z, 
| AB | = a. Let B a , C 2 denote the points of 
tangency of the circles inscribed in the triangles 
BCD, CAD, ABD, respectively, with sides BC, 
CA, AB. The perpendiculars drawn through the 
points A ,, B x , C x to the sides BC, CA, and A B coin¬ 
cide with those drawn to the same sides at the 

points A„ B a , C t . But | BA t | = —-- , 



218 


Problems in Plane Geometry 


\A t C l = ^-±3- *i\AC t \, \C t B\,\AB 2 \, 

1 B 2 C | are found in a similar way. Now, it is 
easy to check the conditions of Problem 3, Sec. 2. 

18. Apply the conditions of Problem 3 in 
Sec. 2, taking the centres of the circles as the points 
A, B, and C, and each one of the two intersection 
points of the circles as the points A,, B x , C x (A t is 
one of the points of intersection of tne circles with 
centres B and C, and so on). 

19. Take the third circle with diameter BC. The 
altitudes of the triangle drawn from the vertices 
B and C are common chords of the first and third, 
and also the second and third circles. Consequently 
(see Problem 18 in Sec. 2), the common chord of the 
given circles also passes through the intersection 
point of the altitudes of the triangle ABC. 

20. Let 0 denote the centre of the given circle, 
R its radius, MC a tangent to the circle. We have 
| MO | 2 — | MN | ! = | MO |* — | MB | • | MA | = 
j MO j 2 — 1 MC | s = B 2 , that is, the point M 
lies on the straight line perpendicular to the 
straight line ON (see Problem 1 in Sec. 2). It can 
be easily shown that all the points of this line 
belong to the set. 

21. Let 0 denote the centre of the circle, r the 
radius of the circle, | OA | = a, BC a chord passing 
through A , and M the point of intersection of the 
tangents. Then 

| OM | 2 = | BM | 2 + r 2 , 

|A3/| 2 = \ BM\ i — j |0Ci 2 +(i-|flC|-|BA|) 2 = 

| BM | 2 — \BC\• \BA\ + |BA| 2 = 

| BM | 2 — 1 BA | • |AC| = \BM |*-r 2 +a 2 . 

Thus, | OM | 2 — | AM l 2 = 2r 2 - a 2 , that is (see 
Problem 1 of Sec. 2) the required set of points is 
a straight line perpendicular to OA. This line is 
called the polar of the point A with respect to the 
given circle. 
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22. Show that if M x and Af a are two distinct 
points belonging to the set, then any point M of 
the segment of the straight line M X M 2 enclosed 
inside the triangle also belongs to this set. To this 
end, let us denote by x x , y x , and z x the distances 
from M x to the sides of the triangle, and by x 2 , y 2 , 
z 2 the distances from M 2 . Then we can express the 
distances x, y, z from M to the sides of the triangle 
in terms of those quantities and the distances 
between M t , M 2 , M. For instance, if | M X M \ — 
k | M X M 2 | and the directions of M X M and M X M 2 
coincide, then x = (1 — k) x x -f- kx 2 , y = 
(1 — k) y x + ky 2 , z = (1 — A) z x + kz 2 . Hence, it 
follows that if the equality is true for three non- 
collinear points inside the triangle, then it is true 
for all the points of the triangle. 

Remark. The statement of the problem remains 
true for an arbitrary convex polygon. Moreover, 
we may consider all the points in the plane, but the 
distances to the straight line from the points situat¬ 
ed on opposite sides of the line must be taken with 
opposite signs. 

23. For the distances x, y, z to be the sides of 
a triangle, it is necessary and sufficient that the 
inequalities i<y + i,y<* + z,z<i+jbe 
fulfilled. But the set of points for which, for in¬ 
stance, x = y + z is a line segment with the end 
points lying at the feet of the angle bisectors (at the 
foot of the angle bisector two distances are equal, 
the third being equal to zero; consequently, the 
equality is true; and from the preceding problem 
it follows that this equality is true for all points 
of the line segment). 

Answer': the sought-for locus consists of points 
situated inside the triangle with vertices at the 
feet of the angle bisectors. 

24. Since the perpendiculars from A 2 , B 2 , and 
C 2 on B X C j, C X A X , and A X B X , respectively, are 
concurrent, the perpendiculars from A x , B x , and 
C x on B 2 C 2 , C 2 A 2 , and A 2 B 2 , respectively, are 
also concurrent (see Problem 4 of Sec. 2). 
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25. Let a x and a, denote the distances from A 
to the straight lines 2 a and l 3 , respectively, b x and 
6 a the distances from B to the straight lines l 3 
and l u respectively, c, and c a the distances from C 
to the straight lines l x and f a , respectively, x, y, 
and z the distances from A x f B x , and C x to l, re¬ 
spectively. For the perpendiculars drawn respectiv¬ 
ely from A, B, and C on B X C X , C X A X , and A X B X , 
it is necessary and sufficient that the following 
equality be true (see Problem 3 of Sec. 2): | AB X | 2 — 
\B l C\'+\CA 1 \*-\A 1 B | 2 + | BC X | 2 — | C X A | 2 =0 
or (a? + y 2 ) - (c\ + y 2 ) + (c? + z 2 ) - (b \+z 2 ) + (6? + 
z 2 )—(o§-f-z 2 ) = 0 which leads to the condition 
of — of + b\ — b\ + c\ — c| = 0 , independent of z, y, z. 

26. It suffices to check the fulfillment of the 
condition (see Problem 3 of Sec. 2) | AB t | 2 — 
| B t C | 2 + | CA, | 2 - | A t B | 2 + | BC, l 2 - 
j C\A I* = 0. Note that the triangles BB t C x and 
AA t C x are similar, hence, | AC X |• 1 C X B 2 | — 
| BC X 1-1 C,A t |; in addition, AAC x B 3 — /.BC x A t , 
consequently, | AB, | 2 — | BA, | 2 = (\ AC X | 2 — 

| C X B l 2 ) + (| C X B 2 | j - | i4 a Cj p). By writing the 
corresponding equalities for | CA t | 2 — | AC a i 2 
and 1 BC a l 2 — | CB 3 | 2 and adding them together, 
we see that the sum of the difference in the first 
parentheses yields zero (apply the conditions of 
Problem 3 of Sec. 2 to the triangles ABC and 
A X B X C X , we get zero since the altitudes intersect 
at one point). It is easy to prove that AA 2 , BB t , 
and CC. pass through the centre of the circle cir¬ 
cumscribed about ABC, that is, the sum of the 
differences in the second parentheses is also zero. 

32. Through K and L, draw straight lines 
parallel to BC to intersect the median AD at points 
N and S.Let 1 AD | = 3a, | MN \ = xa, | MS | = 


ya. Since 


|LS! 

IMTI 


\AS | 
\AN | ’ 


|&S| _ \MS | 
IWA'1 “ \MN\ ’ 


we 


\AS\ _ \MS\ (2-f-y )a _ _y_ 
\AN\ \MN\ ’ (2—x) a x ' y 


have 
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t=f- The equality w = w + m 

is equivalent to f 

111 x 

- = - i -. Substituting y — - -, we get 

a true equality. 

34. Let O be the point of intersection of the 
diagonals AC and BD ; taking advantage of the 
similarity of the appropriate triangles, we get 
\OK\ \OK\ 1 OB\ _ \OA\ \OM\ _ \0M\ 
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that 


Indeed, from the fact that the straight lines KL 
and NM are parallel to the diagonal AC it follows 
l/CPI \KL\ \KL\ \AC\ |BK| w 

\PM\ \NM\ ' \AC\ ‘ |iVM| ~ \BA\ 

\AD\ \BK\ \BA\ \BK\ 

|iVD| “ \BA\ ' \KA\ ~ |JL4| • 

2) If, on the sides AB and CD of the quadri¬ 
lateral, points Ki and K, M x and M are taken 
1*1*1 \M X M\ 1 


so that 


\AK X \ = \KB\, 


\AB | ~ \CD\ m 
| DM j | = CM, then the area of the quadrilateral 
1 

K X KMM X is — of the area of the quadrilateral 


ABCD. Indeed 
\M t D\ 


$acd = 


Sbkc = 
\BK\ 


\BA\ 


\BK\ 
\BA\ 

Sacd- 


Sabci Sam,d — 

Consequently, 
\AK\ 


\BA\ 


SaBCD- 


\CD\ 

Sakcm,= (i-) S a bcd = 

\ K K I 

Similarly, 5 KiKMMl = |it ^C S AKCM,. Thus, 

? IKiJCI „ 1 „ 

^ K,KMM, = -pgp SABCD = ~ S. 

37. Let K be the midpoint of DB, L that of 
AC, S AI }m — ScyM (since I AL j = | LC |). In 
similar fashion, S BNM = S DNM , whence there 
follows the statement of the problem. 

38. If M is the midpoint of DC, N that of BC, 
K and L are the points of intersection of DN 

with AM and AB, respectively, then 1*^1- 

\DM\ 


that is, (AK | = 

o 


\AK | 

AM |; conse- 


\AL | 4 

4 4 11 

quently.SADK =-§- S ADM = y -^-S = — S (S the 
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area of the parallelogram). Thus, the area of 

1 

the sought-for figure is S—AS a dk = -g- S. 

39. Let Q, N, and M be the midpoints of AD, 
BC, and DC\ K, P, and R the points of intersec¬ 
tion of DN and AM, QC and DN, and QC and 

AM, respectively. Then | DK | = ~ | DN ! , 


|DP| = |PiV|, |<?/>| = |PC), = -f |<?C|, 


SpPQ 

Sqpd 


IPPI 


l/CPI 

\DP\ 

S 


~ 3 A 5 _ 15 


10*1 

Srpk = HT X “8“ == 'l20' - 

Consequently, from the quadrilateral considered 
in the preceding problem, four triangles, each 

g 

having an area of are thus cut off, the area 


4 S 


120 

of the desired octagon being _ . — „ . 

O 1 u 

40. Let the straight line HC intersect AB and 
LM at points T and N, respectively, the straight 
line AL intersect ED at a point K, and the straight 
line BM intersect PG at a point P. We have: 

S ACDE = S ACHK = S ATNLi S BCFG■ = S BCHP = 
s BM NT’ t * lus > S ACDE + $ BCFG ~ S ABML- 

41. Let Q denote the area of the pentagon, 
s x , s 2 , and s 3 the areas of the triangles adjoining 
one of the lateral sides, the smaller base, and the 
other lateral side, respectively; x the area of the 
triangle enclosed between the triangles of areas s, 
and s 2 , and y the area of the triangle enclosed 
between the triangles having areas s a and s 3 . Then 

1 

*i + x + *2 = *2 + V + — ~2 ( x + y + *a + Q) 
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42. If S is the area of the parallelogram, then 
2 On the other hand, 


s abk + $kcd —~ S- 


*DBC 


= s 


EKC 


+ s 


KCD 


= 2 5 ’ 


hence, S A bk ~ 


S EKC - Analogously, S AKD = S KC p\ adding to¬ 
gether the last two equalities, we get: S A bkd = 

S CEKF- 


43. We have; 


I AC, | 


3 ACC, 


-f MC|.|CC,| 


|C,B| 
sin z ACC, 


5 cc,b 


iKC,|. 


|C£| sin z 0,CB 


sin Z ACC, 
sin Z C,CB* 


Having obtained similar equalities for the ratios 

an< ^ -!?]! and multiplying them, we 

1 A,c l I | 

get the required statement. 

44. Let us show that if the straight lines in¬ 
tersect at the same point (let M denote this point), 
then R* — i (and consequently, R = 1; see 
Problem 43, Sec. 2). By the law of sines for the 

triangle AMC we have: } . 

B sm Z. A,AC | MC | 

Writing out similar equalities for the triangles 
AMB and BMC and multiplying them, we get the 
required assertion. Conversely: if R = 1, and all 
the points A„ C, lie on the sides of the triangle 
(or only one of them), then, drawing the straight 
lines AA, and BB U we denote the point of their 
intersection by A/,; let the straight line CAf, in¬ 
tersect AS at a point C 2 . Taking into consider¬ 
ation the conditions of the problem and that the 
necessary condition R — 1 is proved, we have: 

\^yB | = \ V$\ ' b ° th ° f the points and C * 

lying either on the line segment AB or outside it. 
Consequently, C, and C 4 coincide. 
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45. Let A,, B x , Cy be collinear. Through C, we 
draw a straight line parallel to AB and denote the 
point of its intersection with the straight line 
AyBy by M. From the similarity of appropriate 


triangles, we get: 


IflAJ |BC,| |CB,| 

I AyC 1 1 CM I ’ I ByA I 


. . a Replacing the corresponding ratios in 
I ACy | 

the expression for R (see Problem 43 of Sec. 2) 
with the aid of those equalities, we get: R = 1. 
The converse is proved much in the same way as 
it was done in the preceding problem (we draw 
the straight line ByA,, denote the point of its 
intersection with AB by C ? , and so forth). 

46. Check the following: if for the given straight 
lines R* = 1, then for the symmetric lines the 
same is true. If the straight line passing, say, 
through the vertex A intersects the side BC, then 
the line symmetric to it with respect to the bisector 
of the angle will also intersect the side BC (see 
Problems 43 and 44 in Sec. 2). 


47. If A„, B 0 , C 0 are the midpoints of the line 
segments AO, BO, CO, respectively, then the 
constructed straight lines turn out to be symmetric 


to the lines A 0 O, B 0 O, C 0 O with respect to the 
angle bisectors of the triangle A 0 B 0 C 0 (see the 
preceding problem). 


48. (a) Let the straight line BM intersect AC 
at a point B' , and the line CK intersect AB at a 
point C'. Through M, we draw a straight line 
parallel to AC and denote by P and Q the points 
of its intersection with AB and BC, respectively. 

Obviously, | g< c | - J mq J " • Drawing through 

K a straight line parallel to AB and denoting by 
E and F the points of its intersection with CA and 

.-1 u I BC' | I FK | 

CB, respectively, we have: | KE ^ ■ We 

carry out a similar construction for the point L. 
Replacing the ratios entering the expression for R 


15—01557 
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(see Problem 43 of Sec. 2) with the aid of that 
equality we take into account that for each line 
segment in the numerator there is an equal segment 
in the denominator, for instance: | PM | = | KE |. 

(b) Let, for the sake of definiteness, the line l 
intersect the line segments C 0 A, CA 0 and form an 
acute angle <p with OK. The straight line A X L 


divides the line segment MK in the ratio -j;- - 

b LKA, 

(starting from the point M). The ratios in which 
the sides KL and LM of the triangle KLM are 
divided can be found in a similar way. We have 
to prove that there holds the equality R — 1 
(see Problem 43, Sec. 2). Let us replace the ratios 
of the line segments by the ratio of the areas of 
the corresponding triangles. Then R will contain 
S LMA in the numerator and S KMC in the denom¬ 


inator. Prove that 


s lma, _ ainC 


5 KMC, 


sin A 


where A 


and C are angles of the triangle ABC. Obviously 


Z C 0 JMo+ Z j4 1 B 0 Co= 90° - 4p-+<P (this fol¬ 


lows from the fact that the circle of diameter AO 


passes through 2J„, C 0 and .4j) and Z B 0 A x O = 

/ a 

Z B 0 AO — —-— In similar fashion Z B 0 C x O = 

-4>—and Z <W,= (90° - + z C x OL = 

^90° - -4JL j -(-(180°~ ZC-Z B 0 OC X ) = 90°— 
/. B 0 OA X - z C) = 90° — Z fiy2 + (180°- 


Z A - z C — <p) = 90° + zB/2-q>, i.e., 
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sin A iB q A g — sin C\BqCq. Thus, —~—-—-— - 

^C.BoC, 

• £- _£ 

l^l-lflAl sm 2 C08 2 sinC 
| | • | B 0 C 0 1 gin _£ cos A_ sin A 


r denote the radius of the inscribed circle 
\OL\ = |OJf| = \OM\ = a. We have: 


’ LMA, 


’KMC, 


Slom + S LOMAi 
s kom+S KOMCi 


fl e lie 

7T * A,OB, + ~ 0 A.OB,A , 

a * C _1_fL c 

7T‘’c 0 ob„ + r ^ c q ob 0 Ci 


— S AoOB, +( S A,B,A,~ S A,OB,'> 


~ S CoOB, + ( S C,B,C, — S C,OB 0 ) 


(t-‘) 

s a,ob,+ 5 a,b,a, 

sin C 

(t-*: 

) S C,OB, + S C,B,C t 

sin A 


(The latter of the equalities follows from the 

fact that Sa ‘ ob > _ S AqB.a, = sinC \ 

S C,OB, S C.B,C , sin ^ ' ' 

In similar fashion, we single out in the numerator 
and denominator of the expression for R, two more 
pairs of magnitudes whose ratios are equal to 

8 | n „ and - 3 * n 5 , respectively. Hence, R = 1. It 
smB sin C v 

remains only to prove that the number of points 


15 * 
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of intersection of the straight lines LA„ KC ,, and 
MBi with the line segments KM, ML, ana LK, 
respectively, is odd. 

49. Consider the triangle ACE through whose 
vertices the straight lines AD, CF, and EB are 
drawn. The sines of the angles formed by these 
lines with the sides of the triangle ACE are pro¬ 
portional to the chords they are based on; con¬ 
sequently, the condition R = 1 (see Problem 44 
of Sec. 2) is equivalent to the condition given in 
the problem. 

50. Find out whether the equality R — 1 is 
fulfilled (in Item (b) use the result obtained in 
Problem 234 of Sec. 1) and all the three points lie 
on the extensions of the sides of the triangle. Thus, 
our statement follows from Menelaus' theorem 
(see Problem 45 of Sec. 2). 

51. By the property of the secants drawn from 
an exterior point to a circle, or by the property 
of the segments of the chords of a circle passing 
through the same point, we have: | BC X | ■ | BC t | = 

| BA, |-| BA 2 I, | CB, M CB t \z=\CA, |-| CA, |, 
j AB, |- j AB, j = | AC, H AC, |. Now, it is easy 
to check that if the assertion in Ceva’s theorem 
(the equality R — 1) is true for the points 
A„ B„ C„ then it is also true for the points A ,, 
B 2 , C a . It follows from the statement of the prob¬ 
lem that either all the three points A„ B % , C, lie 
on the corresponding sides of the triangle or only 
one of them (see Problem 44 of Sec. 2). 

52. Writing out the equality R = 1 (according 

to Ceva’s and Menelaus’ theorems—see problems 
44 and 45 in Sec. 2) for the points A,, B„ C,; 
A,, B,, C ,, A,, B 2 , C, ; and A,, C,, we get that 

for the points A„ B„ C % the equality R — 1 is also 
true. Now, it remains only to prove that either 
all the three points A a , B t , and C, lie on the 
extensions of the sides of the triangle (that is the 
case when the points A„ B„ C, are found on the 
sides of the triangle) or only one lies on the exten¬ 
sion (if only one of the points A„ B, and C, is on 
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the sides of the triangle) and use Menelaus’ theorem 
(see Problem 45 of Sec. 2). 

53. Make use of Menelaus’ theorem (see Problem 
45 of Sec. 2). As the vertices of the given triangle, 
take the midpoints of the sides of the triangle ABC 
on whose sides and their extensions the points under 
consideration lie. 

54. If a is the length of the side of the pentagon 
MKLNP, b the length of the side of the pentagon 
with one side on AB, e the length of the side of 
the pentagon whose one side is on AC, then 
I BA | | a I A Ci | b , I CB\ \ Mill 

| CiB | b ’ | B X A 1 c ’ | A X C | ~ a ' 

tiplying these equalities, we find R = 1 and then 
use Ceva's theorem (Problem 44 of Sec. 2). 

55. Check to see that the points A lt A. and 
Bi, B., B j are found either on the sides of the 
triangle O x O t O z (O u O s , 0 3 centres of the circles) 
or on their extensions, and the ratio of the distances 
from each of these points to the corresponding 
vertices of the triangle O^O t 0 3 is equal to the 
ratio of the radii of the corresponding circles. 
Further, make use of Menelaus’ theorem (see 
Problem 45 of Sec. 2) for each of these three points. 

56. The statement of the problem follows from 
Problems 43 and 44 of Sec. 2. 


58. Make use of the equality 


sin Z B 1 AA 2 
sin £ AtACi 


j \ p 1 !- - '^4 Obtaining similar equalities for 
]ABi\ |AjCi| 

the other angles and multiplying them, we get 
our statement on the strength of the results of 
Problems 43 and 44 of Sec. 2. 


59. We apply Menelaus’ theorem to the trian¬ 
gles ABD , BDC, and DCA (Problem 45* in Sec. 2, 


Remark): 

DQ_ 


AL BQ DP , BM_ CR_ 
LB ' QD ‘ PA ~ *’ MC ' RD 
AP DR CN 


X 
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the points of intersection of AB and PQ, BC and 
QR, AC and PR, respectively). Multiplying these 

equalities, we get: Cfa. **£..**=-i, that 

is, the points L, M and N are collinear. 

60. Consider the coordinate system whose axes 
are the given lines (this is the affine system of 
coordinates). The equation of a straight line in 
this system, in the usual fashion, has the form 
ax + by + c = 0. We shall first prove the neces¬ 
sary condition. Let the point N have coordinates 
(u, v) and the point M the coordinates (Xu, Xu). 
The equations of the straight lines A X B X , A t B., 
A 3 B 3 , A t B x have the form: y — v = k x (x — u), 
y — v — k 3 (x — u), y — Xu = k 3 (x — Xu), y — 
Xu — k A (x — Xu), respectively. Then the points 
A lt A t , A s , A t situated on the x-axis have, respec¬ 
tively, the coordinates on this axis: u — •=- u, 

*i 

1 X X 

u — r- u, Xu — r- u, Xu — v- u, while the points 

Aj ^3 ^4 

B i, B t B s , B a situated on the y -axis have the 
coordinates v — k t u, u — k 3 u, Xu — k 3 ka, Xu — 
X 4 Xu, respectively. Now, it is easy to check the 
equality given in the hypothesis. Sufficiency, in 
usual fashion, can be proved by contradiction. 

61. In Items (a) and (c), make use of Ceva's 
and Menelaus’ theorems (Problems 44 and 45 of 
Sec. 2, Remark). In Item (b), in addition, use the 
result of the preceding problem; here, it is con¬ 
venient, as in Problem 60, to consider the affine 
coordinate system whose axes are the straight 
lines AB and AC, and the points B and C have 
the coordinates (0, 1) and (1, 0). 

62. Let S denote the point of intersection of the 
straight lines A 3 M, B,L, and CjJf. Applying 
Menelaus’ theorem (Problem 45 in Sec. 2, Remark) 
to the triangles SMK, SKL, and SLM, we get 

KLi MA t SCi _ LM X KC X SB X _ 
L X M ' ‘ C X K ~ M X K ‘ C X S ' B X L ~ 
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, MKi LB j SA X 

KiL ' A X M ~ 

these equalities we get: 

KL X LM X MKi 

L X M ' M X K ' KiL ~ 


Multiplying 

(1) 


Equality (1) is a necessary and sufficient condition 
for the lines A X M, B X L, and C X K to intersect at 
a point. The necessity has been already proved. 
The sufficiency is proved, as usually, by contra¬ 
diction. (Let us denote by S' the point of inter¬ 
section of A X M and B X L , draw S'C lt denote by K‘ 
the point of its intersection with the given straight 
line, and prove that K and K' coincide.) Since the 
equality (1) goes over into itself with K, L, M 
replaced by K t , L lt M lt respectively, and vice 
versa, the assertion of the problem has been 
proved. 

63. Applying Ceva’s theorem (Problem 44* in 
Sec. 2, Remark) to the triangles ABD, BDC and 
CD A, we get: 


AP BF DE 
PB ’ FD " EA 
AE DG 
ED ‘ GC 


= . BQ_ CG_ _D£ CR 
’ QC ’ GD ’ FB 'BA A 

Multiplying these equalities, we 



BQ 

QC 


CR 

RA 


1, that is, the straight 


lines AQ, BR and CP intersect at a point. Let us 
denote it by N. Let T be the point of intersection of 
PG and DN. By Menelaus’ theorem we have 
DT NP CG . . DT PC w 

TN ' PC ' GD ~ l ' whence TN NP X 


GD CP GD , AE _ BF „ 
CG~ PN ‘ CG ’ 1 ED FD~ P ' 


CG AP a CR y CN _ 

GD ” Y ’ then PB ~~ P ’ RA~ a ' NP 

BA RC cc + P V CP _ l, , CN\_ 

PB ' AR~ p ' a ’ PN \ ^ NP f 
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line segment DN is divided in the same ratio by 
the other straight lines. 


64. Let us first consider the limiting case when 
the point N is found at infinity; then the straight 
lines A N, BN, and CN are parallel to the straight 
line l. Let the distances from the points A, B, and 
C to the line l be equal to a, b, and e. (For con¬ 
venience, let us assume that A, B, and C are on 
the same side of I.) The straight lines parallel to l 
and passing through A, B, and C intersect the 
straight lines B X C X , C X A X , and A X B X at points 
A j, B s , C 2 , respectively. It is easy to see that 


\A X C % \ a + c \B X A 2 \ b + a. | C x B t | 


| C 2 B X | c + b' l A 2 C X | a + c ’ | B 2 A X | 

t±±. Multiplying these equalities, we make 
b -j- a 

sure that the statement of Menelaus’ theorem 


(Problem 45 of Sec. 2) is fulfilled (it is necessary 
also to make sure that an odd number of points 
from among A », B 2 , C 2 are found on the extensions 
of the sides of the triangle A X B X C^. Hence, the 
points A 4 , B 2 , C 2 are collinear. 

The general Case can be reduced to the consid¬ 
ered one if, for instance, the given arrangement of 
the triangles is projected from a point in space on 
another plane. In choosing this point, we should 
get that the symmetry of the triangles is not vio¬ 


lated, and the point N tends to infinity. It is also 
possible not to resort to spatial examinations. Let 


us introduce a coordinate system with the straight 
line l as the z-axis and the origin at N. We carry 
out the transformation z' = 1/z, y' = y/x. As a 
result of this transformation, the points of the 


z-axis (y = 0) go into the straight line y' = 0; 
the points symmetric about the z-axis go into the 
points symmetric with respect to the line y' = 0; 
also straight lines go into straight lines; straight 
lines passing through the origin go into straight 
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lines parallel to the line y' = 0 (this transforma¬ 
tion is, in essence, the projection mentioned above). 
When this transformation is carried out, we get 
the arrangement we considered. 

65. We assume the given lines to be parallel. 
This can be achieved by projecting or transforming 
the coordinates (see the solution of Problem 64 



of Sec. 2). Apply Menelaus’ theorem (Problem 45 
of Sec. 2) to the triangle A X A,M (Fig. 16, N’K’ 
is parallel to the given straight lines). We have 


I AiL | 1 A t K | 


MN 


A*M | 


A\A a | | A,A t 


\LA,\ 
\MN’ I 

1 KM | | NA X | | A X A, | 

1 AyA 3 | | MN' I 

| K’M | * 

1 a,a% | 

1 A,A X | 

~ \K'M\ | A,A t | 

M S A,| “ 

IvMil 

■ / T m r . * 

1 AM, I I A t A t \ | A X M | 

IMA 5 |.. 


1 AM, | 
collinear. 
and 45 of 
A X L 
t<LA, 


= 1. Thus, the points L, N, and K are 

According to the Remark to Problems 44 
Sec. 2, we could consider the ratios 

\AxL\ 


and others instead of 


I LA, | 


And others. In this case the product of the appro¬ 
priate ratios is equal to (—1). 
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67. The desired locus consists of two straight 
lines passing through the point symmetric to the 
point A with respect to the straight line I and 
forming angles of 60° with l. 

68. The required set is the arc BC of the circle 
circumscribed about the triangle A BC correspond¬ 
ing to a central angle of 120°. 

69. If N is the point of intersection of the 

straight lines PQ and AB, then ' I \ PC \ 


I CB | 
| AC 


AN | | AQ | 

that is, N is a fixed point. The required 

set is a circle with diameter CN. If now M is a 
fixed point, then D lies on the straight line parallel 
to the line MN and passing through a fixed point L 

on the straight line AB such that j ^ j = 

L being arranged relative to the line segment AB 
in the same manner as N with respect to the line 
segment AC. 

70. Let <p denote the angle between BD and AC\ 
Sapk^ MKHPOIsincp, S BPC = j I BP | X 

| DC | sin«p=Y | BP | • | AD | sinq>. Since Sapk — 


Sbpc, | AK \-\PD \ — \BP \ -\ AD\, or 

1 j =1, but by Menelaus’ theorem for the 

I I 

triangle BDK (see Problem 45 of Sec. 2). 

I AK | | DP | | BM | 

\ AD | ‘ 1 PB | ' | MK | 

(M the point of intersection of AP and BK), con¬ 
sequently | BM | = | MK |, that is, the required 
locus is the midline of the triangle ABC parallel 
to the side AC (if the points P and K are taken 
on the straight lines AC and BD, then we get a 
straight line parallel to the side A C passing through 
the midpoints of the line segments AB and BC). 



Answers, Hints, Solutions 


235 


71. Let C denote the vertex of the given angle, 
and p its size. We drop perpendiculars OK and OL 
from 0 on the sides of the angle (Fig. 17, a). 
A circle can be circumscribed about the quadri¬ 
lateral OKAM. Consequently, Z.KMO — /.KAO. 
Analogously, LOME = LOBL. Hence, Z KML = 
4. KAO + LOBL = a + P, that is, M lies on 




Fig. 17 

an arc of the circle passing through K and L and 
containing the angle a + p, all the points of this 
arc belonging to the set. If a < p, then there are 
no other points in the set. And if a > p, then added 
to the set are points M located on the other side of 
the straight line KL for which Z KML = a — p 
(Fig. 17, b). In this case, the set of points is a pair 
ol arcs whose end points are determined by the 
limiting positions of the angle A OB. If the rays 
ol the fixed angle p and movable angle a are ex¬ 
tended, and instead of the angles, the pairs of 
straight lines are considered, then the desired 
set is a pair of circles (containing both arcs men¬ 
tioned above). 

72. Consider the quadrilateral DEPM in which 
4. DEM = AD PM = 90°, consequently, this is 
an inscribed quadrilateral. Hence, LDME = 
4.DPE = 45°. The required locus is the straight 
line DC. 

73. Consider the case when the point B lies 
ipside the given angle. First of all we note that 
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all possible triangles BCD (Fig. 18) are similar 
since aBCD = Z BAD, LBDC = ABAC. There¬ 
fore, if N is the midpoint of CD, then the angles 
BNC and BND are constant. Let us circumscribe 
a circle about the triangle BNC and let K be the 
second point of intersection of this circle and AC. 



Since Z BKA = 180° - Z BNC, K is a fixed 
point. Analogously, also fixed is L, the second 
point of intersection of the circle circumscribed 
about the triangle BND and the straight line AD. 
We have: aLNK = aLNB + Z BNK = 180° - 
Z BDA + Z BCK = 180°, that is, N lies on the 
straight line LK. The set of points N is the line 
segment LK, and the locus of centres of mass of 
the triangle A CD is the line segment parallel to 
LK dividing A A in the ratio 2 : 1 (obtained with 
the aid of a homothetic transformation with centre 
at A and the ratio of similitude equal to 2/3). 

74. If O is the vertex of the angle, A BCD is a 
rectangle ( A fixed), then the points A, B, C, D and 
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O lie on the same circle. Consequently, Z CO A = 
90°, that is, the point C lies on the straight line 
perpendicular to OA and passing through O. 

75. Note that all the triangles ABC obtained 
are similar. Consequently, if we take in each 
triangle a point K dividing the side BC in the 
same ratio, then, since Z A KC remains unchanged, 
the point K describes a circle. Hence, the point M 
dividing A A in a constant ratio also describes a 
circle which is obtained from the first circle by a 
homothetic transformation with centre at A and 
the ratio of similitude k = \ AM \/\ AK \. This 
reasoning is used in all the items: (a), (b), and (c). 

76. Let K denote the midpoint of AB, and M 
the foot of the perpendicular dropped from K on 
AC. All the triangles A KM are similar (by two 
congruent angles), consequently, all the triangles 
ABM are similar. Now, it is easy to get that the 
desired locus is a circle with a chord BC, the angles 
based on this chord being equal either to the angle 
AMB or to its complementary angle. (The minor 
arc of this circle lies on the same side of BC as 
the minor arc of the original circle.) 

77. If M, N, L, and K are the given points 
(M and N lie on opposite sides of the rectangle as 


H 



N 

Fig. 19 


do L and K), P is the midpoint of MN, Q the mid¬ 
point of KL, O the intersection point of the diag¬ 
onals of the rectangle (Fig. 19), then LPOQ = 
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90°. Consequently, the desired locus is the circle 
constructed on PQ as diameter. 

78. Let R and r denote the radii of the given 
circles (R > r), D the point of tangency of the 
chord BC and the smaller circle. Let K and L be the 
points of intersection of the chords AC and AB 
with the smaller circle, and, finally, let O be the 
centre of the circle inscribed in the triangle ABC. 
Since the angular measures of the arcs AK and 
AC are equal, | AK | — rx, 1 AC | = Rx\ hence, 
we get | DC | 2 = \ AC \ ■ \ CK | = (R — r) Rx 2 . 
Similarly, | AB | = Ry, \ DB | 2 = (R - r) Ry 2 ; 

consequently, , that .s, AD 

is the bisector of the angle BAC. Further, we have: 
| AO | MC| Rx - / R 

I °D I “ I CD | “ Y(R~r)Rx ~ V B-r ’ 
Thus, the desired locus is a circle touching in¬ 
ternally the two given circles at the same point A 
with radius 

MO | r V"R 

P \AD\~ YR + YR^t ’ 

79. Let 0 1 and 0, denote the centres of the 
given circles, the straight line O t O ? intersect the 
circles at points A, B, C, and D (in succession). 
Consider two cases: 


(a) The rectangle KLMN is arranged so that 
the opposite vertices K and M lie on one circle 
while L and N on the other. In this case, if P is 


the point of intersection of the diagonals 
(Fig. 20, a), then | 0,P |* - | 0 2 P |* = (| O x K |*- 
| KP |») - (| O x L |* — | LP |*) = I O x K | 2 - 
| OJL | a = R\ — R\, where R x and R x are the 
radii of the circles, that is, the point P lies on a 
common chord of the circles; the midpoint of the 
common chord and its end points are excluded, 
since in this case the rectangle degenerates. 

(b) Two neighbouring vertices of the rectangle 
KLMN lie on one circle, and two others on the 




240 


Problems in Plane Geometry 


other circle. Since the perpendiculars from O y on 
KN and from O a on LM must bisect them, the 
straight line O x O a is the axis of symmetry for the 
rectangle KLMN. 

Let R a be less than R x and the radius O a L form 
an angle qp with the line of centres. We draw 
through L a straight line parallel to O x O t . This 
line intersects the circle 0 1 at two points K, and 
K 2 , and to the point L there will correspond two 
rectangles: K 1 LMN l and K a LMN t (Fig. 20, 6). 
With (p varying from 0 to ji/ 2, the angle if formed 
by the radius O x K x and the ray O x O t varies from 0 
to a certain value t{>». With a further change in <p 
(from n/2 to ji), if decreases from ip 0 to 0. Mean¬ 
while, the centres of rectangles K X LMN X will 
trace a line segment from the midpoint of CD 
to the midpoint of BC excluding the extreme points 
and the point of intersection of this line segment 
with the common chord. Analogously, the centres 
of rectangles K a LMN t will fill in the interval with 
end points at the midpoints of AB and AD (the 
end points of the interval are not contained in the 
locus). 

If three vertices of the rectangle and, hence, 
the fourth one lie on a circle, then the centre of 
the rectangle coincides with the centre of the 
corresponding circle. 

Thus, the locus is the union of three intervals: 
the end points of the first interval—the midpoints 
of AB and AD, respectively, the end points of the 
second interval—the midpoints of BC and CD, 
the end points of the third interval—the points of 
intersection of the circles, the midpoint of the 
common chord being excluded. 

80. If B and C are the first and second points 
of reflection, O the centre, then BO is the bisector 
of the angle CBA. The path of the ball is symmet¬ 
ric with respect to the diameter containing C, 
therefore A lies on this diameter. If L BCO — 
Z.CBO — q>, then LABO — qp, LBOA = 2<p; ap¬ 
plying the law of sines to the triangle ABO 
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(I BO | = R, | OA | = a), we get: =-J?— 

'■ 1 7 6 sin 3q> sin <p’ 

whence cos 2q> = ~~ 2 ~< and for a > — we can 

find <p. 

Answer: points situated outside the circle of 
radius R/ 3 centred at the centre of the billiards. 

fit. The required locus are two straight lines 
perpendicular to the given lines. 

82. If the line A B is not parallel to l, then there 
are two circles passing through A and B and 
touching l. Let Oj and 0. denote their centres. 
The sought-for locus is tne straight line 0 1 O i 
excluding the interval (O t O a ). If AB is parallel to 
I, ; then tne desired locus consists of one ray per¬ 
pendicular to l. 

83. (al Let A (Fig. 21) be a vertex of a triangle. 
Extend tne line segment A M beyond M such that 



Fig. 21 


the extension has a magnitude | MN |= — | AM |. 

The point N is the midpoint of the side opposite 
flw vertex A, consequently, N must lie inside the 
Circumscribed circle, that is, inside the circle of 

*•-01557 
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radius | OA | centred at 0. Drop a perpendicular 
OR from 0 on AN. There must be fulfilled the 
inequality | AR | > | RN 1. If /.AMO > 90°, 
then this inequality is fulfilled automatically. And 
if /.AMO < 90°, then | AM | — 1 Af« | > 

1 MN | + | MR | => 1 AM | — ~ | AM | > 

2 | MR 1 =► | AM | > 4 | MR |. But R lies on 
the circle a of diameter OM, hence A must be loc¬ 
ated outside the circle which is homothetic to the 
circle a with the ratio of similitude equal to 4 and 
centre at M. Further, the point N must not get on 
the circle a since otherwise the side of the triangle 
whose midpoint it is, being perpendicular to ON, 
would lie on the straight line AN, that is, all the 
vertices of the triangle would be located on a 
straight line. Consequently, A must not lie on the 
circle which is homothetic to a with centre of 
similitude M and the ratio of 2. Thus, if we take 
on the straight line OM points L and K such that 
| LO | : | OM | : | MK | = 3 : 1 2, andconstruct 
on LM as diameter the circle 1, on MK the circle 2, 
then the required locus is represented by all the 
points outside the circle 1 excluding the points 
of the circle 2 except the point K (the point K 
belongs to the locus). 

(b) If O is the centre of the circumscribed cir¬ 
cle, M the centre of mass of the triangle, then K 
(see Item (a)) is the intersection point of the altit¬ 
udes of the triangle (see Problem 20 in Sec. 1). 
But the distance from the centre of the circle 
circumscribed about an obtuse triangle to the 
point of intersection of the altitudes is greater 
than the radios of the circumscribed circle. Con¬ 
sequently, the ^vertices of the obtuse triangle are 
found inside tnh circle 3, constructed on LK as 
diameter, outside the circle 1 excluding the points 
of the circle 2 (the vertices of obtuse angles lying 
inside the circle 2). 

84. Let ABC (Fig. 22) be the original regular 
triangle, A x B 1 C l an arbitrary triangle with A l C l || 
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AC, A X B X || AB, O the centre of the circle, O x 
the intersection point of the altitudes of the tri¬ 
angle A X B X C X . Let LBOB x = <p. Since O x B x || OB, 
we have L OB x O x = qp; since L C x O x B x ~ L C x OB x = 
120°, the quadrilateral C x O x OB x is inscribed 
in a circle, and, hence, /.O x OC x — /-O x B x C x = 
30° - <p. Thus Z. O x OB = qp + 120° + 30° — £ = 
150°, that is, the straight line OO x is parallel to 



CB. To find the path which can be “covered” by the 
point O x , while moving along this straight line, 
note that to determine the position of the point O x , 
we draw through the variable point B x a straight 
line parallel to OB to intersect the straight line 
passing through O parallel to CB. Obviously, the 
most remote points are obtained for the end points 
of the diameter perpendicular to OB. Thus, MN 
(the segment of the line parallel to CB, whose length 
is 4 R with the midpoint at O) is a part of the locus, 
the entire locus consisting of three such line 
segments (with the end points of the segments 
excluded). 

85. If ABC (Fig. 23) is the given triangle, and 
the vertex of the circumscribed rectangle AKLM 
coincides with A (B on KL, C on LM), then L 
belongs to the semicircle of diameter BC, the angles 
ABL and ACL being obtuse, that is, L has two 


18* 
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extreme positions: L x and L t , S_L X CA = L L t BA = 
90°, while the centre 0 describes an arc homothetic 
to the arc L t L t with the centre of similitude at A 
and ratio 4/2. 



A nswer: if the triangle is acute, then the desired 
set is a curvilinear triangle formed by the arcs 
of the semicircles constructed on the midlines as 
diameters and faced inside the triangle formed by 
the midlines; if the triangle is not acute, then the 
required set consists of two arcs of the semicircles 
constructed on two smaller midlines in the same 
fashion. 

86. If the first square is rotated about the point 
M through an angle of 60° (see Fig. 24) either 
clockwise or anticlockwise, then it must be entirely 
inside the second square. Conversely, to each 
square situated inside the larger square, and con¬ 
gruent to the smaller one, whose sides form angles 
of 30° and 60° with the sides of the larger square, 
there corresponds a point M possessing the needed 
property. (This square is shown in tne figure by 
a dashed line.) This point is the centre of the 
rotation through an angle of 60° carrying the 
square ABCD into the square this 
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point can be obtained from O t by rotating about 0 
in the needed direction through an angle of 60°. 
Consider the extreme positions of squares A l B,C 1 D 1 
(when two vertices are found on the sides of the 



Fig. 24 


larger square). Their centres serve as vertices of 

the square KLRN whose side is equal to 6 — ■— a X 

(1^3 + 1) (the sides of the square KLRN are 
parallel to the sides of the given squares, the centre 
coinciding with the centre of the larger square). 
The centres of another family of squares forming 
angles of 30° and 60° with the sides of the larger 
square also fill up the square KLRN. Thus, the 
required locus consists of the union of two squares 
one of which is obtained from the square KLRN 
by rotating the latter about 0 through an angle of 
60° in one direction, and the other by rotating 
through an angle of 60° in the opposite direction. 

The problem has a solution if b> \ ( /3 + 1) 

(the points P and Q may be located on the boundary 
of the squares). 

87. There is only one such point, viz. the 
centre of mass of the triangle (the median point). 
It is easily seen, that in this case for any point N 
on the boundary of the triangle we may take one 
of the vertices of the triangle as a point P. Let us 
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take some other point Af,. We assume that this 
point is found either inside the triangle AMD or 
on its boundary, where M is the centre of mass of 
the triangle ABC, D the midpoint of AC. We draw 
through M 1 a straight line parallel to BD and take 
the point of intersection of this line and AD as N, 
denoting its intersection point with AM by M t . 
Obviously, for any point P inside the triangle or 
on its boundary the area of the triangle M t NP does 
not exceed the area of one of the triangles AM t N, 
M t NC, M t NB. It is also obvious that S AM N < 


= 4 -S. Further, if 
0 

\ad | = 

\ DC | = a. 

1 i then Sm ’ NC 

|3/,W| 

\NC\ 

1 — x, iDeii ■ — 

* M DC 

' 1 MD 1 

\DC\- 

I 

_ <'■■' A Finallv 

S M,NB 1 

M t N | .. 

~ 1 ^ l* r xuaiiy f 

Samd 

| MD | * 


a* 

I ND 1 (a-x) x 


< 1 . 


\AD\~ a* 

88. If A, B, C are the angles of the triangle 
ABC, then the angles of the triangle ABI are 
A B C 

equal to 90° -f- y (Fig. 25); consequently. 


the sought-for locus is a pair of triangles two sides 
of which are line segments, the third being an arc 
which is a part of the segment constructed on AI 
and containing an angle a/2. 

89. We erect a perpendicular to BM at the 
point M\ let P denote tne point of intersection of 
this perpendicular and the perpendicular erected 
to the original straight line at the point B. Let us 
show that the magnitude | PB | is constant. Let 
Z.MBC be <p; K and L denote the feet of the 
perpendiculars from A and C on MB. By hy- 

pothesis, -j -j^ ■■ -f j LC I = k, but \ LC \ = 


| BC | sinq>, | AK | = | BA | sin (p. Hence. 
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\MK\ 

1 LM\ 

\BM\±\BK\ 

|i?A|sin<p 

| BC 1 sin® 

| BA | sin q> 

1 BM | | BL | 

1 BM | / 1 

1 BC 1 sin 9 


sin q> \ | BA \ 

1 \ . / 

1 bk | 

\BL\ l-ic 

1 BC | 1 ± \ 1 

BA \ sin 9 

| BC | sin 9 / ^ 


10*1 k\BA\-\BC\ _ , k |BA 1 • | BC | 

+ IBAI + IHCI’ 



Fig. 25 


which was to be proved. Consequently, the sought- 
for locus consists of two circles touching the 
straight line AC at a point B and whose diameters 
. . k 1 BA | • 1 BC | 

" ,0 tW+ fig 


90. Extend AQ beyond the point Q and take 

\ 

on this ray a point M such that | QM \ — — 1 A Q \ 

and a point A x such that | MA X \ — | AM |; M is 
the midpoint of the side BC of the triangle ABC; 
J.CBAt = Z.BCA, /.ABA t = 180° - /.BAC. 
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Consequently, if we construct circles on AM, 
MA t , and AA X as diameters, then the sought-for 
locus consists of points situated outside the first 
two circles and inside the third one. 

91. Consider four cases: either the triangle ABC 
is acute, or one of the angles A , B or C is obtuse. 
In all the cases, it is possible to express the angles 
of the triangle ABH in terms of the angles of the 
triangle ABC. 

92. If the end points of the rays do not coincide, 
then the required locus is formed by the parts of 
the following lines: the bisectors of the two angles 
formed by the straight lines containing the given 
rays, the midperpendicular to the line segment 
joining the end-points of the rays, and two parabolas 
(the parabola is a locus of points equidistant from 
a given point and a given straight line). If the end 

E oints coincide, then the desired locus consists of 
oth the bisector of the angle formed by the rays 
and the part of the plane enclosed inside the angle 
formed by the perpendiculars erected at the end 
points of the rays. 

93. Let A denote the vertex of the angle. It 
is possible to prove that the centre of the circle 
circumscribed about the triangle MON coincides 
with the point of intersection of the angle bisector 
AO and the circle circumscribed about AMN. Let a 
be the size of the angle, r the radius of the circle, 
K the midpoint of AO. On the angle bisector .40, 
we take points L and P such that | AL | = 



The sought-for locus consists of the line seg¬ 
ment KL (K not belonging and L belonging to 
this set) and the ray lying on the angle bisector 
with origin at P. 

94. Let 0,, 0 a denote the centres of the circles, 
r x , r 2 their radii, M the midpoint of AB, 0 the mid¬ 
point of O t O t . We have (by the formula for the 
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length of a median, Problem 11 of Sec. 1) 
I O t M |» = j (2r? + 2 1 OyB | 2 — | AB | 4 ),|O a A/|»= 

-j (2i + 2 | O t A |* - 1 AB |*), | O r B |* = 

(I O x O a |* + 4 1 OB |* - 2rD, | O a A |* = 

j (1 O l O i I* + 4 I OA 1* - 2rf). Thus, | 0 X M |* - 

) 0 t M | a = rf — r\, that is ^Problem 1 of Sec. 2) 
points M lie on the perpendicular to 0 t 0 2 . If the 
Circles have different radii and do not intersect, 
then the sought-for locus consists of two line 
segments obtained in the following way: from the 
line segment with end points at the midpoints of 
the common external tangents, we remove the 
points situated between the midpoints of the com¬ 
mon internal tangents (if M is a point on the line 
segment with end points at the midpoints of the 
common internal tangents, then the straight line 
passing through M perpendicular to OM does not 
intersect the circle). In the remaining cases (the 
Circles intersect or are equal) the sought-for locus 
is the. entire line segment with end points at the 
Midpoints of the common external tangents. 

95. (a) Since Z.FNB = 90°, LCNM = 135°, 
Z FNM — 45° (we suppose that | A M | > | MB |), 
L FNC — 90° and C, N, and B are collinear, and 
So forth. 

(b) We consider the right isosceles triangle 
ABK with hypotenuse AB (K lying on the other 
side of AB than the squares). The quadrilateral 
ANBK is an inscribed one, /LANK = £ABK = 
45°, that is, NK passes through M. 

The desired locus is the midline of the triangle 
ALB, where L is a point symmetric to the point K 
with respect to AB. 

96. Let N denote the point of intersection of the 
middle perpendicular and the tangent; 0 the centre 
of the circle, R its radius. We have: | ON | 4 — 
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| NA |* = + 1 MN |* — | NA |* = i?». Thus, 

the required locus is a straight line perpendicular 
to OA (Problem 1 of Sec. 2). 

97. If O x and 0 % are the centres of the given 
circles, Q x and Q t are the centres of the circles 
circumscribed about the triangles ABC X and AB X C, 
then O x Q x O t Q t is a parallelogram. The straight 
line QiQ t passes through the midpoint of the line 
segment O x O t (the point D). The second point of 
intersection of the circles circumscribed about 
the triangles ABC X and AB t C is symmetric to the 
point A with respect to the straight line Q X Q%. The 
sought-for locus is a circle of radius | AD | centred 
at the point D. 

98. Let O x and 0, denote the centres of the 
given circles, r x and r, their radii. Consider two 
right isosceles triangles O x O f O and O x O t O' with 
hypotenuse O x O t . The desired locus is two annuli 
with centres^at O and O' and the following radii: 

external ^3 (r x + r,) and internal —^ | r t — r, |. 

« mi 


Let us prove this. Let M be a point on the circle 
O x , N on the circle O,. If M is fixed, and N trav¬ 
erses the second circle, then the vertices of the 
right angles of the right isosceles triangles des¬ 


cribe two circles of radius 


VI 


r«, which are ob¬ 


tained from the circle 0. by rotating about M 
through an angle of 45° (both clockwise and anti¬ 
clockwise) followed by a homothetic transforma¬ 
tion with centre of similitude at M and the ratio 
V 2/2. Let 0 M be the centre of one of those circles. 
The point 0 M is obtained from 0 % by rotating the 
latter about M in the appropriate direction fol¬ 
lowed by a homothetic transformation_with centre 
of similitude at M and the ratio V 2/2. But 0 M 
can be obtained by corresponding rotation and a 
homothetic transformation with the centre of 
similitude at O t . Consequently, when M describes 
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i/’o 

the circle 0 lt 0 M describes a circle of radius ... r x 

Ct 


with centre at 0 or O'. 

99. The union of the three constructed parallelo¬ 
grams represents the parallelogram circumscribed 
about the given triangle separated into four 
smaller parallelograms. It is easy to express the 
relationships in which each of the diagonals under 
consideration is divided by the other diagonal in 
terms of the segments of the sides of the larger 
parallelogram. 

If the parallelograms are rectangles, then, on 
having translated two of the three considered diag¬ 
onals, we get a triangle congruent to the given one, 
and this means that the angles between them either 
equal the corresponding angles of the triangle or 
supplement them to 180°. The sought-for locus is 
a circle passing through the midpoints of the sides 
of the given triangle. 


100. We prove that 


\AM\ 

\AD\ 


— cos L BA C, where 


D is the point of intersection of A M with the circle. 
l*t 0 denote the centre of the circle, P the mid¬ 
point of BC, K the midpoint of AH. The triangles 

„ | MA | 

Hence, — 


DOA 
| AK 

TW 


and MKA are 
I _l OP 


similar. 


AD 


OB | 


= I cos LB AC |. The desired 


lbcus consists of two arcs belonging to two distinct 
Circles. 

4 101. Let B q and C a be the midpoints of the 
sides AC and AB, BB X and CC X the altitudes, K 
the midpoint of DE (Fig. 26), GK and C 0 N per- 

t endicular to AB, B 0 M perpendicular to AC. Then 
ML | | GC t | 1 KP 1 = | DC | 

\HM | .|_C»C,| I C.Cj | I BC I 


last 


equality follows from the similarity of the triangles 
MCE and ABC, K, P and C 0 , C x being the corre¬ 
sponding points in those triangles). In similar 
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fashion, the middle perpendicular to DF intersects 
MN at a point L x such that j J = j 
that is, the points L and L x coincide. 


A 



The sought-for locus is the straight line MN. 

102. It is obvious that any point of any of the 
altitudes of the triangle ABC belongs to the requir¬ 
ed locus. We show that there are no other points. 
Let us take a point M not lying on the altitudes of 
the triangle ABC. Let the straight line BM inter¬ 
sect the altitudes dropped from the vertices A 
and C at points M x and Af 2 , respectively. If the 
conditions of the problem were fulfilled for all 
the three points M lt A/„ and M, then the equal¬ 
ities Z MAM X = Z MCM,, Z MAM t — Z MCM t 
would hold, and then the five points A, M, M } , M t 
and the point C x symmetric to C with respect to 
the straight line BM would lie on one circle, which 
is impossible. 

103. Note that if a straight line l possessing the 
required property passes through M, then there 
exists either a straight line l x passing through M 
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ingitt a vertex of the triangle or a straight line l. 
passing through M and perpendicular to a side o! 
the triangle and possessing the same property, 
indeed, let the line l intersect the sides A B and CB 
of the triangle ABC at points C 0 and A 0 , and let 
there be a point B t symmetric to B with respect 
to I inside the triangle ABC. We rotate l about M 
so that B u moving in the arc of the corresponding 
circle, approaches AB or BC until the point C 0 
m B 0 coincides with the vertex C or A (and we get 
the line I t ) or until B x gets on the corresponding 
bide (and we get the line l t ). Let a denote the set of 
the points of our triangle situated inside the 
miadrilateral bounded by the angle bisectors 
drawn to the smallest and largest sides of the 
triangle and the perpendiculars erected at their 
jitidpoints. (If the given triangle is isosceles, then 
a is empty. In all other cases a is a quadrilateral 
or a pentagon.) The sought-for locus consists of all 
the points of the triangle excluding the interior 
Mints of a. 


105. We have: | MB |* = a* + e* cos* A = 
«* + c* — c* sin* A = a* + c* — a* sin* C = 
C* + o» cos* C = | NB |*. 

107. Prove that the point symmetric to the 
intersection point of the altitudes of a triangle 
with respect to a side of the triangle lies on the 
circumscribed circle. 

109. Let H denote the intersection point of the 
altitudes of the triangle ABC, AD the altitude, 

K, L, M, and N the projections of D on AC, CH, 
HB, and BA, respectively. Take advantage of the 
tact that K and L lie on the circle of diameter CD, 

L . and M on the circle of diameter HD, and M and 
iv on the circle of diameter DB. 


111. Prove that the radius of the circle circum¬ 
scribed about the triangle under consideration is 
Bttual to the radius of the given circles, and these 
circles are symmetric to the circumscribed one 
With respect to the sides of the triangle. 

112. Let A BCD denote the given rectangle. 
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and let the points K, L, M, and N lie on the 
straight lines AB, BC, CD, and DA, respectively. 
Let Pi be the second point of intersection of the 
straight line LN with the circle circumscribed 
about the given rectangle (the first point is P). 
Then BP 1 || KN, P X D || LM, and /LB X D = 90°. 
Hence, KN 1 LM. In addition, LN ± KM\ 
thus, N is the intersection point of the altitudes 
of the triangle KLM. Let now, for definiteness, 
L and N be on the sides BC and DA. Denote: 


\AB | = a, | BC | = b, | KP | = *, | PN 1 = y. 
The straight line KN divides BD in the ratio 

(6 g)y ’ countin 8 from vertex B. The straight 

line LM divides BD in the same ratio. 


113. The line segments \ AP \, \ BQ |, and 
| CR | can be expressed in terms of sides of the 

be 

triangle, for instance: | AP 1 = r—,—. 

114. Let M denote the midpoint of AD. Check 
to see that | BF |* + | FM | 2 = | BM |*. 

115. Draw through D a straight line perpendic¬ 
ular to the bisector of the angle A, then denote 
the points of its intersection with AB and AC by 
K and M, respectively, and prove that 1 A K | = 

| AM | = 6 ~^ - C -. Since 1 AC t 1 = 1 AB X | = 


p — a, 1 AC t 1 = | BC t 1 = p (p the semiperim¬ 
eter of the triangle ABC, and a, b, e its sides), the 
points K and M are the midpoints of the line 
segments C x C y and BxB t . 

116. Prove that l forms with AD the same 
angles as the straight line BC touching the circle. 
Hence it follows that the other tangent to the 
circle passing through D is parallel to l. 

117. We construct the circle touching the 
straight lines MN, AC and BC so that the points 
of tangency P and Q with the lines AC and BC 
lie outside the line segments CM and CN (this is 
a circle escribed in the triangle MCN). If R is the 
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r )int of tangency of MN with the circle, then 
MP I = I MR 1, | NQ | = | NR |, consequently, 

I MN | = I MP | + I NQ |; but we are given that 

| MN j = j MA | + I NB |. Thus, one of the 

points P or Q lies on the corresponding side, while 

the other on its extension. We have: | CP | = 

I tQ | = j (I CP | + 1 CQ |) =j{\AC | + 


| CB |), that is, the constructed circle is constant 
for all the straight lines. 

118. If 0 is the centre of the circle circumscribed 
about the triangle ABC, D the midpoint of CB, H 
the point of intersection of the altitudes, L the 
midpoint of AN, then | AL | = | OD | and, since 
AL is parallel to OD, OL bisects AD, that is, L is 
symmetric to 0 with respect to the midpoint of AD. 

119. Let BD denote the altitude of the triangle, 
and | BD 1 = R y^2, where R is the radius of 
tip circumscribed circle, K and M are the feet 
M the perpendiculars dropped from D on AB and 
BC, respectively, O is the centre of the circum¬ 
scribed circle. If the angle C is acute, then Z KBO = 
90° — Z C. Since BMDK is an inscribed quadri¬ 
lateral, Z MKD = /.DBM = 90° - ZC. Hence, 
Z MKB = 180° - 90° - (90° -ZC)=ZC; con¬ 
sequently, BO is perpendicular to KM. 

But S BKM = y I BD I* sin A sin B sin C — 

R* sin A sin B sin C = ■— S A bc- (We have used 

the formula S = 2R 2 sin A sin B sin C.) On the 
other hand, if h t is the altitude of the triangle 

BKM drawn from the vertex B, then -i- S = 

^ 1 AC M BD 1 = S B km = y I I 

J BD |A 1 sin B, hence, h x = = R; bear- 
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ing in mind that BO ± KM, we get that the point 
O lies on KM. 

120. Note that the triangles ADK and ABK 
are similar since | AK | 2 = | AC |* = \AD\ X 
| AB |. If O is the centre of the circle circumscribed 
about the triangle ABK, then LOAD + l-ADK — 
90° - LAKB + LADK = 90° (LAKB was as¬ 
sumed to be acute; if LA KB is obtuse, our reason¬ 
ing is analogous). 

121. Prove that the straight line parallel to BC 
and passing through E divides the bisector of the 
angle A in the same ratio as it is divided by the 
bisector of the angle C. 

122. If O is the vertex of the angle, A a point on 
the angle bisector, B t and B % the intersection 
points of one circle with the sides of the angle, 
C x and C, (B 1 and C x on the same side) the inter¬ 
section points of the other circle, then AABjCj = 
A AB t C t . 

123. Take advantage of the fact that the com¬ 
mon chord of the two circles passing through A, A, 
and B, B t passes through the point D (Problem 16 
of Sec. 2). 

125. If 0 is the centre of the circle circumscribed 
about the triangle AMB, then LMAB — 90° — 
LOMB = LBMC — 180°. The angle MAC has 
the same size. 

126. It is easy to prove that the circles under 

consideration intersect at one point. Let us denote 
this point by P. If the points are arranged as in 
Fig. 27, then Z PB t M = 180° - Z BB t P = 
LPC^B = 180° - S-PC^A = LPB x A = 

LPA % A — 180° — Z PA % M, that is, the points 
P, B t , M, and A , lie on one circle. In similar fash¬ 
ion, we prove that the points P, 2?„ M, C a lie on 
one circle, consequently, the five points P, M, A ,, 
B t , C t lie on one and the same circle. 

127. Prove that the sides of the triangle A t JJjCj 
are parallel to the corresponding sides of the tri¬ 
angle ABC. 

128. Prove that as the straight line KL dis- 
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places, the centre of the circle circumscribed about 
KLB-i describes a straight line. 

129. Prove that any two line segments are 
bisected by the point of their intersection. 



130. If KN is a perpendicular from K on AH, 


/ CAB = a, then 


\_KN[ 

\OM\ 


\AK\ \AO\-\KO\ 
\AO\~ \AO\ 


\AO\~2 |0M! sin y |AO| —2 \AO\ sin*-2- 

\AO\ = \AO\ = 

cos oc = j ) . Since the triangles ACB and 

I I'D I 

ACD are similar, it follows that KN is equal to 
the radius of the circle inscribed in the triangle 
ACD, and since K lies on the bisector of the angle 
A, A is the centre of the circle inscribed in the 
triangle ACD. The proof for L is carried out in 
a similar way. 

131. Denote by C x and Aj the midpoints of AB 
and BC, by B' and A' the points of tangency of 
the inscribed circle to A C and BC. Let, for definite- 
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ness, c > b (c and b sides of the triangle ABC), 
then the bisector of the angle A intersects the 
extension of C X A X at a point K such that | ^4 X A" | = 
c — b 

—-—, and the straight line B'A' must pass 

through the same point K since the triangles KA X A' 
and A'B'C' are isosceles, \ A'C \ = \ B'C \, 

| A x K | = | A X A' |, /.A'A X K = /.A'CB' 

132. Consider the angle at vertex A. Three 
points B x , B t , B 3 are taken on one side of the angle 
and three points C x , C 3 , C 3 on the other side. From 
Menelaus’ theorem (Problem 45 of Sec. 2, Remark) 
it follows that for the straight lines B X C X , B 2 C 2 , 
B 3 C 3 to meet in the same point, it is necessary 
and sufficient that the following equality is ful¬ 
filled: 


AB 2 C x C 2 C X C 3 


B 3 B , 


c 2 a ~ b 3 b x c 3 a 


( 1 ) 


(the ratios are understood in the sense indicated in 
Remark). Indeed, if the equality (1) is fulfilled, 
then it follows from Menelaus’ theorem that the 
straight lines B 2 C 2 and B 3 C a intersect the side 
B X C X of the triangle AB X C X at one point. 

133. Through A, draw a line parallel to BC 
and denote by K and L the points of its intersec¬ 
tion with A X C X and A X B X , respectively. We have: 

\KA\ _ \AC X | \CB X \ 


\BA X \ | C X B\ ’ |iM| 
theorem (Problem 44 
\BA X \ | CB X \ 


_ MiCI 
\AL\ 

in Sec. 


. And, by Ceva’s 
2 ), — Cl - 


— 1, hence, | KA 


\C X B\ X 

M,C| \B X A\ - -- =\AL |. 

But if AA X is the bisector of the angle KA X L, then, 
since | KA j = | AL |, AA X is perpendicular to 

KL, that is, AA X is the altitude of the triangle 

ABC. 

134. Let K be the point of intersection of AA X 
and BB X , H the intersection point of the altitudes 
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of the triangle ABC. The points A, K, H, and B 
lie on a circle (the angles A KB and A HB are either 
equal to each other or their sum yields 180° accord¬ 
ing as the points K and H are located either on 
the same side of the straight line AB or on differ¬ 
ent sides). The radius of this circle is equal to the 
radius R of the circle circumscribed about the 
triangle ABC. If qp is the angle between AA 1 and 
AH, then | KH | = 2 R sin <p. 

135. Let H denote the intersection point of 
the altitudes of the triangle AjjBjC,. The points 
Ai, H, B x and C lie on the same circle, the points 
jBj, H, C lt and A also lie on a circle, the radii of 
these circles being equal; the angles HB X C and 
HBtA are either equal or supplement each other to 
180°. Consequently, \ HA | = | HC |. The converse 
is false. For each point A t on the straight line 
BC there exist, generally speaking, two triangles: 
A\BiC x and A^C; (B x and B\ lying on AC, C x 
and C; on AB), for which the points of intersection 
of the altitudes coincide with the centre of the 
circle circumscribed about the triangle ABC, one 
of them being similar to the triangle ABC, the 
other not. For instance, if ABC is a regular tri¬ 
angle, A, the midpoint of BC, then we may take 
the midpoints of AC and AB as B x and C,, and, 
the points on the extensions of AC and AB beyond 
C and B, as B' x and C\, 1 CB\ | = | CB |, | BC\ | = 

1 BC |. The converse is true provided that the 
points A n B x , and C x are situated on the sides of 
the triangle ABC, but not on their extensions. 

136. We prove that the centre of the desired 
circle coincides with the orthocentre (the inter¬ 
section point of the altitudes). Let BD denote the 
altitude, H the intersection point of the altitudes, 
and K and L the midpoints of the constructed line 
segments emanating from the vertex B, \ BK | = 
| BL 1 = 1, M the midpoint of BD. Then 
| KH I s = | LH | 2 ' = | MH | 2 + | KM l 2 = 

P | BM | 2 + | MH | 2 = P — + 


17 * 
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(l BH | - ^^-) 2 = P + I BH I 2 - | BH | X 

| BD | = P — | BH | • | HD |. It remains to prove 
that the products of the segments of the altitudes 
into which each of them is divided by the point of 
their intersection are equal. We draw the altitude 
AE. Since the triangles BHE and A HD are simi¬ 
lar, we have: \ BH \ \ HD \ = \ AH \ \ HE \, 
which was to be proved. 

137. We denote (Fig. 28): | BC | = a, 1 CA | = 
b, | AB | = c. Through the centre of the inscribed 



circle, we draw straight lines parallel to AB and 
BC to intersect AK and KC at points P and Q. In 
the triangle OPQ we have: L POQ = LANC, 
1 OQ | = p — c, 1 OP 1 = p — a, where p is the 
semiperimeter of the triangle ABC. But, by hy- 
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pothesis, A NBM = /.ABC, \ NB \ p — a, 
| MB | = p — c. Consequently, A POQ = A NBM. 
If we take on the straight line OP a point M x such 
that | OM x | = | OQ | and on OQ a point N x 
such that | ON t | = | OP |, then AON l M 1 =* 
A NBM, and its corresponding sides turn out to 
be parallel, i.e., BM || OM , and BN || ON v Hence, 
NiMx || NM. Let us prove that OK is perpendicular 
to NiMi. Since two opposite angles are right ones, 
in the quadrilateral OPKQ, the latter is an in¬ 
scribed quadrilateral, consequently, AOKP = 
AOQP. Further, AKOP + AOM x N^ = AKOP + 
lOQP = AKOP + lOKP = 90°, and this 
means that OK X M X N X . 

138. Let, for definiteness, P lie on the arc AC. 
The points A, M, P, and N lie on one and the 
same circle, hence, ANMP = ANAP. Analo¬ 
gously, the points P, M, Q, and C are located on one 
and the same circle, APMQ = 180° — APCQ = 
180° - A PAN = 180° - APMN. 

139. Let ABC be the given triangle (Fig. 29), H 
the point of intersection of its altitudes. Note that 



the points symmetric to H with respect to its sides 
lie on the circle circumscribed about the triangle 
ABC (see Problem 107 in Sec. 2). If H t is a point 
symmetric to H with respect to the side BC, then 
the straight line l x symmetric to l with respect to 
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the same side passes through H x . With l rotated 
about H through an angle <p, the line rotates about 
Hi through the same angle q> in the opposite di¬ 
rection. Consequently, if P is the second inter¬ 
section point of the line l x with the circumscribed 
circle, then the radius OP (0 the centre of the cir¬ 
cumscribed circle) rotates about 0 through an 
angle 2<p in the appropriate direction. The same 
reasoning holds true for the two other straight lines 
symmetric to l. But if l coincides with an altitude 
of the triangle, then the statement of the problem 
is obvious (the point P coincides with the corre¬ 
sponding vertex of the triangle). Consequently, this 
statement is always true. 

140. Let the points A, B, C, and M have the 
following coordinates in the rectangular Cartesian 
system: (*,, y x ), (ar 2 , y 3 ), (x 3 , y 3 ), (x, y), respec¬ 
tively, and let the coordinates of the point G are 

+ Then the validity of 
the assertion follows from the identity 3 ^x— 

) 2 = (X - TO* + (X - * 2 )° + (* - * 3 ) S - 

1 

— ((x x —X*)*+(x 2 —x 3 )2-f(x 3 — Xj) 2 )) and analogous 

relationship for the ordinates. 

141. Consider the case when the point M 
(Fig. 30) lies inside the triangle ABC. Rotate the 
triangle ABM about A through an angle of 60° to 
bring B into C. We get the triangle AMiC which is 
congruent to the triangle ABM; the triangle A MM x 
is equilateral, consequently, the sides of the tri¬ 
angle CMM X are equal to the line segments MA , 
MB, MC. The points M 2 and M 3 are obtained in a 
similar way. The area of the hexagon AM X CM 3 BM 3 
is twice the area of the triangle ABC, that is, 
equals a* 3/2. On the other hand, the area of 
this hexagon is expressed as the sum of the areas 
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of three equilateral triangles AMM U CMM 3 , and 
BMM » and the three triangles congruent to the 
desired one. Consequently, 35 + (1 MA l 2 + 

| MB |*+ 1 MC \ i )^~ — a 2 Using the result 

of Problem 140 of Sec. 2, we get 35 -f (3d 2 + 



Fig. 30 


a*) a 2 KJ, whence5=^1 (a 2 - 3d 2 ). Other 

4 4 12 

cases of arrangement of the point M can be con¬ 
sidered in a similar way. 

142. Use the results of Problems 141 and 6 in 
Sec. 2. Generally speaking, the sought-for locus 
consists of a straight line and a circle. 

143. Let (Fig. 31,a) O be the centre of the cir¬ 

cumscribed, and 1 the centre of the inscribed cir¬ 
cle. From 0 and I, we drop perpendiculars ON, 
OP, IL, and IQ on AB and BC. If a, b, c denote the 
corresponding lengths of the sides BC, CA , and 
AB, and p the semiperimeter of the triangle ABC, 
then | BK | = | c — 6 1, \ BM \ = | a — 6 1, 

I BN | = c/2, i BP | = a/2, \ BL | = | BQ | = 

p - b, | NL 1 = i 1 a — b |, | PQ 1 = 
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y| c — b | (see Problem 18 in Sec. 1). Consequent¬ 
ly, if we draw, through O, straight lines parallel 
to the sides AB and BC to intersect the perpendic¬ 
ulars dropped from I, then we get the triangle 
ORS similar to BKM with the ratio of similitude 
of 1/2. But the circle constructed on 01 as dia¬ 
meter is circumscribed in the triangle ORS. Conso- 



i 



Fig. 31 

quently, the radius of the circle circumscribed 
about the A BKM is equal to 01. To prove the 
second part of the problem, we note that if a line 
segment OR t equal to OR is laid off on the straight 
line OS, and a line segment OS t equal to OS—on 
the line OR, then the line S^ is parallel to KM 
(Fig. 31, b); but /LOR 1 S l + LlOR x = LORS + 
LIOS = 90°, that is, S l fl 1 1 01. 

144. Using the notation of the preceding prob¬ 
lem, we draw through A a straight line perpen¬ 
dicular to 01 and denote by D the point of its in¬ 
tersection with the straight line BC. Prove that 
the difference between the radii of the circles cir¬ 
cumscribed about the triangles ABD and A CD is 
equal to the radius of the circle circumscribed 
about the triangle BKM. 

145. Let the sides of the triangle be equal to 
a, b, and c, and b — (a + c)/2. 
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(a) From the equality pr = (p the semi- 

perimeter, r the radius of the inscribed circle, h b 

the altitude drawn to the side 6), we get: 

I 1 

-~-(a + 6 + <0 = - 7 j-bh b ; but a c — 26, hence, 
£ * 

fi b = 3 r. 

(b) This assertion follows from the fact that 
\ 

r =— h b and the median point divides each median 
in the ratio 2 1., 

(c) Extend the angle bisector BD to intersect 
the circumscribed circle at a point M. If we prove 
that 0, the centre of the inscribed circle, bisects 
BM, then thereby our statement is proved. (We 
draw the diameter BN, then the line joining the 
centres of the inscribed and circumscribed circles is 
parallel to NM, and LBMN — 90°.) But 
the triangle COM is isosceles since ZOOM = 

£OCM = i- (AC + Ai?). Hence, | CM | = 

| OM |. From the condition 6 = (o + c)/ 2, 
by the property of an angle bisector, we get: 
1 CD 1 = a/2. Let K be the midpoint of CB; 
ACKO = A CDO (| CK | = | CD 1, LKCO = 
LOCD)\ hence it follows: LBKO = LCDM\ in 
addition, ADCM = /LOBK = AB/2, 1 CD \ = 

| BK | that is, A BKO = A CDM, | CM \ — 
j BO |, hence 1 BO | = | OM | which was to be 
proved. 

(d) We take any point on the angle bisector. 
Let the distances to the sides BC and BA be equal 

to x, while to the side AC to y. We have: y X 

(ax 4- cx + by) =' S A => b (2* + y) = 2 S A =► 
2* + y = h b . 

(e) If L is the midpoint of BA , then the desired 
quadrilateral is homothetic to the quadrilateral 
BCMA with the ratio 1/2 (see Item (c)). 
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146. Let N denote the intersection point of 
the common tangent with BC. It suffices to check 
that | FN | | NG | = | KN | | NM | = 

| DN | • | NE |. All the line segments are readily 
computed, since | BD | = | CE \ — p — b, 
\DN\ _ r _p a ^ the 


DE 1 = I b - c 


|AS| r„ p 
radius of the circle touching the side BC and the 
extensions of the sides AB and AC), and so on. 

147. Through the vertices of the triangle ABC, 
we draw straight lines parallel to the opposite sides 
to form a triangle A y B,Cy which is similar to the 
triangle ABC. It is obtained from the triangle 
ABC by a homothetic transformation with centre 
at the centre of mass, common for the triangles 
ABC and the ratio of similitude being 

equal to —2. The intersection point of the alti¬ 
tudes of the triangle ABC is the centre of the circle 
circumscribed about the triangle AXX^ Conse¬ 
quently, the points 0 (the centre of the circum¬ 
scribed circle), G (the centre of mass), and H (the 
intersection point of the altitudes of the triangle 

4 

ABC) lie on a straight line, and | OG | = y | GH 1, 


G lying on the line segment OH. 

148. In an acute triangle, Euler’s line inter¬ 
sects the largest and the smallest sides. In an ob¬ 
tuse triangle—the largest and the middle sides. 

150. Show that the required property is posses¬ 
sed by such a point P on Euler’s line for which 
| PO | = | OH | (O the centre of the circumscribed 
circle, H the intersection point of the altitudes); in 
this case, for each triangle the distance from the 
centre of mass to the opposite vertex of the origi¬ 
nal triangle is equal to 4 -/?, where R is the radius 
o 

of the circle circumscribed about the triangle ABC, 
and the straight line passing through the centre of 
mass of this triangle and the opposite vertex of the 
original triangle passes through the point O, 



Answers, Hints, Solutions 


267 


151. Let C x denote the centre of the circle cir¬ 
cumscribed about the triangle APB, and C 2 the 
point symmetric to C x with respect to A B. Simi¬ 
larly, for the triangles BPC and CPA we determine 
the points A x and A 2 , B x and B 2 , respectively. 
Since the triangles AC X B, AC 2 B, BA X C, BA 2 C, 
CB X A, CB 2 A are isosceles with vertex angles of 
120°, the triangles A x B x C t and A 2 B 2 C 2 are regular 
(see Problem 296 of Sec. 2). Computing the angles 
of the quadrilaterals with vertices P, A 2 , B 2 , and 
C „, we can prove that they lie on the same circle. 
Further, if H is the intersection point of the al¬ 
titudes of the triangle A PB, then, since | PH | == 

| C X C 2 | and, hence, PHC 2 C t is a parallelogram, 
the straight line C X H (Euler’s line of the triangje 
APB) passes through the midpoint of PC 2 . But 
PC 2 is a chord of the circle with centre at C\, con¬ 
sequently, C X H is perpendicular to PC 2 . Thus, the 
three Euler’s lines coincide with the midperpen¬ 
diculars of the line segments PC 2 , PB 2 and PA 2 , 
and since the points P, A 2 , B 2 , C 2 lie on the same 
circle, those lines intersect at its centre which is 
the centre of the regular triangle A 2 B 2 C 2 . It fol¬ 
lows from the result of Problem 296 of Sec. 2 that 
these three Euler’s lines intersect at the median 
point of the triangle ABC. 

152. Let ABC be the given triangle whose sides 
are a, b, and c (a :> b >. c), A lt B x , C, the points 
of tangency of the inscribed circle, / the centre of 
the inscribed circle, 0 the centre of the circum¬ 
scribed circle. Since, with respect to the triangle 
A X B X C X , I is the centre of the circumscribed circle, 
it suffices to prove that the straight line 10 passes 
through the intersection point of the altitudes of 
the triangle A X B X C X . Lay off on the rays AC and 
BC line segments AK and BL (| A K | = | BL | = 
t), and on the rays AB and CB line segments AM 
and CN (| AM | = | CN |) = 6). As is known (see 
Problem 143 in Sec. 2), the line 10 is perpendicular 
to LK and MN, hence, LK || MN. Denote: 
tKLC = LBNM = cp. By the law of sines' for 
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the triangles KLC and BNM , we have: 

I LC | a—c sin(q> + C) 

| KC | b — c sin <p ’ 

1 BN | a—b sin(B—<p) 

1 BM | b—c sincp ' ' 

Now, in the triangle A^tCx, we draw the altitude 
to the side B,C y . Let Q be the point of its inter¬ 
section with the straight line 10. We have to prove 
that Q is the intersection point of the altitudes of 
the triangle A 1 B 1 C 1 . But the distance from I to 

B y C\ is 1 1A x | cos A y = r sin ^ . Hence, the equal- 

ity 1 A y Q | = 2rsin ^ must be true. The angles 

of the triangle QIA y can be expressed in terms of 
the angles of the triangle ABC and <p, namely, 

LQIA y - 180°-<p, Z.QA y I = We 

have to prove that 2 sin ^-= —■ sin % —<=> 

sin ( f - 

sin (® + C) — sin (B — <p) = sin <p. The last 
equality follows from (1) and (2). 

153. When carrying out the proof, we make use 
of the fact that if perpendiculars PK and PL are 
dropped from a point P on the straight lines inter¬ 
secting at a point M, then the points P, K, L, 
and M lie on the same circle. 

154. Use the result of Problem 246, Sec. 1. 
156. The distance between the projections of M 

on AC and BC is equal to | CM \ sin C. If K 
and L are the projections of M on AB and BC, 
then the projection of AB on the straight line KL 
(this is just Simson’s line) is equal to | AB \ X 
| cos LBKL I = I AB \ | cos LBML \ = 

| AB | sin LCBM = | CM | sin C. 
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157. Prove that the sides of the triangles 
A X B X C X , A 2 B 3 C 3 , and A 3 B„C 3 are correspondingly 
parallel. 

158. Prove that Simson’s line corresponding to 
A i is perpendicular to B X C X (the same for the other 
points). Further it is possible to prove that Sim¬ 
son’s line corresponding to the point A x passes 
through the midpoint of A X H, where H is the 
point of intersection of the altitudes of the triangle 
ABC (see also the solution of Problem 166 of 
Sec. 2). Consequently, Simson’s lines are the alti¬ 
tudes of the triangle whose vertices are the mid¬ 
points of the line segments A X H, B X H, C X H. 
.Remark. We can prove that Simson’s lines of arbi¬ 
trary points A x , B,, C x with respect to the triangle 
ABC form a triangle similar to the triangle A X B X C X , 
the centre of the circle circumscribed about it coin¬ 
ciding with the midpoint of the line segment joining 
the points of intersection of the altitudes of the 
triangles ABC and A X B X C X . 

159. First of all, we check the validity of the 
following statement: if the perpendiculars drawn 
to the sides (or their extension) of the triangle at the 
points of intersection with a straight line meet at 
a point M, then M lies on the circle circumscribed 
about the triangle. (This statement is the converse 
of the statement of Problem 153.) Consider the 
parabola y — ax 1 . An arbitrary tangent to it has 

the form: y = kx — ^ (the tangent has only one 

common point with the parabola, hence, the discrim¬ 
inant of the equation ax 2 — kx + b is equal to 
zero). This tangent intersects the z-axis at the 
point x = If/4a. The perpendicular to the tangent 
at this point is represented by the straight line 

v= -T( x -i)=~T + h- Conseq uently ’ a11 

Such perpendiculars pass through the point 
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{O' Za) f° cus °f the parabola). Now we use 

the remark at the beginning of the solution. 

160. Let ABC denote the given triangle, H 
the point of intersection of its altitudes, A x , B x , C, 
the midpoints of the line segments AH, BH, and 
CH, respectively; AA t the altitude, A 3 the mid¬ 
point of BC. We assume, for convenience, that 
ABC is an acute triangle. Since /.B X A X C X = 
Z BAC and L.B X A 3 C X = A B X HC X , we have 
AB x A 2 C x = LB x HC x = 180° — Z B X A X C X , that 
is, the points A x , B x , A t , and C x lie on the same 
circle. It is also easy to see that AB X A 3 C X = 
LB X HC X = 180° — /.B X A X C X , that is, the points 
A x , B j, A 3 , and C x also lie on one (that is, on the 
same) circle. Hence it follows that all the nine 
points, mentioned in the hypothesis, lie on one 
and the same circle. The case of an obtuse triangle 
ABC is considered in similar fashion. Note that the 
nine-point circle is homothetic to the circumscribed 
circle with centre of similitude at H and the ratio 
of 1/2. (The triangles ABC and A X B X C X are arranged 
just in such a manner.) On the other hand, the 
nine-point circle is homothetic to the circumscribed 
circle with centre of similitude at the median point 
of the triangle ABC and the ratio of —1/2. (The 
triangle ABC and the triangle with vertices at the 
midpoints of its sides are arranged exactly in 
such a way.) 

161. Our statement follows from the fact that 
D lies on the nine-point circle, and this circle is 
homothetic to the circumscribed circle with centre 
of similitude at H and the ratio of 1/2 (see Prob¬ 
lem 160 of Sec. 2). 

162. Our statement follows from the fact that E 
lies on the nine-point circle, and this circle is ho¬ 
mothetic to the circumscribed circle with centre of 
similitude at M and the ratio of —1/2 (see Prob¬ 
lem 160 of Sec. 2). 

163. This distance is half the sum of the dis- 
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tances to BC from the intersection point H of the 
altitudes and the centre of the circumscribed circle, 
the latter being equal to half J HA |. 

164. Let M 0 be the midpoint of HP, A 0 the 
midpoint of HA, and the points A 0 , A x , and M 0 
lie on the nine-point circle. Consequently, M also 
lies on this circle since the hypothesis implies the 
equality | M 0 H \ -\HM \ = \A 0 H |-| HA X |, and 
H is simultaneously either inside or outside each 
of the line segments M 0 M and A 0 A 1 . 

165. We prove that M and N lie on the corre¬ 
sponding midlines of the triangle ABC. If P is 
tne midpoint of AB, then L.MPA = 2/LABM = 
L.ABC = A.APL. Let, for the sake of definite¬ 
ness, ABC be an acute triangle, /LC > /LA , then 
Z-MNK = 180 ° - /LKNB = /LKCB = /LMLK 
(we have taken advantage of the facts that the 
points K, N, B, and C lie on the same circle and 
that ML is parallel to BC). Hence, the points M, 
L, N, and K lie on the same circle. Further 

Z.LMK /LPMB + jLNMK = — /LB + 

lLBMK = y /LB + /LA . If 0 is the centre of the 

circle circumscribed about the triangle LMK, 
then LLOK = 1L.LMK = LB + 2LA = 
180 ° — LC + L-A = 180 ° - Z.LPK {L LPK = 
LAPK - /.APL = 180 ° — 2 LA — /_B — 
/. C — LA), that is, O lies on the circle passing 
through the points L, P, and K, and this is just 
the nine-point circle. 

166. Since the midpoint of FN lies on the 
nine-point circle (see Problem 160 in Sec. 2), it 
suffices to show that Simson’s line corresponding to 
the point F also bisects FH. Let K be the projection 
of F on a side of the triangle, D the foot of the 
altitude drawn to the same side, H v the point of 
intersection of this altitude and the circumscribed 
circle, | H X D | = | HD | (see the solution of 
Problem 107 in Sec. 2), L the point of intersection 
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of Simson’s line with the same altitude, and, final¬ 
ly, M the point on the straight line HH 1 for which 
FM || KD; then A FMH y = A KDL (| FM | = 

| KD |), both of them being right-angled, and 
/LDLK = /.MHxF since the altitude of the tri¬ 
angle is the Simson line corresponding to the vertex 
it emanates from, and we may use the statement of 
Problem 154 of Sec. 2. It is also easy to show that 

the directions of H X M and DL coincide, that is, 
FKHL is a parallelogram whence there follows our 
statement. 

167. In Fig. 32: 0 is the centre of the circum¬ 
scribed circle, A v , J? lt C j the midpoints of the sides, 



L and K are respective projections of A and B on 
l, M the point of intersection of the straight lines 
passing through the points L and K perpendicular 
to BC and CA. For definiteness, the triangle ABC 
is acute-angled. First, we prove that C x is the 
centre of the circle circumscribed about the tri¬ 
angle KLM. The points A x , 0, K, C lt and B lie 
on the same circle. Consequently, A C,KL = 
LOA-fiy— 90° — LC\ in similar fashion, 
LC{LK = 90° - AC. Hence, | KCi \ — | C X L |, 
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A.LC X K — 2/LC, and since /LKML — /LC , our 
statement has been proved. Further, KM is per¬ 
pendicular to A X C X , | KC X | = | C X M |, hence, 
/LC X MA X = /LC X KA X = 180° — /LB, that is, M 
lies on the circle circumscribed about A X B X C X . 

168. Let H denote the intersection point of the 
altitudes of the triangle ABC, and A a , B a , C a 
the midpoints of the line segments AH, BH, CH, 
respectively. Note that the triangles AB X C X , 
A X BC X , A X B,C are similar (the corresponding ver¬ 
tices being denoted by the same letters), A 2 , B a , 
and C a denoting the corresponding centres of the 
circles circumscribed about them. First, we prove 
the following assertion: three straight lines passing 
through the points A a , B a , and C 2 and occupying the 
same positions relative to the triangles AB X C X , 
A X BC X , A X B X C meet in a point on the nine-point 
circle. Note that the straight lines A a B x , B a B, 
and C a B x are equally arranged with respect to the 
triangles AB X C X , A X BC X , and A X B X C and intersect 
at the point B x tying on the nine-point circle. Since 
the points A a , B a , C a lie on the nine-point circle, 
it is obvious that the three lines obtained from the 
straight lines A a B x , B a B, and C a B x by rotating 
them about the points A 2 , B a , and C a , respective¬ 
ly, through the same angle, also intersect at one 
point located on the nine-point circle. Let now P 
be the intersection point of the Euler lines of the 
triangles AB X C X , A X BC X ,A X B X C. Denote: /LPA a A = 
q>. For the sake of convenience, we assume that 
ABC is an acute triangle, and the point P lies on 
the arc B x A a of the nine-point circle (see Fig. 33). 
Then /LPA a A x = 180° - <p, /LPA a B x = 180° - 
<p — /LB x A a A x = 180° — (p — /LB X C X A X 
2/LC — tp, /LPA a C x = 180° — (p + 180° - 
2/LB = 360° — if — 2/LB. Since the chords PA X , 
PB X , and PC t are proportional to the sines of the 
angles subtended by them, it remains to prove that 
one of the three quantities: sin cp, sin (2 C — q>), 
— sin (2B + <p), (in our case the first one) is equal 
to the sum of the two others, that is, sin <p = 


18-01557 
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sin (2 C — (p) — sin (2 B + <p). But in the triangle 
AA % H{ | AA t 1 = R, | AH l | = 2 B cos A ( R the 
radius of the circumscribed circle, H cos A the 
distance from the centre of the circumscribed circle 
A 2 to ByCy), Z-HyAA 2 = /-A + 2 /LB - 180°. 


A 



Fig. 33 


By the law of sines for the aAA 2 Hy, we have: 
2 cos A i 

—- _ .— =► — sin (2B +2A +q>) — 

sm<p sin(2fi+/l-t-q)) T 

sin (2 B + <p) = sin qp => sin (2C — q>) — 
sin {2 B + qp) = sin q>, which was required to be 
proved. Thus, we have proved the statement for an 
acute triangle. The case of an obtuse triangle ABC 
can be considered exactly in the same way. 

169. Let .4.BC be the given triangle, A t , B u 
and Ci the midpoints of the corresponding sides. 
Prove that the circle passing, for instance, through 
the vertex A and satisfying the conditions of 
the problem passes through the points of inter¬ 
section of the bisectors of the internal and external 
angle A and the midline BiC x . Hence, for all 
points M of this circle the equality | B,M |: 
I C X M 1 = \ByA | : | CyA \ = b : a is fulfilled (sec 
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Problem 9 in Sec. 2). Thus, if M l and M 2 are in¬ 
tersection points of two such circles, then 
| A t : I B t Mi I : \C X M X | = a : b : c (the same 
for the point M 2 ), therefore M x and M t belong to a 
third circle. In addition, M x and belong to a 
straight line for all points M of which the equality 
(c 2 — b 2 ) | A X M | 2 + (a 2 — c 2 ) | B X M | 2 + 
(ft 2 — a 2 ) | C X M | 2 = 0 is fulfilled (see Problem 14 
in Sec. 2 and its solution). This line passes through 
the centre of the circle circumscribed about the 
triangle A x BiCi and through the point of inter¬ 
section of its medians (check this, expressing the 
lengths of the medians in terms of the lengths of 
the sides), that is, it coincides with the Euler line 
of the triangle A l B x C l , and, hence, with that of 
the triangle ABC. 

170. (a) As it was done in the preceding prob¬ 
lem, we can prove that these three circles inter¬ 
sect at two points M x and M t , and \ A M x \ 

| BM X | : | CM X | — be : ac ab (the same for the 
point Af 2 ). 

(b) Follows from (a) and Problem 14 of Sec. 2. 

(c) Prove that if M is inside the triangle ABC, 
then /LAM X C = 60° + /LB, Z^BM X A = 60° + 
jLC, /LCM x B = 60° + /LB (for this purpose, use 
Bretschneider’s theorem—Problem 236 of Sec. 2). 

171. Take on BC a point A x and on BA a 
point Ci such that | BA j 1 = | BA |, | BC X \ — 
| BC | (the triangle A X BC X is symmetric to the 
triangle ABC with respect to the bisector of the 
angle B). Obviously, BK bisects A X C,. We construct 
two parallelograms BA 1 MC 1 and BCND (the 
Corresponding sides of the parallelograms are par¬ 
allel, the points B, K, M, and N are collinear); 

f CN | I AA X | = l | ^ l [ 2 , consequently, 

\AK | _ \AB\ _ | AB | 2 

1AC| | CAT | 1 BC | 2 

172. We have (Fig. 34) Z.FE X A = Z-EDF = 
/LA, hence, | AF \ = | EJ |, Z-FEiN = 
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/LFDB = Z.C, Z-E t FN = /-A . Consequently, 
A E t FN is similar to A ABC, 1 = 

, Z-AFN = 180° — /LA. Now, we can show 

\AB\ 


4 



that AN is symedian. To this end, consider the 
parallelogram ACA t B; AA X bisects BC, the tri¬ 
angle ACA X is similar to the triangle AFN, hence 
/LNAF = /LA X AC. 

173. The Apollonius circle passing through the 
vertex B of the triangle ABC is the locus of points 

M for which = j^j (Problem 170, of 

Sec. 2,Solution). Consequently, if D is the point of 
intersection of this Apollonius circle and the circle 
circumscribed about the triangle ABC, then the 

straight line BD divides AC in the ratio ^ BAD — 

Sbcd 

\AB\-\AD\ __ \AB\* 

\CB\-\CD\ |Cfl| 2 ' 
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174. Let N denote the point of intersection of 
BQ and CD, O the centre of the circle, R its ra¬ 
dius. Note that Z.NBC = \riLPMQ . (If Q lies on 
the line segment NB, then Z. NBC = 90° 
/LQBP = 90° —j/LQOP = ±PMQ.) Hence, the 


triangles NBC and POM are similar, | CN | = 
. „ r , = n 1 PD I = n \BP\ J_ 

1 BC 1 |PAf| R \PM\ R \AB\ 2 BR 

f 1 CD '• 


175. Let H be the intersection point of the al¬ 
titudes, O the centre of the circumscribed circle, B, 
the midpoint of CA. The straight line MN passes 
through K, which is the midpoint of BH, | BK\ = 

| B x O |. Prove that the line MN is parallel to OB 
(if /LC > A-A , Xhm/LMKN = 2/LMBN = Z.C- 
L.A = Z-OBH). 


176. Let the straight line A M intersect for the 
second time the circle passing through B, C, and 
M at a point D. Then Z.MDB = /LMBA = 
Z.MAC, Z.MDC = /LMBC = Z.MAB. Conse¬ 
quently, ABCD is a parallelogram. 

177. From the solution of Problem 234 of 


Sec. 2 it follows that ) = | . We may 

\MK\ IA^aI 

assume that l passes through N. Appyling the law 
of sines to the triangle NKP and replacing the 
ratio of sines by the ratio of the corresponding 

chords, we have: | NP \ = I NK 1 si " — 

sin Z.KPN 


\NK\sinZ-NKM \NK\ , 

- - • - , — = frriTT NM\ and so forth. 

Sin /LKMA \KM\ 

178. Let O denote the centre of the inscribed 


circle, K and L the points of tangency with the 
sides AC and AB. The straight line passing through 
N parallel to BC intersects the sides AB and AC 
at points R and M. The quadrilateral OKMN is 
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an inscribed one (/LONM = /LOKM = 90°); 
consequently, /LOMN — /LOKN, analogously, 
/LORN = L.OLN , but /LOLN = A.OKN, hence 
/LORN = L.OMN , and the triangle ORM is iso¬ 
sceles, ON is its altitude; thus | RN | = | NM |. 

179. If 1 BC 1 = a, | CA | = 6, \AB | = c, 
then, as is known (see Problem 18 in Sec. 1), 

| MC 1 =!Li±_L. We draw through K a straight 

line parallel to AC, and denote its intersection 
points with AB and BC by A t and C,, respectively. 
The circle inscribed in the triangle ABC is an 
escribed one for the triangle A 1 BC 1 (it touches 
AxCx and the extensions of BA 1 and BCj). But the 
triangle A X BC 1 is similar to the triangle ABC. 
Consequently, the circle escribed in ABC will 
touch AC at a point N\ let R and L denote the 
points of tangency of the circle with the extensions 
of BA and BC, respectively. We have: | BR | = 

1 BL | = j(a + b + c), hence | AN 1 = 1 4/f | = 


| RB | — | BA |= - ■ ■ f = 1 MC |. 

180. Draw through K a straight line parallel 
to BC. Let L and Q denote the points of intersec¬ 
tion of the tangent at P with the line BC and the 
line constructed parallel to it, and N the point of 
intersection of AK and BC. Since | CN 1 = 
| BM 1 (see Problem 179 of Sec. 2), it suffices to 


prove | NL 1 = | LM |; but 1 PL 1 = 1 LM |, 
nenee, have to prove that | PL | = | NL |. Since 
the triangle PLN is similar to the triangle PQK, 
in which | PQ | = | QK | we have | PL | = 
| NL | and | CL | = | LB 1. 

181. Let M and N denote the points of inter¬ 
section of the straight line LK and the straight 
lines l and CD. Then \ AM | a = | ML \-\MK |. 
From the similarity of the triangles KMB and 

DKN it follows that \MK\=> 1 
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Since the triangles CNL and MLB are similar, we 

| ML | 


have: 


Thus, | MK | 


|CJV| 

I ML | = 
that is 


|AiV| -|LA| 


lt7A r | • | DN\ X 
MA | 2 = | MB I*, 


| MB I* - | MB l 2 , 

| MA | = | MB |. 

182. Let B be a second common point of the 
circles, C the point on the straight line AB from 
which the tangents are drawn, and, finally, K the 
point of intersection of the straight lines MN and 



Fig. 35 


PQ (Fig. 35). Making use of the law of sines and 
the result of Problem 234 in Sec. 1, we get: 

\ dm \ 1 PM | sin Z PBM \ BM I 


PM . 

I MA | — sin £ PBM' 
sin £ PBM 


I MA 


Y- 


_ MA | ' sin £ BPM 

CB | sin z PBM , 

Thus, de- 


... I CA | sin Z BPM 

noting the angle AMB by a and the angle APB 
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by {$ (a and P constant) we get: 


1 PM 




MA 


| CB 


CA 


sin(a + P) 
sin p 


AN 


I NQ I 


/- 


CA 


Analogously, 
sinP 


we 


find: 


CB 1 sin(a+P)" 
laus’ theorem (see Problem 45 in Sec. 2), 
\AN 1 1 QK 


But, by Mene- 
PM I 


X 


NQ 


KP I 


= 1. Hence, 


MA 

QK\f\KP\=l. 


183. Through the point M, we draw a straight 
line parallel to AC to intersect the straight lines 
BA and BC at points A x and C x . We have: 
Z-A X KM - 90° — Z.D KM = 90° - Z-KBD = 
Z.BAD = Z.KA X M ; consequently, KMA X is an 
isosceles triangle, and 1 A X M | = | MK |. Analo¬ 
gously, I MC X | = | ML |; but | KM | = | ML |, 
hence | A X M 1 = 1 MC X |, that is, the straight line 
BM bisects AC. 

184. Let M denote the point of intersection of 
ND and AB, and P the point of intersection of the 
tangents to the circle at the points A and D. 

Since the straight lines NC, AB, and PD are 
parallel, from the similarity of the corresponding 
triangles we get: 


i AN I 

\AM | = 1 DP | , (1) 

I MB | I MD 1 1 AP 1 

| NC | '1 ND | 1 ND i ’ ' ; 

|W| = I W| WT : 

but \ DP \ = \AP \, \ NC \ = \ AN |. Consequ¬ 
ently, the right-hand sides of the expressions (1) 
and (2) are equal to each other, that is, \ AM \ — 
I MB 1. 
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183. We assume that D is the midpoint of CB, 
and AD intersects the circle for the second timo at 
a point K. Let us prove that the tangents to the 
circle at the points D and C intersect on the straight 
line MK. 


Consider the quadrilateral CMBK. For inter¬ 
section point of the tangents to the circle at the 
points C and B to lie on the diagonal MK, it is 
necessary and sufficient (see Problem 234 of Sec. 1) 


that 


|CAf | _ \MB\ . 
|CA| \BK\ ' 


but 


\CM\ _ \AB\ 
\CK\ \CK\ 


L££L=lda = fln the first 

| DA | |DA| | DA | |BA| ,( th " 1 

and last equalities we have used the fact that 
| CM | = 1 AB |, | AC | = | MB | since AM is 
parallel to CB, in the second and fourth equali¬ 
ties—that the triangle ABD is similar to the tri¬ 
angle CDK, and the triangle ADC to the triangle 
ADD, in the third, the fact that AD is a median.) 


186. Let O denote the centre of the circle, Ny, 
Mi, P x , Ry the points symmetric to the points N, 
M, P, R with respect to the straight line OA , re¬ 
spectively,'A the point of intersection of the straight 
lines NyRy and QS. We have to prove that the 
points Ry, S, and A coincide. The points Ny, My, 
and D lie on the same straight line symmetric to 
the straight line NMC; the points N t , Py, Ry 
also lie on a straight line symmetric to the straight 
line NPR (Fig. 36). The points D, Ny, Q, and A 
lie on one circle since /LBNyK = Z-MyNyPy — 
Z.MNP = Z.PQM = Z-BQK. The points D, Ny, 
Q, and Ry are also on one circle since Z-NyRyB = 
/LNyPyP = Z-NyQP = Z-NyQB. Consequently, 
the five points B, Ny, Q, R„ and A are located on 
the same circle; but the points Ny, Ry, and A are 
collincar, hence Ry and A coincide. 

187. Let us confine ourselves to the case when 
ABC is an acute triangle. Consider the parallelo¬ 
gram AyMON (M and N on AyB. and AyCy, respec¬ 
tively). Since AyO forms with A t C , and AyBy 
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angles of (90° — /LB) and (90° — /LC), we have 
| AyM | | A X M | cos B | A t L | 

1 AyN | ~ 1 MO | ~~ cos C ~ | AyK | * 



188. The statements of the problem follow 
from the fact: if a circle is constructed on each side 
of the triangle so that the sum of the angular values 
of their arcs (located on the same side with the 
triangle) is equal to 2n, then these circles have a 
common point. 

189. Take the points Ey and Fy symmetric to 
the points E and F with respect to AB. Then the 
problem is reduced to a particular case of Problem 
186, Sec. 2. 

190. On the extension of AC beyond the point 
C, we take a point M such that | CM 1 = | CB |; 
then E is the centre of the circle circumscribed 
about the triangle AMB (| AE | = | BE |, 
iLAEB = /LACB = 2/-AMB). Hence it follows 
that F is the midpoint of AM, and DF bisects the 
perimeter of the triangle ABC. In addition, DF 
is parallel to BM, and BM is parallel to the bisector 
of the angle C of the triangle ABC that is, DF 
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is the bisector of the angle D of the triangle DKL, 
where K and L arc the midpoints of AC and CB, 
respectively. 

191. Let the straight line intersect the sides AC 
and AB of the triangle ABC at points M and N. 
Denote: | AM 1 + 1 AN \ = 21. The radius of the 
circle with centre on MN touching AC and AB 
is equal to S AMN ll, and, by hypothesis, S AMN /l = 
Sabc^P ~ r > where p is the semiperimeter and r 
the radius of the circle inscribed in the triangle 
ABC. 

192. Prove that in the homothetic transforma¬ 
tion with centre at M and the ratio of similitude of 
—1/2 the point N goes into I (obviously, this ho¬ 
mothetic transformation carries the point / into 
S). Let ABC be the given triangle, A 0 , Bn, and 
C 0 the midpoints of the sides BC, CA, and AB, 
respectively, A X a point on the side BC such that 
AA X divides the perimeter into two equal parts. 
It is easy to see that A l is the point of tangency 
with the side BC of the escribed circle which also 
touches the extensions of the sides AB and AC, A , 
the point of tangency of the inscribed circle with 
the side BC. We have: | BA 2 | = | CA, |. We 
erect at point A a a perpendicular to BC and denote 
by D the point of its intersection with AA X . Repeat¬ 
ing the reasoning for the solution of Problem 179 
of Sec. 2, we prove that | A t I 1 = | ID |. Conse¬ 
quently, the straight line A*/ is parallel to AA t . If 
we carry out the homothetic transformation men¬ 
tioned at the beginning, then the straight line AA X 
goes into the line A In similar fashion, two other 
straight lines bisecting the perimeter go into B 0 I 
and C 0 I, respectively. Hence, all these three lines 
intersect at such a point N which goes into / in 
this transformation. This implies the statement of 
the problem. 

193. (a) Using the formulas r = -^-, 

S = V"p(p — “)(p — b)(p —c), where S is the area 
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of the triangle ABC, we easily prove the given 
relationship. 

(b) Use Leibniz’s formula (Problem 140 in 
Sec. 2), taking the centre of the circumscribed cir¬ 
cle as M. 

(c) Use Leibniz’s formula (Problem 140 of 
Sec. 2), taking the centre of the inscribed circle as 
M. To compute, for instance, | MA | 2 , we drop a 
perpendicular MK on AB; we have: | MK | = r 

| AK I = P — a\ hence, \ AM | 2 = (p - a) 2 +, 
r 2 , | MB | 2 and | MC | 2 are computed in a similar 
way. For simplifying the right-hand side, use the 
result of Item (a). 

(d) Let M denote the intersection point of the 
bisector of the angle B and the circumscribed circle. 
If | 10 | = d, then | BI | | IM \ = R 2 — d t . The 
triangle ICM is isosceles (| IM | = | CM |) since 

Z.CIM = j (/LB + /LC) and /LICM = ~ (/LB + 

/LC). Consequently, R* — d 2 = \ BI \ -\ IM | = 

I BI 1 • | CM | =- r — -2 R sin -f- = 2 Rr. 

ts z 

sm T 

(e) Can be proved in much the same way as 
Item (d). 

(f) The distance between the projections of I 
and /„ on AC is a. We take a point K such that 
IK || AC, I a K ± AC. In the right triangle IKI a , 

we have: /LKII a = j/t-A, \ IK \ = a, | I a K | = 

r„-r. Thus, I 1J fr= S h 2 1 ' K 1 X 

COS 2 -5- 
6 

tan -^- — iR (r a —r). 

194. Through the point O, we draw straight 
lines parallel to AB and AC and denote by L and 
K the intersection points of these lines with the 
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perpendiculars dropped from /„ on AB and AC, 
respectively. Let us prove that the triangles ABxC^ 
and OLK are similar. We have: z. BxAC^ = /_ LOK, 


I AB x | = 

h a+b) ’ 


c + a 
I OK 


^il=-£-, \° l 

c-f-a 

I = P—^—\ (“ + c )'> 


OL\-p-±- 


| AB t I _ I AC 1 I 2 be 

| OL | ~ \OK\ (c + a) (6 + a) ’ 8 

the diameter of the circle circumscribed about 
the triangle OLK. Consequently, | B x Cx | = 

26e I rv , 26c , ^ r , . , 

, I win 1 \ LK \— ; r-rr—; r 01 a Sin A = 

(c + a)(6 + a) (c + a)(6 + a) 

__ . Q T . 

(c + a)(6H-a)/T 1 a '• 

196. Prove that the area Q a of the triangle with 
vertices at the points of tangency of the escribed 
circle centred at I a can be computed by the formula 


<?a=^ BC ^= 2 W*- a ) ’ Whefe thC notation 
is the same as in Problem 193 of Sec. 2. Analogous 
formulas can be obtained for the areas of other 
triangles. (See the solution of Problem 240 of 
Sec. 1.) 

197. Let O be the centre of the circle circum¬ 


scribed about the triangle ABC, B, the midpoint 
of AC, N the point of tangency of the inscribed 
circle with AC. Then | AN | = p — a, | CN | = 
p — c (see Problem 18 in Sec. 1), | ON | 2 = 
IOjM 2 + I B X N | 2 = I AO I 2 - I AB t | 2 + 

| I 2 = f ? 2 - i 2 + ( p - fl --|) 2 /? 2 

(p — a) (p — c). We then determine the squares 
of the distances to the other points of tangency and 
add them together to get the desired sum; it is 
equal to 3 R 2 — (p — a) (p.— c) — (p — c) X 
(p - b) - (p - 6) (p - a) = 3fl 2 - M. Making 
use of Hero’s formula for the area of a triangle 
and the formulas S — pr and S = abc/AR, we get: 
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ra = (p — a) (p — 6) (p — c)lp, ARr — abc/p. Add¬ 
ing together the last equalities and using the iden¬ 
tity (p — a) (p — b) (p — c) + abc = p ((p— a)X 
(p — b) + (p — b) (p — c) + {p — c) (p — a)) = 
pM, we find Af = ARr + r 2 . 

Answer: 3# 2 — 4ftr — r 2 . 

198. The product of the lengths of the line' seg¬ 
ments from the vertex A of the triangle ABC to the 
points of intersection of the side AB with the given 
circle is equal to the product for the side AC. 
Each’of these line segments can be readily expressed 
in terms of the sides of the triangle and the 
chords under consideration. Thus, we obtain a 
system of three equations enabling us to express 
the chords in terms of the sides of the triangle. To 
avoid the looking over of variants, it is conve¬ 
nient to choose a certain direction of traversing the 
triangle and regard the line segments to be directed 
and their lengths to be arbitrary real numbers. 

199. Let K x and L x be points on BC and BA, 
respectively, such that K X K || L X L || B X B. It suffices 
to prove that the triangles BK X K and BL X L are 

.. . . | BK X \ | BL X 1 

similar, that is, J -—- 1 -- 


BK X 


I B x K 


K X K 


K X K 


L X L | 

I I a x k 


We have: 


I BA x | | B X A X | ’ I BB X i ~ | B X A X \ ’ and 

by the property of an angle bisector (Problem 9 in 
BK X | _IB X K | \ BA X \ _ \_CB X \ x 


Cop 


1 ), 

BA X | 


K X K \ | A X K 

c | CB X | 


BB X 


\BB X \ 


BB X 


(c+a) | BB X 


I CA X , 

. The last 


expression is symmetric with respect to a and c, 

I RL I 

and, hence, it is also equal to y 2 , ~ /V ['. 

200. Let Z-KAL = Z-KLA = 1 (p, Z.KCL = 
Z.LKC = if. Then Z.BKL = 2<p, Z.BLK = 2ij>, 
2q> + 2ij) = 180° — Z.B. If Q is the point of in¬ 
tersection of AL and KC, then Z.AQC = 180° — 
1 

(<P + ’t) — 90 ° +-Z-ZJ}. Through Af, we draw a 



Answers, Hints, Solutions 


287 


straight line parallel to BC to intersect AC at a 
point N, then MQ is the bisector of the angle AMN 

and /LAQN — 90° + ~/-B. Hence it follows that 

Q is the intersection point of the angle bisectors of 
the triangle AMN (see Problem 46 in Sec. 1); 
hence the triangle AMN is similar to the triangle 
KBL, and the triangle KMN is similar to the 
triangle KBC. Let \ AK \ — 1 KL 1 = | LC | = x, 

I AM | y, | MN | z. Then — = 

a—x c—x' 

-—- = —, whence y = a. 


201. Let B 1 be the midpoint of AC. Extend the 
angle bisector to intersect the perpendicular, erect¬ 
ed at the point B x to AC, at a point B 2 . The 
point B 2 lies on the circumscribed circle. Through 
the point M, we draw a perpendicular to AC; 
let L be the point of its intersection with AC, K 
that with BB X , then 1 KM \ = \ ML |. We draw 
through the point K a straight line parallel to AC 
to intersect the straight lines AB and BC at points 
D and E, respectively. If G and F are the projections 
of D and E, respectively, on AC, then M is the 
centre of the rectangle GDEF, the triangle DME 
being similar to the triangle AB 2 C (the triangle 
DME is obtained from the triangle AB % C by means 
of a homothetic transformation with centre at B). 


We have: 


cot 


Z-MCL = 


\LC\ \LF\ 
\ML\ ~ \ML\ ^ 


IfCI _ Mfr 1 , JAC|_ B , 9rnir 

\ML\ | BiB 2 \ +2 \EF\ 2 + 2cotC - 

If now B' is the foot of the angle bisector, P and 
T are, respectively, the projection of N and B' 

on BC, then cot Z-NCB = + 


\TC\ = \BP\ \TC\ 

|AP| | AP| ^ | B'T\ 

that is, /-MCA = Z.NCB. 



+ 2 cot C, 
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202. (a) This well-known problem has many 
proofs. Consider one of them based on the follow¬ 
ing test for the congruence of triangles. Two tri¬ 
angles are congruent by one equal side, an equal 
angle opposite to this side, and an equal bisector 
of this angle. Let us prove this test. Consider two 
triangles ACB and ACB X in which /LB = Z-B t 
(B and B x lying on the same side of AC). These 
triangles have a common circumscribed circle. We 
may assume that B and B x lie on the same side of 
the diameter of this circle which is perpendicular to 
AC. Let the bisector of the angle B intersect AC at 
a point D, and the bisector of the angle B , at a 
point D x , M the midpoint of AC, N the midpoint 
of the arc AC not containing the points B and B,. 
The points B, D, and N are collinear, as well as 
B,, D x , and N. Let B and B, be non-coincident, 
and, hence, D and D x are also non-coincident. 
Suppose that | MD | > 1 MD X |; then | BN | < 
| B X N |, | DN | > | D X N |. Consequently, 

| B X D X | = I B X N | — 1 ND X 1 > | BN | — 

| ND | = | BD | which is a contradiction. Let now 
the bisector AA X in the triangle ABC be equal to 
the bisector CC X . Apply the test just proved to the 
triangles BAA X and BCC X . 

(b) If both bisectors of the external angles A 
and C of the triangle ABC are found inside the 
angle B, then the proof can be carried out just in 
the same manner as in Item (a). 

Let these bisectors be situated outside the angle 
B. We shall assume that 1 BC | > | BA |. Take on 
CB a point B x such that | CB X | = | AB X |. Let 
/LB X AC — /LBCA = a, /LB X AB = (p, L the in¬ 
tersection point of the bisector of the external angle 
C and AB, M the intersection point of the bisector 
of the external angle A and CB. The rest of the 
notations are clear from Fig. 37. By hypothesis, 

| CL | = | AM 1, in addition, | CL X | = | AM X |, 
since B X AC is an isosceles triangle, 1 CM\ \ — 

\ AM \ since the triangles CL X M\ and AM X M are 
congruent. Further, 1 CM" X | > | CM[ |, since 
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/LM\M\C > Z-M\CA > 90°. On the other hand, 
the points C, A, L, and M'[ lie on the same circle 
in which the acute angle subtended by LC (Z.LAC) 
is greater than the acute angle subtended by M\C. 
Hence, | AM \ = \ CM’, \ < \ CM", 1 < 1 CL |. 
But this is a contradiction. 

In the general case, the equality of the bisectois 
of the external angles does not imply that the 



triangle is isosceles. Problem 256 of Sec. 1 gives 
an example of such a triangle. 

203. Let ABC be the given triangle, AA X , BB X , 
CC X the angle bisectors. If | A X B X | = | A X C X |, 
then either /LA X B V C — Z-A X C X B (in this case the 
A ABC is isosceles) or Z.A X B X C + /LA X C X B= 
180°. In the second case, we rotate the triangle 
A X B X C about the point A x through an angle B X A X C X . 
As a result, the triangles A X C X B and A X B X C turn 
out to be applied to each other and form a triangle 
similar to the triangle ABC. If the sides of the 
triangle ABC are a, b, and e, then the sides of the 
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obtained triangle are equal to , —— and 

b-\-c b-\-c 

—rr H— -r~- Bearing in mind that the triangles 
a-j-o a-\-c 

are similar, we get: 

c , b _ a_ 

a + fe ' a+c 6 + c 

b 3 -\-c 3 — a 3 +6 2 c + b 2 a + c 2 b c*a — a 2 6 — a 3 c 

-|-afic = 0. (1) 

Let us denote cos L BAC — x. By the law of cosines, 
6 2 + c 2 -- a 3 — 2bcx. Multiplying the last equality, 
in succession, by a, b, and c and subtracting it 
from (1), we get: 

2x (a+6 + c)+a = 0 <=> a— -. 

Since 0 < a < b + c, we have 

—j<x<0. (2) 

Expressing a in the law of cosines in terms of 
b, c, and x and denoting b/c = X, we obtain for X 
the equation (4a + 1) X 2 — 2X (4a 3 + 8a 2 + *) + 
4a + 1 = 0. For this equation to have a solution 
(X > 0, X 1) under the conditions (2), the fol¬ 
lowing inequalities must be fulfilled: 

4a 3 + 8a 2 + a > 0, (3) 

D = (4a 3 + 8a 2 + a 2 ) - (4a + 1)* 

= (2a+l) 2 (a+1) (2a—1) (2a 2 +5a+l) > 0, (4) 

where D is the discriminant of the quadratic equa¬ 
tion. The system of inequalities (2), (3), (4) is 

* . 1 . ^ /17—5 

true for- r < x < ——-. 

4 4 
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Thus, the original triangle is not necessarily 
isosceles. But it has been proved that it can be iso¬ 
sceles if one of the angles of the original triangle is 


obtuse and its cosine lies in the interval 


(—T ’ 


V 17-5 
4 


, which corresponds approximately to an 


angle from 102°40' to 104°28' If i — —1/4, then 
the_constructed triangle degenerates; for x = 

—- we have: /.A X B X C — /.A 1 C 1 B = 90°, that 


is, the two cases considered at the beginning of the 
solution coincide for this size of the angle. 

204. Let M denote the point of intersection of 
AD and KL: 


\KM\ S AKD _ 




| ADI sin LKAD 


\DL\-\AD\sin LADL 


\ML\ S ALD 

\AK\-\CD\ 

~ \DL\-\AF\ • 

(We have used the fact that the sines of the inscribed 
angles are proportional to the chords.) Analo¬ 
gously, if Mi is the point of intersection of BE 

, . \KMi\ 1DA:[-|£F1 

and KL, then we get: = |Lg| ;, B c\ ' 

But from the similarity of the triangles AKF and 

BKC, and CLD and FLE, we have = . 

— \FE\ , qi ultiplying these equalities, 


\LE\ 

\KM\ 


\KMi 


that is, M and 


\DL\ ~ 

We g6t: \ML\ ~ \MyL\ 
coincide. Remark. We can show that the state¬ 
ment of the problem is retained if A, B, C, D, E, 
and F are six arbitrary points on the circle. Usual- 
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ly, Pascal’s theorem is formulated as follows: if 
A, B, C, D, E, F are points on a circle, then the 
three intersection points of pairs of straight lines 
AB and DE, BC and EF, CD and FA lie on a 
straight line. 

205. Let N be the point of intersection of the 
straight line A a A t and the circle, N being distinct 
from A a . Apply Pascal’s theorem to the hexagon 
ABCC a NA t which is possibly self-intersecting 
(Problem 204 in Sec. 2). Intersection points of 
two pairs of straight lines AB and C t N, BC and 
NA a (the point Aj), CC t and AA a (the point M) 
lie on one straight line. Consequently, AB and 
C 2 N intersect at a point C v 

206. Let the given mutually perpendicular 
straight lines be the x- and y -axes of a rectangular 
coordinate system. Then the altitudes of the tri¬ 
angle lie on the lines y — k t x (f == 1, 2, 3); in 
this case the sides of the triangle must have slopes 


equal to —, and given the condition that 

the vertices ( x <, yt) belong to the altitudes we find 
the ratios of absolute terms e t in the equations of 
the sides fc i y-fz = c i : ci = fc 1 y s +a: s , Ci — k t y a +x a , 


y a = k a x a -. 




c s ' fcjfc s +l 
chosen unit of length, we may take c; 


, etc. With a properly 
ki 


k+k t • 

where k=kik a k a . The points of intersection of the 


line kiy+x 
kt 


kt 


k+k t 


with axes: 


(°’ ) 

and ^ - , oj , the midpoint (P t ) of the line 

segment between them: ( 2l ^y, 2(FfIj) ’ 
The slope of the straight line PiP a is equal to 


(■ 


2(k+k t ) 


2(H-ki) 


■w- 


2 {k+k) a 
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slopes of the lines P 2 P 3 and P 3 P X are just the 
same. Therefore the points P x , P 2 , P 3 lie on 
a straight line (its equation: ky -f x—1/2). 

Remark 1. Joining the point H of intersection 
of the altitudes of the triangle to the points Ph Ph 
and P 3 with straight lines, we get an intersecting 
consequence. Let a,, a., and a 3 be the angles of 
the triangle enumerated anticlockwise, a x , a 2 , and 
a 3 the straight lines containing the sides opposite 
these angles; three straight lines p x , p 2 , and p 3 pass 
through the point H so that the angles between the 
pairs p 2 and p 3 , p 3 and p x , p x and p 3 (measured 
anticlockwise) are equal to a x , a a , a 3 . Then the 
points of intersection of the pairs p x and a x , p t 
and a 3 , p 3 and a 3 lie on a straight line. The partic¬ 
ular cases of this theorem are left to the reader 
(many of these geometrical facts being elegant, 
and far from obvious). 

Remark 2. In our problem, instead of the mid¬ 
points of the line segments cut out on the sides of 
the triangle, we might have taken the points divid¬ 
ing them in the same ratios. These points will 
also turn out to be collinear. 

207. To determine the angles of the triangle 
A X B X C X , take advantage of the fact that the points 
P, A i, B u and C x lie on a circle (the same is true 
for the other fours of points). If the point P lies 
inside the triangle ABC , then /.A X C X B X = 
£A 2 C 2 B 2 — z APB — Z ACB. For a scalene tri¬ 
angle ABC there exist eight distinct points P 
such that the corresponding triangles A 1 B 1 C 1 and 
A%B t C 2 are similar to the triangle ARC (the triangle 
A 3 B 2 C 2 being congruent to it). Of these eight 
points, six lie inside the circle circumscribed about 
the triangle ABC, and two outside it. 

208. The straight lines under consideration are 
the middle perpendiculars to the sides of the tri¬ 
angle A X B X C X . 
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209. Notation: ABC is the given triangle, M 
the point situated at a distance d from the centre 
of the circle circumscribed about the triangle ABC, 
A x , B x , and C x the feet of the perpendiculars drop¬ 
ped from M on BC, CA, and AB\ A 2 . B 2 , C 2 the 
intersection points of AM, BM, CM with the 
circle circumscribed about the triangle ABC, re¬ 
spectively, a, b, and c the sides of the triangle 
ABC, a t . b x , c x and a 2 , b 2 , e 2 the sides of the tri¬ 
angles A,B X C X and A 2 B 2 C 2 , respectively; S, S x , 
and S j the areas of those triangles, respectively. 
We have: 

a x ^\AM\ sinA=|AM| (1) 


The sides b x and c x are found in a similar way. 
From the similarity of the triangles B 2 MC 2 and 
BMC, we get: 


a_ 2 _ \B t M\ \C 2 M\ 
a~ |CM| ~ \BM\ ’ 


Analogous ratios are obtained for ■— and —. 

b c 

The triangles A X B X C X and A 2 B 2 C 2 are similar (see 
Problem 207 of Sec. 2); in addition, 


S 2 tl 2 b 2 C 2 
~S~ = abc ’ 


(3) 


Bearing all this in mind, we have: 

I S x \ 3 S 3 t SI ofhfc? a 3 2 b 3 c 3 
\ S I SI ‘ S 3 ofbgcf ' a 3 b 3 c 3 

I 1 \3 \AM\* \BM\ 3 \CM\ 3 cfib 3 c 3 

4 R 3 ) aWc 3 -aib 2 c 2 

= (w) 3 |BM|a ,CM|a 

\b 2 m\ \c 2 m\ \a 2 m\ 

I CM I | AM | \BM\ 


X 


(- 4 S 5-'"’—**') 3 
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(In the second equality we have used the similarity 
of the triangles A 1 B 1 C 1 and A ,f? 2 C 2 and the equali¬ 
ty (3), in the third the formulas (1), in the fourth 
the formulas (2).) Remark. For d — R the area of 
the triangle formed by the feet of the perpendic¬ 
ulars turns out to be equal to zero, that is, these 
feet are situated on a straight line. This line is 
Simson’s line (see Problem 153 in Sec. 2). 

210. The statement follows from a more general 
fact: if on the sides of the triangle circles are con¬ 
structed so that their arcs located outside the 
triangle are totally equal to 4n or 2n, then those 
circles have a common point (in our case, as such 
a triangle, we may take the triangle with vertices 
at the midpoints of the sides of the triangle ABC 
and prove that the three circles passing through 
the midpoints of AB, AC, and AD', BA, BC, and 
BD', CA, CB, and CD have a common point). 

211. The statement is based on the following 
fact. Let an arbitrary circle intersect the sides 
of the angle with vertex N at points A, B and C, 
D; the perpendiculars erected at the points A and 
D to the sides of the angle intersect at a point K, 
and the perpendiculars erected at the points B 
and C intersect at a point L. Then the straight 
lines NK and NL are symmetric with respect to 
the bisector of this angle. Indeed, LANK = 
LADK (the points A, K, D, and N lying on the 
same circle). In similar fashion, lLNC — LLBC. 
Then /ADK = 90° - lADN = 90 °-LNBC = 
LLBC. (The quadrilateral A BCD was supposed 
to be non-self-intersecting.) 

212. Let A, B, C, and D be the given points, D x 
the point of intersection of the straight lines 
which are symmetric to AD, BD, and CD with 
respect to the corresponding angle bisectors of the 
triangle ABC. It was proved in the preceding 
problem that the pedal circles of the points D 
and D x with respect to the triangle ABC coincide. 
Let the straight lines symmetric to BA, CA, and 
DA with respect to the corresponding angle bisec- 
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tors of the triangle BCD intersect at a point A t . 
It is easy to prove that the points Ai and Dy are 
symmetric with respect to the straight line CB. 
Consequently, the pedal circles of the points D 
(or D j) with respect to the triangle ABC as well 
as the points A (or A^) with respect to the triangle 
BCD pass through, the midpoint of D i A 1 . On hav¬ 
ing determined the points B , and C x in a similar 
way, we see that each of the pedal circles under 
consideration passes through the midpoints of the 
corresponding line segments joining the points 
A„ By, Cy, and D v Thus, our problem has been 
reduced to Problem 210 of Sec. 2. 

213. Let B 2 and C t be the points diametrically 
opposite to the points B and C, M the second 
point of intersection of BJiy and the circle circum¬ 
scribed about the triangle ABC, C[ the point of 
intersection of AB and C % M. By Pascal’s theorem 
in Problem 204 in Sec. 2 applied to the hexagon 
AB t CMBCg, the points 0 (the centre of the circle), 
By and C\ lie on one straight line, that is, C'y 
coincides with Cy. But / BMBy = z BMB t = 90°, 
/.CMCy— z CMC t — 90°; hence, M is one of 
the intersection points of the circles with the dia¬ 
meters BBy and CCy. Let N be the second point of 
intersection of those circles. Their common chord 
MN contains the point H of intersection of the 
altitudes of the triangle ABC (Problem 19 in 
Sec. 2). If BB 0 is the altitude of the triangle ABC, 
then | MH |• | HN | = | BH |• | HB„ |. Hence (see 
Problem 164 in Sec. 2), N lies on the nine-point 
circle of the triangle ABC. 

218. Let the radius of the circle be r, and the 
angles between the neighbouring radii drawn to 
the points of tangency, in the order of traverse, are 
equal to 2a, 2p, 2y, 26 (a + p -(- y + 6 = ji). 
Then 

S = r* (tan a + tan p + tan y + tan 6). (1) 

The sides of the quadrilateral (we are going to find 
one of them) arc equal to r (tan a + tan P) — 
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sin (a + P) ^ forth. Since sin (a + B) = 
cos a cos P 

sin (v + 6), sin (P + v) == sin (a + 6), the for¬ 
mula given in the hypothesis is reduced to 


rJ sin (a + p) sin (P + y) sin (y+a) 
cos a cos p cos y cos 6 


(2) 


then S bmc = (1 — *^bac» 


It remains to prove the equality of the right-hand 
members of (1) and (2) provided that a + p -f- y + 

219* Prove ^at S BNA = S BMC + S AMD . If 
\AM\ | CAT | 

MSI ~ |ATD| ’ 

Samd — bad- On the other hand, denoting 
the distances trom C, D, and N by h 1% h t , and h, 
respectively, we find that h — \h 1 + (1 — X) h 2 . 

Consequently, S ABN = -i- \AB\-h = \ — \AB\ht_-\- 

(f-X)i-|^S|A t = XS ABn + (l - \)S BAC = 
& AMD 4" S smc- 

221. The angles between the sides and also 
between the sides and diagonals of the quadrilater¬ 
al Q 2 are expressed in terms of the angles between 
the sides and between the sides and diagonals of the 
quadrilateral Q t . (The diagonals of the quadrilater¬ 
al Q 2 are perpendicular to the corresponding diago¬ 
nals of the quadrilateral and pass through their 
midpoints.) 

222. Consider the parallelograms ABMK and 
DCML and prove that KL divides DA in the same 
ratio as the point N, and the straight line MN is 
the bisector of the angle KML. 

223. First of all, prove that the diagonals of the 
given quadrilateral are bisected by the point of 
intersection, that is, that the quadrilateral is a par¬ 
allelogram. Let ABCD be the given quadrilateral, 
O the point of intersection of the diagonals. Suppose 
that | BO | < | OD |, \AO | < | OC |; consider 
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the triangle OA 1 B 1 symmetric to the triangle OAB 
with respect to the point O; obviously, the radius 
of the circle inscribed in the triangle OA i B x is less 
than the radius of the circle inscribed in the tri¬ 
angle OCD, while, by hypothesis, they are equal. 
Thus, 0 is the midpoint of both diagonals. We 
prove that all the sides of the quadrilateral are 
equal. We use the formula S = pr (S the area, p 
the semiperimeter, r the radius of the circle in¬ 
scribed in the triangle). Since the areas and the 
radii of the circles inscribed in the triangles ABO 
and BOC are equal, their perimeters are also equal, 
that is, | AB \ = | BC |. 

224. Using the solution of the preceding prob¬ 
lem, prove that the diagonals of the quadrilateral 
are bisected by the point of their intersection. 

225. The hypothesis implies that A BCD 
(Fig. 38) is a convex quadrilateral. Consider the 


0 



parallelogram ACC X A , in which the sides AA X and 
CCi are equal to each other and parallel to the 
diagonal BD. The triangles ADA U CDC U and 
C X DA X are congruent to the triangles ABD, BCD, 
and ABC, respectively. Consequently, the line 
segments joining D to the vertices A , C, C x , 
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and i4j separate the parallelogram into four tri¬ 
angles in which the radii of the inscribed circles 
are equal. If 0 is the intersection point of the 
diagonals of the parallelogram ACC,A lt then D 
must coincide with 0 (for instance, if D is inside 
the triangle COC lt then the radius of the circle 
inscribed in the triangle ADA X is greater than the 
radius of the circle inscribed in the triangle AOA lt 
and the more so in the triangle CDCA. Thus, 
A BCD is a parallelogram, but, in addition, it 
follows from Problem 223 of Sec. 2 that ACC 1 A 1 
is a rhombus, that is, A BCD is a rectangle. 

226. The necessary and sufficient condition for 
all four items to be fulfilled is the equality 
\AB 1 •) CD | = 1 AD |• 1 BC |. For Items (a) and 
(b) it follows from the theorem on the bisector of an 
interior angle of a triangle, for Items (c) and (d) 
from the result of Problem 234 of Sec. 1. 

227. Let ABCD be the given quadrilateral. We 
assume that the angles A and D are obtuse, B and 


p 




Fig. 39 


C are acute. Denote the feet of the perpendiculars 
dropped from the vertex A by Af and N, and 
from the vertex C by K and L (Fig. 39, a), R the 
point of intersection of MN and LK. Note that 
the points A, K, N, C, L, and M lie on one and 
the same circle of diameter AC. Let us show that 
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of the circle circumscribed about the triangle 
CDM is equal to R. The radius of the circle f ircums- 
cribed about the triangle ADM is also equal to R. 

230. Let K and L denote the points of tangency 
of the given circle with the straight lines AB and 
AD. Let, for definiteness, K and L be situated 
inside the line segments AB and AD. On the 
straight line CB, we take a point P such that 
\BP\ = \BK\, B lying between P and C, and on 
the line CD a point Q such that | DQ 1 = 1 DL |, 
D lying between C and Q. We have: | CP \ 

| CB | + 1 BK 1 = \ CB\ + \AB\-\AK\ 

1 CQ |. The circle passing through the points 
P and Q and touching the lines CB and CD 
intersects BD at such points M x and N t for which 
the equalities | BM X \ ■ 1 BN t | = | BM \ • 1 BN |; 
| CN, |-1 CM y | = | CN H CM 1 are valid. These 
equalities imply that M y and N x must coincide 
with M and N , respectively. The other cases of 
arrangement of the points are considered much in 
the same way. It is possible to avoid looking over 
alternate versions by specifying positive directions 
on the lines AB, BC, CD, and DA and considering 
directed segments on these lines. 

231. For definiteness, we assume that the 
points B and D lie inside the circle. Let P and Q 
denote the points of intersection of the straight 
line BD and the circle (P is the nearest to B), L 
the point of intersection of CB and the circle, l 
the tangent to the circle passing through the 
point C. 

Consider the triangle PCN from whose ver¬ 
tices the straight lines PQ, NM, and l emanate. 
With the aid of Ceva’s theorem (Problem 44 of 
Sec. 2) reasoning in the same way as ! n Problem 49 
of Sec. 2, we get that for the lines PQ, NM, and l 
to intersect at one point, it is necessary and suf¬ 
ficient that the following equality be fulfilled: 

\PM\ \CQ\ \NC\ 

\MC\ ‘ |?A'| ‘ \CP\ 


1 . 


( 1 ) 
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On the other hand, in the hexagon ALPMCQ 
the diagonals AM, LC, and PQ intersect at one 
point. Hence (see Problem 49 in Sec. 2) 

\AL | | PM M CQ | = | LP H MC |-| QA |. (2) 

Obviously, | NC | = | AL |, | QN | = | LP |, 

\ CP \ — \QA |. Thus, from the validity of the 
equality (2) there follows the validity of the 
equality (1). 

232. 1. Since O t is the centre of the circle in¬ 
scribed in the triangle ABC, we have: i,BO x A — 

90 °+-|-LBCA (Problem 46 of Sec. 1). Hence, 

LBO^A = LB0 3 A, and ABO l O i is an inscribed 
quadrilateral (see Fig. 40, a); consequently, the 
angle adjacent to the angle B0 1 0 4 is equal to 

Z.BAO i — Z BAD. Similarly, the angle adja- 

i 

cent to Z BO l O t is equal to -j- Z BCD . But 
-^-(/.BAD + /.BCD) = 90°; hence, 0^,0, = 90°. 


2. To prove the second part of the statement, 
let us first show that the distance from a vertex of 
the triangle to the point of intersection of the al¬ 
titudes is completely determined by the size of the 
angle at this vertex and the length of the opposite 
side, namely (Fig. 40, b): | CH | = | CB | X 


cos a 

sinZ CAB 


—-cos a = | AB | cot a. Since 
sin a 


ABCD is an inscribed quadrilateral, | AH 3 | = 

| BH t | and AH 3 is parallel to BH 2 ; hence, 
ABH t H a is a parallelogram. Thus, the point of 
intersection of AH 2 and BH 3 bisects these line 
segments. Considering the other parallelograms, we 
see that the line segments H 3 A, H 3 B, H X C, and 
II t D intersect at the same point (Af) and are bi¬ 
sected by this point, that is, the quadrilaterals 
ABCD and tf 1 /f a /f s Af 4 are centrally symmetric 
with respect to the point M (Fig. 40, c). 
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233. I! the sides of the triangle ABC, opposite 
the vertices A, B, and C, are respectively equal to 
a, b, and c, and the angles ADB, BDC, and CDA 
are, respectively, equal to a, p, and y (we assume 
that a + p + y = 2ji), then the distances from 
the point D to the intersection points of the alti¬ 
tudes of the triangles ADB, BDC, and CDA are 
equal to the magnitudes of c cot a, a cot p, b cot y, 
respectively (see the solution of Problem 232 of 
Sec. 2). It is easy to make sure that the area of 
the triangle with vertices at the intersection points 
of the altitudes of the triangles ADB, BDC, and 

1 1 
CDA is equal to — c cot a-a cot p sin B + X 

l 

a cot P-6 cot y sin C + —b cot Y-ccot a sin A = 

S a bc (cot a cot p + cot p cot y+ cot y cot a) = S a bc 
since the expression in the parentheses is equal to 
1. (Prove this taking into account that a + p + 
y = 2 ji). Analogously, we consider other cases of 
location of the point D (when one of the angles a, p, 

Y is equal to the sum of two others). 

234. (a) Let ABCD bethegiven quadrilateral, R 
and Q the points of tangency of the circles inscribed 
in the triangles ABC and ACD, respectively, 
with the straight line AC. Then (see Problem 18 

of Sec. 1) 1 RQ | = ||A@ | —| AR || = i- |(|Afl| + 

| AC 1 — | BC 1) — (| AD | + | AC | — | CD |)| = 

Y \\AB\ + \CD\-\AD\ — \BC\\. Since ABCD 

is a circumscribed quadrilateral, \AB\-\-\CD\ = 

| AD | + | BC |, that is, 1 RQ | = 0. 

(b) If K, L, M, N are the points of tangency of 
the circle with the sides of the quadrilateral, and 
K x , L lt M x , and N x the points of tangency of the 
circles inscribed in the triangles ABC and ACD 
(Fig. 41), then N x Kx || NK, and M X L X II ML. Let 
us prove that K X L, || KL and N X M X || NM. Since 
the circles inscribed in the triangles ACB and A CD 
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touch each other on the diagonal at a point P, we 
have: | AN X | = | AP | = | AM |, that is, 
N\M X || NM. Consequently, A 1 L 1 M 1 A r 1 , as well as 
KLMN, is an inscribed quadrilateral. 



235. Let O x , 0 2 , 0 3 , 0 4 denote the centres of 
the circles inscribed in the triangles ABC, BCD, 



Fig. 42 

CDA, and DAB, respectively, (Fig. 42, a, b). Since 
0 i 0 2 0 s 0 i is a rectangle (see Problem 232 in Sec. 2), 
we have: [ 0,0 3 | = | 0 4 0 4 1. If K and L are the 

20-01557 
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points of tangency with AC of the circles inscribed 
in the triangles ABC and ACD, then j KL | = 

~ \\AB | + | CD\ — \BC\ — \AD\\ (see the so¬ 
lution of Problem 234 in Sec. 2). Analogously, if 
P and Q are the points of tangency of the corre¬ 
sponding circles with BD, then | PQ \ = | KL |. 
Through 0 3 , we draw a straight line parallel to AC 
to intersect the extension of O x K. We get the 
triangle 0 X 0 3 M\ we then construct the triangle 
0 2 0 i R in a similar way. These two right triangles 
are congruent, since in them: | 0 X 0 3 | = | O i O i |, 
|O a Afj = \KL \ — = \ O x R\. Hence, \O x M\ = 

| 0 2 fl |; but 1 O x M | equals the sum of the radii 
of the circles inscribed in the triangles ABC 
and ACD, and 1 O f R | is equal to the sum of 
the radii of the circles inscribed in the triangles 
ACD and BDA (see also Problem 315 in Sec. 2). 



Fig. 43 


236. In the quadrilateral ABCD (Fig. 43): 
| AB | = a, 1 BC | = b, \ CD | = c, 1 DA | = d, 
| AC 1 = m, | BD | = n. We construct externally 
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on the side AB a triangle A KB similar to the 
triangle ACT), where / BAK = ADCA, /.ABK = 
ACAD, and on the side AD we construct the tri¬ 
angle AMD similar to the triangle ABC, where 
ADAM — ABCA, AADM = ACAB. From the 

corresponding similarity we get: | AK \ — — , 


\AM\=—, \KB\=\DM\=—. In addi- 

m in 


tion, AKBD + AMDB = ACAD + AABD + 
ABDA + ACAB = 180°, that is, the quadrilater¬ 
al KB DM is a parallelogram. Hence, 1 KM ) = 
| BD | = n. But A KAM = A A + AC. By the 
law of cosines for the triangle KAM, we have: 


whence m 2 n 2 = a 2 c 2 + fc 2 d 2 — 2 abed cos (A + C). 

237. The statement of Ptolemy’s theorem is a 
corollary of Bretschneider’s theorem (see Prob¬ 
lem 236 of Sec. 2), since for an inscribed quadri¬ 
lateral A A + AC = 180°. 

238. If MB is the greatest of the line segments 
| MA |, | MB |, and 1 MC |, then, applying Bret¬ 
schneider’s theorem (Problem 236 of Sec. 2) to the 
quadrilateral ABCM, we get: \MB\ 2 =\MA\ 2 + 
| MC | 2 —2 | MA 1-| MC 1 cos (AAMC+ 60°), that 
is, |MB | < | MA | + | MC [ since Z.AMC 120°. 

239. Replacing in the expression 




(1) 


the segments of the tangents with the aid of the 
formulas obtained when solving Problem 201 of 
Sec. 1, we make sure that if the relationship (1) is 
fulfilled for some circles a, {5, y, and 6 touching 
the given circle at points A, B, C, and D, then 
it is fulfilled for any such circles. It remains to 
check the validity of the relationship (1) for some 
particular case. If a, P, y, and 6 are circles of 
zero radii, then we get an ordinary Ptolemy’s theo¬ 
rem (Problem 237 of Sec. 2). In order not to refer to 


20* 
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Ptolemy’s theorem, we may take the circles a and 
6 having a zero radius, and the circles 6 and y 
touching both the circle circumscribed about the 
quadrilateral A BCD and the chord AD. In this 
case, the validity of the relationship (1) is readily 
verified. Hence, in accordance with the remark 
made, we get the validity of (1) in all the cases 
(thereby we have simultaneously proved Ptolemy’s 
theorem itself). 

240. When proving our statement, we shall use 
the method of “extension” of circles. The essence 
of this method consists in the following. Let two 
circles, say a and p, touch externally some circle 
2. Consider the circles a', P', and 2' which are 
concentric with a, p, and 2, respectively. If the 
radius of the circle 2' is greater than the radius of 
the circle 2 by a quantity x and the radii of the 
circles a' and p' are less than those of the circles a 
and B by the same quantity x which is sufficiently 
small, then the circles a' and P' touch the 
circle 2' externally, and the length of the common 
external tangent to the circles a' and P' is equal 
to the length of the common external tangent to 
the circles a and §. The case when a and p touch 
the circle 2 internally is considered in the same 
way. And if one of the circles a and 8 touches 2 
externally, and the other internally, then, with an 
increase in the radius of 2, the radius of the first 
circle decreases and the radius of the second circle 
increases, the length of the common internal tan¬ 
gent to the circles a' and p' remaining unchanged. 

For the sake of definiteness, consider the case 
when in the equality (*) (see the statement of the 
problem) there appear only the segments of the 
common external tangents. (Note that none of the 
circles can be found inside the other.) Let us prove 
that the circles a, p, y, and 6 touch a certain circle 
2 in the same manner, all of them either externally 
or internally. Let not all of the circles a, p, y, and 
6 have equal radii (the case of equal radii is readi¬ 
ly considered separately), and, for definiteness, 
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let r ? , the radius of the circle a, be the smallest. 
Consider the circles a', [5', y', 6', where a' is a 
circle of zero radius, that is, a point coinciding 
with the centre of the circle a and P', y', 8' circles 
concentric with the circles 6, y, 6 with radii re¬ 
duced by the quantity r a . For further reasoning, let 
us take advantage of the following assertion which 
is marked by (T): 

If P', y', 6' are three circles none of which lies 
inside another and at least one of them has a non¬ 
zero radius, then there are exactly two circles 
and 2 2 each of which touches the circles P', y', 
and 6' in the same manner. We shall return to 
this assertion at the end of the solution. 


On the circles 2 X and 2 t , take points a x and 


a% such that 


*aiP' 


W' 


Vf’ 


= X, <*i and 


*<xi6' *026' *o'6' 

a, lying on the arcs not containing the point 
of tangency of the circle y’. For three fours of 
circles (a', p\ y', 6'). («i. P'. y\ 8'). («a- P', v\ 
o') the relationship (*) is fulfilled: for the first 
four circles, this is the assertion of the problem, 
for two other fours—on the basis of the assertion of 
Problem 239 of Sec. 2 ( a ', a„ a 2 are circles of 


zero radius). Consequently, 


r aip' 


W' 


t, 


«2 V' 


“aV' 


a'P' 

*o'v' 


= [i. 


But the locus of points M for which the ratio of 
tangents to two fixed circles is constant is a circle 
(see Problem 11 in Sec. 1). Hence, a 1( a 8 , and a' 
belong both to the locus of points for which the 
ratio of the tangents drawn to the circles P' and 
8' is equal to X and to the locus of points for which 
the ratio of the tangents drawn to the circles P' and 
y' is equal to jt. And this means that a' must coin¬ 
cide either with a 1 or a 2 - 

Let and a 2 coincide. Prove that in this case 
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the circles defined by the parameters X and p touch 
each other. Let us take X X, but sufficiently close 
to X. Then X defines on Si and 2 a two points 

and <x 2 for which ■ = X. We find: 

hxi6’ ^028' 


*01 p' 

" t~ , t~ , 
f “lV *®2V 


Hence, the circles correspond¬ 


ing to the parameters X and p have a common 

/V /V /V /%/ (V 

chord <Xia 2 . If X -*■ X, then p p, | a x a 2 | 0, 
that is, the circles corresponding to the parameters 
X and p touch each other at a point a t = a 2 . Thus, 
a', P', y', and 8' touch either 2 j or 2 2 . “Extend¬ 
ing” 2j or 2 2 by the quantity ±r a , we get that 
a, p, y, and 6 touch a circle or a straight line 
(2j or 2 2 may turn out to be a straight line) or 
have a common point. 

If in the equality (*) some of the line segments 
are segments of common internal tangents, then 
we have to prove the existence of a circle 2 touch¬ 
ing a, p, y, and 8 and such that those of the 
circles a, p, y, 6 for which in the equality (*) there 
appears a common internal tangent touch 2 in 
different ways. The assertion (T) must change ac¬ 
cordingly. 

Let us return to the assertion (T). By means of 
“extension”, we can reduce the assertion to the 
case when one of the circles P', y', and 6' has a zero 
radius, i.e. is a point. The reader familiar with the 
notion of inversion can easily prove that the as¬ 
sertion (T) now turns out to be equivalent to the 
assertion that any two circles not lying one inside 
the other have exactly two common external tan¬ 
gents (see Appendix). Remark. If three of the four 
given circles a, p, y, 6 have a zero radius (they are 
points), the proof can be considerably simplified. 
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Do this independently. Henceforward (see Prob¬ 
lem 287 of Sec. 2), we shall need just this particu¬ 
lar case. 

241. Show that each of these conditions is both 
necessary and sufficient for a circle inscribed in 
the quadrilateral A BCD to exist (see also Prob¬ 
lem 19 in Sec. 1). 

242. Show that each of these conditions is both 
necessary and sufficient for a circle, touching the 
lines AB, BC , CD, and DA, whose centre is out¬ 
side the quadrilateral A BCD, to exist. 

243. Let ABCD be a circumscribed quadrilat¬ 
eral, O the centre of the inscribed circle, M x the 
midpoint of AC, M, the midpoint of BD, r the 
radius of the circle (the distances from O to the 
sides are equal to r each), x lt y u z lt and u x the 
distances from M r to AB, BC, CD, DA, respec¬ 
tively; x 2 , y 2 , z 2 , and u 2 the distances from M 2 to 
the same sides, respectively. Since \AB \ + 

| CD 1 = | BC | + | DA !, we have: | AB | r — 
j BC | r + | CD | r — | DA \ r — 0. In addition, 
\AB\x 1 -\BC\y l +\CD\z 1 -\DA\u l = 
0, \AB | *,= 1 BC | y 2 + | CD | z 2 =| DA j u 2 = 
0, and this just means that the points 0, M x , 
and M 2 lie on a straight line (see the remark to 
Problem 22 of Sec. 2). Other cases of the arrange¬ 
ment of the points A, B, C, and D and the centre 
of the circle are considered exactly in the same 
way. Here, use the relationships occurring among 
the line segments | AB |, | BC |, | CD |, | DA | 
(see Problems 241 and 242 in Sec. 2), and, as is 
said in the remark to Problem 22 of Sec. 2 assign 
unlike signs to corresponding distances if any two 
points turn out to be located on both sides of a 
straight line. 

244. Let L and P denote the points of inter¬ 
section of the straight lines AM and AN with the 
circle, respectively. As there follows from Prob¬ 
lem 204 of Sec. 2, the straight lines BL, DP, and 
MN meet at one point. But, being diameters, BL 
and DP intersect at the centre of the circle, conse- 
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quently, MN passes through the centre of the 
circle. 

245. Make use of Pascal’s theorem (Problem 204 
in Sec. 2). 

246. Let P denote the point of intersection of 
the diagonals, and K, L, M, and N the feet of the 
perpendiculars from P on AB, BC, CD, and DA, 
respectively, (Fig. 44). Since PKBL is an inscribed 


A 



quadrilateral, we have: /PAL — / PBC , analo¬ 
gously, /PKN = /PAD; but /PBC = /.PAD 
since they are subtended by the same arc. Conse¬ 
quently, KP is the bisector of the angle NKL; 
hence, the bisectors of the angles of the quadrilater¬ 
al KLMN intersect at the point P which is just 
the centre of the circle inscribed in the quadrilat¬ 
eral KLMN. Let now AC and BD be mutually 
perpendicular, R the radius of the given circle, d 
the distance from P to its centre, | A P | • | PC | = 
R 2 - d 2 . 

The radius r of the sought-for circle is equal, in 
particular, to the distance from P to KL. Denot¬ 
ing /KLP = /ABP = a, /PBC = we find: 
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r= |PL| sina = |Pi?| sin|5sina = \PB\ g -■■ 

loC | 

IAB| 1 ' \BC\ \AB\ sin(a + P) * 


sin (a + ft) , ,,, 2Sabc 1 _ R* — d 2 

\AC\ a ’ 2S A sc ' 2R 2 R 


Answer: 


R 2 —d 2 
2 R 


247. Let A BCD be the given quadrilateral, P the 
point of intersection of the diagonals, K the mid¬ 
point of BC, L the midpoint of AD (Fig. 45). Let 



us prove that the straight line LP is perpendicular 
to BC. Denoting the point of intersection of LP 
and BC by M, we have: Z.BPM = LLPD = 
LADP = /.PCB. Consequently, PM is perpen¬ 
dicular to BC. Hence, OK is parallel to LP. 
Similarly, PK is parallel to LO, and KOLP is 
a parallelogram, | LK | a -j- | PO | 2 = 2 (| LP | a + 

1 PK | a ) = 2 ( j = 2R 2 . (If the 

chords AD and BC are brought to a position in 
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which they have a common end point and the cor¬ 
responding arcs continue each other, then a right 
triangle is formed with legs [ AD | and | BC | and 
hypotenuse 2 R, hence, | AD | 2 + | BC | 2 = 4/f 2 .) 
Consequently, | LK | 2 = 2R 2 — d 2 , and the points 
L and K lie on the circle with centre at S (the mid¬ 
point of PO) and the radius 1/2 2R 2 —d 2 . But 

LMK is a right triangle, MS is its median, ]AfS| = 

Y | LK | = y V 2 R 2 — d 2 , that is, M lies on the 
same circle. _ 

Answer: 1/2 2R a — d 2 . 

248. From Problems 246 and 247 it follows 
that if the diagonals of the inscribed quadrilateral 
are mutually perpendicular, then the projections of 
the intersection point of the diagonals of this 
quadrilateral on its sides serve as vertices of a 
quadrilateral which can be inscribed in a circle and 
about which a circle can be circumscribed. The 
radii of the inscribed and circumscribed circles and 
the distance between their centres are completely 
determined by the radius of the circle circumscribed 
about the original quadrilateral and the distance 
from its centre to the intersection point of the dia¬ 
gonals of the quadrilateral inscribed in it. Conse¬ 
quently, when the diagonals of the original quadri¬ 
lateral are rotated about the point of their inter¬ 
section, the quadrilateral formed by the projections 
of this point rotates remaining inscribed in one and 
the same circle and circumscribed about one and 
the same circle. Taking into consideration the ex¬ 
pressions for the radii of the inscribed and circum¬ 
scribed circles obtained in the two previous prob¬ 
lems, it is easy to show that the relationship to be 
proved is fulfilled for such quadrilaterals. 

To complete the proof, it remains to prove that 
any “inscribed-circumscribed” quadrilateral can be 
obtained from an inscribed quadrilateral with 
mutually perpendicular diagonals using the above 
method. Indeed, if KLMN is an“inscribcd-circum- 
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scribed” quadrilateral, P the centre of the inscribed 
circle, then drawing the lines perpendicular to the 
angle bisectors KP, LP, MP, and NP and passing 
through the points K, L, M , and N, respectively, 
we get the quadrilateral A BCD (see Fig. 44). In 

this case, LBPK = /KLB = 90 °—~ L MLK 

(here, we have used the fact that in the quadrilat¬ 
eral PKBL the opposite angles are right ones and, 
consequently, it is an inscribed quadrilateral). Sim¬ 
ilarly, /KPA = /KNA = 90° - y LMNK, 
and, hence, /BP A = /BPK + /KPA = 
180° — ^-(/MLK + t-MNK) = 90°. Thus, all 

the angles BP A, A PD, DPC, and CPB are right 
ones, P is the intersection point of the diagonals of 
the quadrilateral A BCD, the diagonals themselves 
being mutually perpendicular. It is easy to show 
that A BCD is an inscribed quadrilateral since 

/.ABC + Z ADC = z PBL + /PBK 

+ /PDN + z PDM = ZPAX + Z PLK 

+ Z PMN + Z PNM = (/NKL + LKLM 

+ z LMN + Z MNK) = 180°. 

Note:: see also Problem 319, Sec. 2. 

249. The midpoints of the sides of the quadrilat¬ 
eral form a parallelogram whose diagonals are 
parallel to the line segments joining the centres of 
mass of the opposite triangles. The other parallel¬ 
ogram is formed by the four altitudes of the tri¬ 
angles in question emanating from the vertices of the 
quadrilateral. The sides of the first parallelogram 
are parallel to the diagonals of the quadrilateral, 
while*those of the second parallelogram are perpen¬ 
dicular to them. In addition, the sides of the sec¬ 
ond parallelogram are cot a times greater than the 
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corresponding sides of the first one (a is an acute 
angle between the diagonals of the quadrilateral). 

250. We prove that both assertions (BD is the 
bisector of the angle ANC, and AC is the bisector 
of the angle BMD) are equivalent to the equality 
| AB M CD | = \AD M BC |. On the arc BAD 
we take a point A x such that | DA X | = | AB |. 
The conditions of the problem imply that the 
straight line A,C passes through JV, the midpoint of 
BD, that is, the areas of the triangles DAX and 
A X BC are equal, whence \DA l \-\DC\ — 
\BA 1 H BC |, that is | AB | • | CD | = \ AD | X 

I BC |. 

251. The perpendicularity of the angle bisectors 
is proved quite easily. Let us prove the second 
assertion. Let M denote the midpoint of AC, and 
N the midpoint of BD. From the similarity of the 
triangles A KC and BKD, it follows that / MKA = 

LNKD and iML = JigL , that is, the bi¬ 
sector of the angle BKC is also the bisector of the 
angle MKN and divides the line segment MN in 

the ratio Obviously, the 

bisector of the angle A LB divides the line seg¬ 
ment MN in the same ratio. 

252. Let ABCD be the given quadrilateral, 0 
the centre of the circle circumscribed about the 
triangle ABC, O l and 0 a the centres of the circles 
circumscribed about the triangles DAB and BCD, 
K and L the midpoints of the sides AB and BC, 
respectively. The points O x and 0, lie on OK and 

OL, respectively, and -i0L = -l^L. This 

follows from the fact that 0j0 a is perpendicular to 
DB and, consequently, parallel to LK (LK is par¬ 
allel to AC). Hence, the straight lines AO x and 
CO, divide OB in the same ratio. (We apply Mene- 
laus’ theorem (Problem 45 in Sec. 2) to the tri¬ 
angles OKB and OLD.) 
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|A1V| cos /.ANM 
~ \AM\coa^-AMN ' 

that is, Q divides NM in the same ratio as the alti¬ 
tude drawn from A on NM. 

257. First, prove the following additional asser¬ 
tion: if A, B, and C are collinear points, M is an 
arbitrary point in the plane, then the centres of 
the circles circumscribed about the triangles MAC , 
MBC, MCA and the point M lie on one and the 
same circle. Then use the result of Problem 256, 
Sec. 2. 

258. Let A, B, C, D, P, and Q denote the inter¬ 

section points of the straight lines (the points are 
arranged in the same way as in the solution of 
Problem 271 of Sec. 1); O the centre of the circle 
passing through A, B, C, and D; R its radius; a 
and b the tangents drawn to the circle from P 
and Q, respectively. The fact that M lies on PQ 
was proved when we were solving Problem 271 of 
Sec. 1. In addition, it was proved that | PM | X 
\PQ\ = a*, \QM\-\QP\ = b\ I QP I 2 = 

Va? + b t . Thus, I PM 1= ■ - ** ■ - , I QM | = 

v a* + 6 2 

52 -_ 

7 . - In addition | PO | = y a 2 — fl 2 , 

yV+6* 

| QO | = 6 2 — R*. Consequently, | PO | 2 — 

| QO I s = a 2 — 6* = | PM | 2 — I QM | 2 . And this 
means that OM is perpendicular to PQ. To 
complete the proof, we have to consider the case 
when (using the same notation) the points A , C, P, 
and Q are found on the circle (see also Problem 253 
in Sec. 2 and its solution). 

259. If one of the straight lines is displaced par¬ 
allel to itself, then Euler’s line of the triangle one 
of whose sides is the line displaced moves parallel 
to itself. Taking this into account, we can easily 
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reduce the problem to the following. Let A, C, 
and D be three collinear points, and B an arbitrary 
point in the plane. If Euler’s line of the triangle 
ABC is parallel to BD, then Euler’s line of the 
triangle CBD is parallel to AB (Fig. 46). Let us 
prove this. We denote: /BCD = qp (we assume 
that C lies between A and D, <p ^ 90°), O x and H x 
the centre of the circumscribed circle and the in¬ 
tersection point of the altitudes of the triangle 


M 



ABC, respectively, 0 2 and H 2 the centre of cir¬ 
cumscribed circle and the intersection point of the 
altitudes of the triangle BCD. Describe a circle 
about ABH . to intersect O x H x at a point M. Let us 
prove that the quadrilaterals O x AMB and 0 2 DH 2 B 
are similar. First of all, the triangles O x AB and 
OJDB are similar isosceles triangles, and / MAB= 
A MH X B = / H X BD = L H,BD (BD is parallel to 
O x Hi), /.MBA = /_MH X A = / H % DB (AH x and 
DH 2 are perpendicular to CB). The similarity of 
the quadrilaterals has been proved. Further: 
/ O z H 2 B= £ O x MA= / H X MA = / H X BA = / H t BA , 
that is, H 2 0 2 is parallel to AB. 
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260. It follows from the result of Problem 19 
in Sec. 2 that the common chord of the circles with 
the diameters AE and DC (and also DC and BF, 
BF and AE) contains the intersection points of 
the altitudes of the triangles ABC, BDE, DAF, 
and CEF. Further, let K denote the point of in¬ 
tersection of AE and DC and L the point of inter¬ 
section of AE and BF. By Menelaus’ theorem 
(Problem 45 in Sec. 2), for the triangles BEA and 


EAC we have: 
\AL\ \EB\ 


\AK | \EC\ \BD\ 


\KE\ 
\CF\ 


= 1 . 


\CB\ \DA\ 
Dividing 


= 1 . 


these 


\LE\ \BC\ \FA\ 
equalities, one by the other, termwise and bearing 
\CE\ | BD\ \AF\ A 


in mind that 


\AK | 


\EB\ 

\KE\ 


\DA\ ' |FC| “*• We 
Consider the circle with 


get: \AL\- \LE\ 
diameter AE. For all points P of this circle the 
I P K I 

ratio - : - p 7 - T- is constant (see Problem 9 of Sec. 2). 

I * " I 

The same is true for the circles with diameters DC 
and BF. Thus, these three circles intersect at two 
points P x and P 2 such that the ratios of the dis¬ 
tances from P x and P 2 to K, L, and M for them are 
equal. Now, we can use the result of Problem 14, 
Sec. 2. 


261. The statement follows from the result of 
the preceding problem. 

262. Let l (ABC) denote the midperpendicular 
to the line segment joining the point of intersec¬ 
tion of the altitudes to the centre of the circle cir¬ 
cumscribed about the triangle ABC. Let a straight 
line intersect the sides BC, CA and AB of the 
triangle ABC at points D, E, and F, respectively. 
Let us first prove that as the straight line DEF 
displaces parallel to itself, the point M of inter¬ 
section of the lines l (DFB) and l (DEC) describes 
a straight line. Let the points D t , E u F x , D 2 , E t , 
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p • D 3 , E 3 , F a correspond to three positions of 
this line. The lines l (D^Ffi) and / (OjSjC), where 
i = 1, 2, 3, meet at M t and intersect the straight 
line BC at points N t and K t . It is easily seen that 
the point N 3 divides the line segment N 3 N 3 in the 
same ratio in which the point K 2 divides the line 
segment K 3 K 3 . This ratio is equal to the ratio in 
which D 2 divides D 3 D 3 , E 3 divides E 3 E 3 , and 
F t — F 3 F 3 . Since the straight lines l (D^^B) are 
parallel, and the straight lines l (D^EiC) are also 
parallel, the line l (D 2 F 3 B) divides the line seg¬ 
ment M 3 M 3 in the same ratio as the line l (D 3 E 3 C), 
that is, M 2 lies on the line segment M 3 M 3 . 

Let us now show that the point M describes a 
straight line l (ABC). To this end, it suffices to 
prove that for two positions of the straight line 
DEF the corresponding point M lies on l (ABC). 
Consider the case when this line passes through A 

S the points E and F coincide with A). We intro- 
luce a coordinate system in which the points A, B, 
C , and D have the following coordinates: A (0, o), 
B (b, 0), C (c, 0), D (d, 0). We then find the equa¬ 
tion of the straight line l (ABC). The intersection 
point of the altitudes of the triangle ABC has the 

coordinates (o, — —) , the centre of the circum¬ 


scribed circle the coordinates 






Let us write the equation of the straight 


line l (ABC): 




a*-f 6*-f-c s , . 36*c* 

-4- +6C —4^~- 


Replacing c by d in this equation, we get the equa¬ 
tion of the line l (ABD), and replacing b by d the 
equation of the line l (ACD). 

We can verify that all the three straight lines 
have a common point Q( r 0 , y 0 ), where x 0 — 


21-01557 
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Fig. 47 
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-l-(6 + c + d) y 0 = ^ a ( at-bc-cd-db). 

And this is the end of the proof since the case 
when the line DEF passes through B or C is 
equivalent to the above case. 

263. Let l, m, n, and p be the straight lines 
which form the triangles (Fig. 47, a). Let us intro¬ 
duce the following notation: P is the centre of the 
circle inscribed in the triangle formed by the lines 
/, m, and n, and Pi is the centre of the escribed 
circle for the same triangle / which touches the side 
lying on the line l. The notations L, Mj„ N m , 
etc. have the same sense. 


L 

N 

Mi 

Pn 

M 

P 

Lm 

N P 

Pm 

M p 

Nm 

E p 

Ni 

Ln 

Pi 

M n 


Qz Qi Qt 


O , 
Oi 
0 3 
O 4 


In the above table, the four points forming a 
row or a column lie on the same circle, the centres 
of the circles corresponding to the rows lying on 
one straight line (q x ), while the centres correspond¬ 
ing to the columns on the other (q 2 ); q v and q 2 
are mutually perpendicular and intersect at Mieh- 
ell’s point (Problem 256 in Sec. 2). Let us prove 
this. The fact that the indicated fours lie on the 
same circle is proved easily. Let Q t (i = 1,2, 3, 
4) denote the centres of the corresponding circles. 
Let us prove that O x O 2 is perpendicular to Q X Q 3 
and QiQi- If in the triangle ( l , m , n) the angle 
between l and m is equal to a, then /_LNMi = 

LL m PM = 90° + ; consequently, = 


21 * 
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LL m 0 3 M = 180° — a. In similar fashion, 
ALP m M=AL m P l M l =al2, L LQ X M — L m Q a Mi = 
a. The triangles LO x M x , L m 0 3 M, LQ X M, L m 0 3 M x 
are isosceles ones, their lateral sides being respec¬ 
tively perpendicular (for instance, O x L and LQ X ). 
Further (Fig. 47,6) \Q x O x \*~ |0 1 0 s |*= («» + «*)- 
(aM-d 2 ) = (6» + e*)-(6* + il*) = |O a C,| 2 - \0 2 Q 3 \\ 
Consequently, 0 X 0 3 and Q X Q 3 are mutually per¬ 
pendicular. In similar fashion, we prove that 0 X 0 2 
and Q 2 O x are also mutually perpendicular (consider 
the straight line on which the points JV, P, N p , 
and P n are located). Therefore Q X Q 3 and Q 2 Q\ are 
parallel (if these points do not lie on one and the 
same straight line). In similar fashion, Q X Q X and 
Q 3 Q 2 are also parallel (they are perpendicular 
to Oft 3 ), QiQ 2 is parallel to Q 3 Q t (they are 
perpendicular to O x O t ), and this means that 
the points Q x , Q t , Q 3 , Q x are collinear, they lie 
on the straight line q 2 \ the points O u O t , 
0 3 , 0 4 are also collinear, they lie on the line q x . 
Obviously, q x and g a are mutually perpendicular. 


We shall displace the straight line m parallel 
to itself. Let L ', L„, 0[, 0 3 correspond to the 

straight line m' The ratio } 

I 02^2 I 

is constant / it is equal to ) • This means 

' \AL m \ / 

that when the line m is displaced, the line 0 X 0 2 , 
that is, q x passes through a fixed point. The straight 
line q 3 also passes through a fixed point. Since q x 
and q 3 are mutually perpendicular, the point of 
their intersection describes a circle. But when m 


passes through A (and also B or C), the points L 
and L m coincide with A , the lines 0 X 0 3 and Q X Q s , 
that is, q x and q t pass through A (correspondingly, 
B or C). Thus, the point of intersection of q x and 
q 2 traverses the circle circumscribed about the 
triangle ABC. Displacing the other lines (l, n, p), 
we prove that the point of intersection of q x and 
q 3 belongs to any circle circumscribed about one of 
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the triangles formed by the lines l, m, n, p, that 
is, the lines q x and q 2 meet at the intersection point 
of the circles circumscribed about those triangles, 
that is, at Michell’s point. 

Note that we have proved at the same time 
that the four circles circumscribed about the four 
triangles formed by four straight lines in the plane 
intersect at one point (Problem 256 of Sec. 2). 

266. Let C denote one of the intersection points 
through which the straight line passes. Let B lt B. lt 
B 9 be the feet of the perpendiculars dropped respec¬ 
tively from 0i, 0 2 , 0 3 on the straight line, and K 
and M the points of intersection of the straight 
lines, parallel to A X A 2 and passing through O t and 
0„ with 0 2 B 2 and 0 3 B 3 . Since B, and B 2 are the 
midpoints of the chords A X C and CA«, we have: 
| B X B 2 | = | A X A j |/2. If a is the angle between the 

lines A X A 3 and 0 2 0 3 , then — 


straight 

2 \B 1 B 2 \ 
\O x 0 2 \ 
fashion, 


= 2 


|0i*l 


- 2 cos a; 


lOiOal 
in similar 


10i0a I 

isr’ ! ~ 

268. Let 0! and 0 2 be the centres of the circles, 
R , and fl 2 their radii, | 0 X 0 2 | = a, M the point 
of intersection of the common internal tangents. 
A circle of diameter 0i0 2 passes through the points 
of intersection of the common external and in¬ 
ternal tangents. In the homothetic transformation 
with the centre of similitude at the point M and 

the ratio of -1- — this circle goes into the 

a 

circle with the centre on the straight line 0i0 2 
which is tangent to the given circles externally. 

269. Let M be one of the points of intersection 
of the circles; then MA and MC are the bisectors 
of the (exterior and interior) angle M of the tri¬ 
angle BMD since the circle of diameter AC is the 

locus of points M for which ' = - r , r y.T ~ 

r \MC\ \MD\ 
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(see Problem 9 in Sec. 2). Using the relationships 
between the angles of the right triangle A MC and 
the triangle BMD , make sure that the radii of the 
circumscribed circles drawn from the vertex M 


are mutually perpendicular. 

271. Note (Fig. 48, a) that the triangle A PM 
is similar to the triangle AMQ, A PL to AKQ, 
and AKN to ALN; from these facts of similarity 


we 


get: 


| PM | \AM\ 
\MQ\ ~ |i4Q| 


\QK\ 

\PL\ 


\AQ\ 
\AL | ’ 


| ■ = \\an\ " • Multiplying these equalities and 

taking into consideration that \ AM \ = \ AN \, 

we get that M =l, and tins 

(see Problem 49 in Sec. 2) is just a necessary and 
sufficient condition for the straight lines MN, PK, 
and QL to meet in one point. 

The method of constructing tangent lines by a 
ruler only is clear from Fig. 48, b. The numbers 
1, 2, indicate the succession in which the 
lines are drawn. 


272. The desired set is a straight line which is 
the polar of the point with respect to the given 
circle (see Problem 21 in Sec. 2). 

273. The angles A MN and BNM can be expres¬ 
sed in terms of the central angle corresponding to 
the arc AB of the given circle (consider various 
cases of location of tne point N)\ this done, it is 
possible to determine the angle A MB. The sought- 
for locus is a circle. 

274. Take advantage of the results of Prob¬ 
lems 271 and 21 in Sec. 2. The obtained locus coin¬ 


cides with the locus in Problem 21 of Sec. 2, that 
is, this is the polar of the point A with respect to 
the given circle. 

275. Let O denote the point of intersection of 
A M and DC (Fig. 49). Through the point B, we 
draw a tangent to the second circle and denote the 
point of its intersection with AC by K (as in the 
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hypothesis). Obviously, the statement of the 
problem is equivalent to the assertion that KO is 
parallel to CM. Let the angle subtended by the 
arc AB in the first circle be a, in the second P, 
then /BCM — Z BAC, /BDM = /.BAD, 
/DMC = 180° — Z BDM — /BCM = 180° — 
/.BAD — /BAC = 180° — /DAC\ consequent¬ 
ly, ADMC is an inscribed quadrilateral, / AMC = 
p. Further, if the tangent BK intersects DM at a 



Fig. 49 


point L, then Z KBO = ALBD = Z.BDL = 
Z CA M; hence, KABO is also an inscribed quadri¬ 
lateral, and /.KOA = /.KBA = p, that is, KO 
is parallel to CM (the cases of other relative posi¬ 
tions of the points D, B, and C are considered in 
similar fashion). 

276. Since the circle with diameter CD passes 
through a fixed point A on MN ( MN J_ CD), the 
quantity 

| CN | • | ND | = | NA | 2 (1) 


is constant. Denote the point of intersection of PQ 
and MN by K. Let us show that is a con- 

stant. Note that Z PNQ — 180° — Z PMQ\ hence, 
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|JfX| S PM q \PM\-\MQ\ \MN\ 


SpQN \PN\- 
(we have used 


Equality 


IC1V1 


|A/JV| 
\ND\ ' 


(1) and the 


wi 

\MN\* 

IanW 

fact that the triangle MNP is similar to the 
triangle MNC, and the triangle MNQ to the tri¬ 
angle MND). 

277. The equality Z 0 X A0 2 = Z MAN follows 
from the result of Problem 279 of Sec. 1, the equal¬ 
ity /_0\A0 2 = 2 /LCAE was proved when solving 
Problem 275, Sec. 1. 


278. Let 0 and denote the centres of the two 
circles under consideration (O the midpoint of AB), 
K the point of tangency of the circles (K on the 
straight line OO x ), N the point of contact of the 
circle 0 1 with the straight line CD, M the point 
of intersection ol AB ana CD. Since 0 X N is parallel 
to AB, and the triangles KO x N and KOA are iso¬ 
sceles and similar, the points AT, N, and A are col- 
linear. Let t denote the tangent to the circle O t 
from the point A (the circle O x is assumed to lie 
inside the segment CBD). We have: P = | AN | X 

| AK | = | AN | 2 + | AN |-| NK | = \ AM \* + 
| MN | 2 + |CfV | • | ND | = \AM | 2 + | MN | 2 + 
(| CM | — | MN |) (| CM | + | MN |) = \AM\* + 
| CM | a = | AK l 2 , which was to be proved. 

279. Let A be the midpoint of the arc of the 
given circle not contained by the segment, and let 
the tangents from A to the circles inscribed in the 
segment be equal (Problem 278 in Sec. 2). This 
means that A lies on the straight line MN since 
I AO! | 2 - | A0 2 I 2 = | O^M | 2 - | 0 2 M I 2 , where 
Oi and 0 2 are the centres of the circles. 

280. Consider the general case of arbitrary cir¬ 
cles. Let the points F and F' be arranged as in 
Fig. 50. The notations are clear from the figure. 
Prove that there is a circle inscribed in the quadri¬ 
lateral AKBM, and then use the result of Prob¬ 
lem 55 of Sec. 2. To this end, it suffices to prove 
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that (see Problems 241 and 242 of Sec. 2) 

| BF | + 1 BF'\ = \AF' | + \AF\. (1) 

Bearing in mind that 1 BL \ = | BT |, and | FS | = 
| FT |, we get: | BF | = | BL | - | FS |, and 
similarly, | FA | = | FQ | — | AE |, | BF' j = 
| F'P | - | BL |, | F'A | = \AE \ — | F'R\. Sub¬ 
stituting these expressions into (1), we get: 



\BL \ — \FS\ + \FP\-\BL\ = \AE\-\F'R\ + 
\FQ\-\AE\ =* |F'i?i + tF'P|= |F<?| + |F5|=^» 
| PR 1 = | SQ |. The remaining cases of arrangement 
of the points F and F' on the tangents are consid¬ 
ered exactly in the same way (the results of 
Problems 241 and 242 of Sec. 2 being taken into 
account). Since each tangent is divided into four 
parts by the points of tangency and the point of 
intersection, we have 1/2 X4 ! = 8 cases. 

To prove the second part of the problem, we 
note that the midpoints of AB, FF' and the centre 
of the third circle 0 3 , inscribed in AKBM, lie on 
a straight line (see Problem 243 in Sec. 2). But 
since the radii of the given circles are equal, AB 
is parallel to 0,0 2 (0,, 0 2 the centres of the given 
circles); A and B lie on the straight lines 0 t 0 3 and 
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0 3 0 3 , respectively. Hence, the straight line pas¬ 
sing through 0 3 and the midpoint of AB bisects 

o l o i . 

281. Let M be the point of intersection of the 
tangents l u m t , and N the point of intersection 
of l 2 and m 2 (Fig. 51). Through N, we draw a 
straight line n 2 , touching a, distinct from l 2 . In 
the same way, as it was done in Problem 280 of 





Sec. 2, we can prove that the lines m t , n u m 2 , and 
n 2 touch the same circle, this circle being escribed 
with respect with the triangle PMQ (it touches 
the side PQ ), that is, coincides with y. Remark. Fig¬ 
ure 51 corresponds to the general case of the ar¬ 
rangement of the circles satisfying the conditions 
of the problem. 

282. Prove that the straight line D y C passes 
through 0, the centre of the arc AB, and the 



332 


Problems in Plane Geometry 


straight line DC X through O x , the centre of the 
arc AB X (Fig. 52). DAD X is a regular triangle, 
1 DC 1 = | AC |, consequently, D X C is perpendicu¬ 
lar to DA, and D X C passes through 0. Analogously, 



DC i is perpendicular to D X A . The point O x lies on 
the arc AB since it is obtained from 0 by rotating 
the latter about the point A through an angle of 
jt/3. Let both arcs be measured by the quantity 
6a (for convenience, a > n/ 6). Then, /AO x C x = 
2a, /.O x C x A — n/2 — a, /FAC X — 2a. Conse¬ 
quently, /AFC X = n — 2a— —-j — 

a=/FC x A, that is, \AF\ = \AC X \ = \AC\. 
Let us prove that the triangles FAC and EDC 
are congruent. We have: \AF\ = \AC\ = \DC\— 
\DE\, /CDE = /CDB - 21 BDE = n - 2a- 

(Jt — 2/Dfl£)=-2a + 2 (2a--|-)=2a- y= 

/.FAC; thus, \FC\ — \CE\. Further, we find 

n_r - 

L DCE =— g -a, /B X FD = ——a (measured by 

half the sum of the corresponding arcs), /B X FC — 
n-/CFA=~-\-a, /DFC = ^-n, /DCF — n— 

Q o 
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.— n— «+* 
6 


- = -s—a and, finally, LFCE — 


283. Consider two cases: (1) the triangle ABC 
is circumscribed about the given circle; (2) the 
■riven circle touches the extensions of the sides A B 
and AC. 

In the first case, we consider the circle touching 
both the sides of the angle at points M, N and the 
circle circumscribed about the triangle ABC inter¬ 
nally. Let a, b, c be the sides of the triangle ABC, 
r the radius of the given circle, /.A = a,\ AM \ = 
| AN | = x. Let us make use of Ptolemy’s general¬ 
ized theorem (Problem 239 in Sec. 2): xa = 

(b — x) c + (c — x) b, whence x — i "'" 

abc _ _ 2 r 


a + b + c ' 


-—j j i—r—;-_ --, that is, x is constant. 

(a-t-d+c) sin a since 

(It is possible to prove that MN passes through the 
centre of the given circle.) 

In the second case, we have to take the circle 
touching externally both the sides of the angle 
and the circle circumscribed about the triangle 
ABC. 

284. Denote the sides of the triangle ABC in a 
usual way: a, b, c; let | BD | = d, | AD 1 = 6,, 
| AM | = x. Use Ptolemy’s generalized theorem 
(Problem 239 in Sec. 2): xa + (d — b l -\-x)b — 
(b — x) c whence 


bje+bt-d) 
a -j- b -f- c 


( 1 ) 


Take on AS a point N such that MN is parallel to 
BD. We have: 


|Af7V| = d, \AN\=-2 -c, 

bi 
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Samn = (-^) 2 S abd = (-^-) 2 - y - Sabc 

= ~S ABC . ( 2 ) 

Let r be the radius of the circle touching MN and 
the extensions of AN and AM. Then from (1) and 
( 2 ) it follows that 

__ ZSamn _ 2 x^S abc 

\AM\ + |.4JV|— IMA'’! bx(b l -\-c— d) 

2S ABC 

~ a-f-fr + c ’ 

that is, r is equal to the radius of the circle in¬ 
scribed in the triangle ABC, which was to be proved. 

285. Let M and K denote the points of tangency 
of the circles, with centres at O t and0 2 , and AC, 
respectively. It follows from the result of the pre¬ 
ceding problem that L O t DM = L OKD = ~ , 

LOJDK = LOMD = 90°--|- We extend OK 

and OM to intersect OyM and 0 2 K at points L 
and P, respectively (Fig. 53). In the trapezoid 

LMKP with bases LM and PK we have: - . 7 ^ - ) = 

\OiL\ 

\MD\ \P0 2 \ _ __ 

\DKT~ Consequently, 0 t 0 2 passes 

through the intersection point of the diagonals of 
the trapezoid—the point 0. In addition, 


IQiOl 

100.1 


\LM\ 

\PK\ 


I MK\ tan-|- 
\MK\ cot -|- 


= tan 2 


JP 

2 ' 


286. The statement of the problem follows from 
the results of Problems 285 and 232 Sec. 2. 
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287. The statement of this problem can be 
proved with the aid of the result of Problem 240, 
more precisely, of its particular case, when the 
three circles have a zero radius, that is, they are 



Fig. 53 


points. In this case, these points are the midpoints 
of the sides of the triangle. 

288. The statement of this problem follows 
from Feuerbach’s theorem (see Problem 287 in 
Sec. 2) and from the fact that the triangles ABC , 
AHB, BHC , and CHA have the same nine-point 
circle (the proof is left to the reader). 

289. Let in the triangle ABC , for definiteness, 
a ^ b ^ c. Denote the midpoints of the sides BC, 
CA, and AB by A lt B t , and C x , respectively, and 
the points of tangency of the inscribed and escribed 
circles and the nine-point circle of the triangle 
ABC by F, F a , F b , F c , respectively. We have to 
prove that in the hexagon C x F,.FA x F a F b (the 
points taken in the indicated order form a hexagon 
since a < b < c) the diagonals C X A U F c F a , and 
FF a meet at a point. To this end, it suffices to 
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prove (see Problem 49 of Sec. 2) that 

1 C x F c H FA t 1 | F a F b I = I F C F \ 

X | A x F a | | F b C x |. (1) 

Using the formulas obtained in Problem 201 of 
Sec. 1, we find 


\ F a Fb\ = 


\F C F\ = 


MiF„| = 


l^iAI = 


(a + 6)fl 

Y R + 2r a -Y R + 2r b ’ 
(b — a) R 

V~R-—2r ■]/" R-{- 2 r c ’ 
c-b R 

2 V R + 2r a ' 

a + -t/~ R 

2 V R+2r h • 


Now, the equality (1) can be readily checked. 
Remark. It is possible to prove that the intersec¬ 
tion points of the opposite sides of the quadrilateral 
whose vertices are the points of tangency of the 
inscribed and escribed circles of the given triangle 
with its nine-point circle lie on the extensions of 
the midlines of this triangle. 

290. Using the formulas of Problems 193, 194, 
and 289 in Sec. 2 (in the last problem, see its 


solution) wc find- 1 - (a+b) (6+c) (c+a) R * 

solution), we fmd. O/6 |.j 0 / e| - 

The ratios of the other corresponding sides of the 


triangles F a F b F c and 4 1 f? 1 C 1 are the same. The 
similarity of the other pairs of triangles is proved 
in similar fashion. For | A x R 2 | and the other 
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quantities, we derive formulas similar to that of 
Problem 194, Sec. 2. 

291. Prove that &ABP — A ACQ. For this 
purpose, it suffices to prove that A KBP = 
A ABC and A FCQ = A ABC (by two sides and 
the angle between them): /QAP — /CAB + 
/CAQ + A BAP = A CAB + /CAQ+/CQA = 
/CAB + i80°— /QCA = /CAB-{ 90°— /QCF = 
90° (it was assumed that A CAB < 90°; the case 
/.CAB > 90° is considered in a similar way). 

292. Since / FE X E = A FCE = 90°, FE X EC is 
an inscribed quadrilateral, A FCE X = A FEE X — 
60°. Analogously, FE X AD is an inscribed quadri¬ 
lateral, and /EyDF = LE X AF = 60°, that is, 
DEyC is an equilateral triangle. In similar fash¬ 
ion, we prove that BF X C is also an equilateral tri¬ 
angle. 

293. Let P, Q, and R denote the points of in¬ 
tersection of LB and AC, AN and BC, LB and 
AN, respectively. Let | BC | = a, | AC \ = b. 
It suffices to show that S A cq = Sapb (both of these 
areas differ from the areas under consideration 
by the area of the triangle A PR). By the similarity 
of the corresponding triangles we get \CQ\ = 

| PC | — a ^ k . Consequently, 5 A CQ = -yMC| X 

\ C Q\ = 2 (° V b) ’ Sapb=zSacb ~ ^PCB^-j-ab— 

a 2 b ab 2 

2(a + *>) = 2 (a+ 6) • 

295. Prove that the area of the triangle with 
vertices at the centres of the squares constructed 
on the sides of the given triangle and located 
outside it and the area of the triangle with vertices 
at the centres of the squares constructed on the 
same sides inside the given triangle are respectively 

equal to S + 4~ (a 2 + b 2 + c 2 ) and I S —x 

O | O 


22—01557 
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(a 2 + fe 2 + c 2 ) 


where a, b, and c are the sides 


and 5 the area of the given triangle. 

296. Denote: L A^BC = a, /.AiCB=$; then 

S, 


AAi divides BC in the ratio equal to 


’ABA i 


\AB | • \BA X \ sin (Z.B+a) 


s ACAi 
sin P 


b sin a 


X 


Y \AC\ • \CA t \ sin (zC + P) 

Sm . Having carried out similar com- 
s»n(zC+p) 6 

putations for the other sides of the triangle A BC, 
use Ceva’s theorem (Problem 44 of Sec. 2). 

297. Let KL be the arc contained inside the 
triangle ABC. Extending the sides AB and BC 



beyond the point B, we get the arc MN symmetric 
to the arc KL with respect to the diameter par¬ 
allel to AC. Since /LB is measured by the arc equal 

to -y (—KL + —MJV) = ~KL, the arc KL has 
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a constant length, and a central angle equal to 
the angle B corresponds to it. 

298. Let O be the intersection point of the 
straight lines, A and A x two positions of the point 
on one line of different instants, B and B x the 
positions of the other point on the other line at 
the same instants (Fig. 54). Erect perpendiculars 
at the midpoints of AB and A X B X and denote the 
point of their intersection by M : i\AA x M = 
ABB X M since they have three equal sides: one is 
obtained from the other by rotation through the 
angle A OB with centre at M. This rotation makes 
a point on AO go into the corresponding position 
of a point on OB so that the point M possesses the 
required property. 

299. (a) Let A and B denote the points of in¬ 
tersection of the circles, A the starting point of the 
cyclists, M and N the positions of the cyclists at a 
certain instant of time. If M and N are on the 
same side of AB, then /-ABM = /-ABN, if they 
are on both sides, then Z . ABM + /-ABN = 180°, 
that is, the points B, M, and N lie on a straight 
tine. If L and K are two points of the circles dia¬ 
metrically opposite to B (L and K are fixed), then, 
since Z.LNM = ANM K = 90°, the point P which 
is the midpoint of LK is equidistant from N and 
M. We can make sure that P is symmetric to the 
point B with respect to the midpoint joining the 
centres of the circles (Fig. 55, a). 

(b) Let O x and O t denote the centres of the 
circles. Take a point A, such that O x AO t A x is a 
parallelogram. It can be easily seen that the triangle 
MO x A x is congruent to the triangle N0 2 A, since 
\MO x \= \O x A\= \O t A x \, I O x A 11 = 1 0\A | = 

|WO,I, AMO x A x =--<p + AAO x A x = (f + AAO i A x == 
AN0 2 A x , where cp is the angle corresponding 
to the arcs covered by the cyclist (Fig. 55, b). 
Thus, the sought-for points are symmetric to the 
points of intersection of the circles with respect 
to the midpoint of the line segment 0 X 0 3 . 
Remark. In Item (a) we could proceed just 


22* 
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in the same way as in Item (b). Namely, taking 
the point P so that A0 1 PO i = A0,-4 0 2 (A and 
P are on the same side of O x O t and do not coincide), 
it is easy to prove that the corresponding triangles 
are congruent. 

300 . (b) Use the result of Item (a). Replace the 
rotation about O x by two axial symmetry mappings, 
taking the straight line O x O t as the axis of sym¬ 
metry for the second mapping and the rotation 
about the point 0 2 by two symmetry mappings, 
taking the straight line 0,0 2 as the axis of the 
symmetry for the first mapping. Remark. If a + 
6 = 2n, then the application of the given rotations 
in succession, as it is easy to make sure, is 
equivalent to a translation. 

Answer: if a + p < 2n, then the angles are 

equal to , a —, and if a+p> 

2a, then the angles are equal to n — , n—~ , 

tt+P 

2 1 

301 . Let us carry out three successive rota¬ 
tions in the same direction about the points K, L, 
and M (or about K x , L l% and M,) through the 
angles a, p, and y. Since a + p + y — 2ji, the 
transformation obtained in a translation (see Prob¬ 
lem 300 in Sec. 2). But since one of the vertices 
of the original triangle remains fixed in these 
rotations, all the points of the plane must remain 
fixed. 

Thus, the centre of the third rotation (the point 
M) must coincide with the centre of the rotation 
resulting from application in succession of the 
first two rotations: about the points K and L. 
Now, take advantage of the result of the preceding 
problem. 

302 . Denote: /LBOC = 2a, Z .DOE = 2§, 
Z.FOA = 2y. Let K, M, and L be, respectively, 
the intersection points of the circles circumscribed 
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about the triangles BOC and A OF, BOC and 
DOE, A OF and DOE. The point K lies inside the 
triangle AOB, and /LBKO = 180° - /LBCO = 
90° + a, /.AKO — 90° + V> and since a + 3+ 
Y = 90°, /LAKB = 90° + p. Similarly, L lies 
inside the triangle FOE, and AJOLF— 90° + y, 
LOLE = 90°+3, AFLE = 90° + a. Hence, \OL\ = 
\AK\, AKOL = 2y + A KOA + A.LOF = 2y + 
A KOA + A KAO = 90°+ y = /LA KO\ thus, the 
triangles KOL and AKO are congruent, that is, 
| KL | = | AO 1 = /?. We then prove in a similar 
way that each of the two other sides of the 
triangle KLM is equal to R. 

303. Let ABCD denote the given quadrilateral, 
O u 0 2 , 0 3 , 0 4 the centres of the rhombi constructed 
on AB, BC, CD, DA, respectively; K and L the 
midpoints of the sides AB and BC, respectively, 
M the midpoint of the diagonal AC. The trian¬ 
gles O x KM and O t LM are congruent | | O x K \ = 

~\AB\ I LM |, 1 KM | i-|/?C| = 

| O t L |, /LO^M^/LOsLm} If /LABC + a < 

n, then these triangles are located inside the trian¬ 
gle O x MO t , and if /LABC -f a > n, then they are 
Found outside the triangle O x M0 2 (the angles of 
the rhombi with vertex at B are equal to a). Thus, 
| O x M | = | 0 2 M I, AJO x M 0 2 — n — a. In sim¬ 
ilar fashion, | O a M | = | 0,M |, /LO a MO i = 
n — a. Consequently, the triangles 0 x M0 3 and 
0 2 MO. are congruent, and one is obtained from the 
other by a rotation about M through the angle 
n — a. Hence, there follows the statement of the 
problem. 



A 2 the centres of the triangles constructed on BC), 
a, b, c the sides of the triangle ABC. 

(a) The fact that^i®!^ and A 2 B 2 C 3 are reg- 
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ular triangles follows, for instance, from the re¬ 
sult of Problem 301, Sec. 2. 

(b) Let us prove a more general assertion. If 
on the sides of the triangle ABC there constructed 
externally (or internally) similar triangles A X BC , 
B X CA , C X AB so that Z.A X BC = /LB X CA = 
/LC X AB, /LA X CB = /LB X A C = /LC X BA, then the 
median points of the triangles ABC and A X B X C X 
coincide. First note that if M is the point of inter¬ 
section of the medians of the triangle ABC , then 

MA + MB + MC = 0, and, conversely, if this 
equality is fulfilled, then M is the median point of 


the triangle ABC. It remains to check that MA X + 
MB X + MC X = 0 or (MA + AC X ) -f (MB + 
BA X ) + (MC + CB X ) = 0. But MA + MB + 
MC = 0. In addition, AC X + BA X + CB X = 0 
since each of the vectors AC x , BA X , CB X is obtained 


from the vectors AB, BC, CA, respectively, by 
rotating the latter through the same angle (/LA X BC) 
and multiplying by the same number. 

(c) Consider a more general case. The isosceles 
triangles A X BC , B X CA , C X BA and A\BC, B\CA, 
C\BA in which the ratio of the length of the al¬ 
titude drawn to the base to the length of the base 
is equal to k are constructed on the sides of the 
triangle ABC externally and internally as on 
bases. Let O denote the centre of the circle circum¬ 
scribed about the triangle ABC\ a , b, c its sides; 
A a , B 0 , C 0 the midpoints oiBC,CA ,AB, respective¬ 
ly. For definiteness, we assume ABC to be acute 


1 

triangle. Then, >S , Al0Cl = — \A x O\-\C x O\ sinB = 
( | OA 0 1 + ka) (| OC 0 1 + fee) sin B = ~ |0A O | X 
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\OC B \ sin fc*ac sin B + -|-(a|OC 0 |+c|Oy4 0 |)x 

k 

sin i?== k 2 S a bc S AoOCg -r -j- 6 2 . Obtaining similar 

relationships for the triangles A x OB x and B x OC x 
and adding them together, we find: S AlBlCl = 

(3fc 2 + -j- j S abc + -|- (a 2 4 fc a + c 2 ) (this equality 

is also valid for an obtuse triangle ABC). For the 

I k 

triangle we have: S A , B , C , = -^-(a 2 +&*+ 

c 2 ) — |3fe a + -^- j S a bc | • Consequently, if x 
(a 2 + 6 * + e 2 ) - ( 3fcl! + x) Sabc ^ °» then 
S A 1 B 1 C l ~ S A- ] Bf l =( 6A:i! + D^Aflc,and if|x 
(a 2 + 6 * + c 2 ) - [3 * 2 + i-) 5 a bc < 0 , then 

5 AiB 1 C 1 - 5 AjB'C; = '| (a!! + 6S+ci!) ‘ Wecan P rove 

that always a 2 -f 6 2 +c 2 > 4 V^3 S^BC (in Prob¬ 
lem 362 of Sec. 2, a stronger inequality is 

l 

proved), and this means that for k — - 7 =- the 

2 \ 3 

difference between the areas of the triangles 
A X B X C 1 and A' X B[C\ is equal to S ABC . 

305. Let the three given points form a triangle 
ABC. Two families of regular triangles circum¬ 
scribed about the triangle ABC are possible. The 
first family is obtained in the following way. 
Let us construct circles on the sides of the triangle 
so that the arcs of these circles lying outside the 
triangle are measured by the angle of 4 ji/ 3. We 
take an arbitrary point i4,on the circle constructed 
on BC. The straight line A X B intersects the circle 
constructed on BA for the second time at a point 
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C u and the straight line A X C intersects the circle 
constructed on CA at a point B 1 . The triangle 
AiB^i is one of the triangles belonging to the 
first family. Let E, F, and G denote the intersection 
points of the angle bisectors of the triangle A l B l C l 
and the circles constructed on the sides of the 
given triangle. The points E, F, and G are fixed 
(E the midpoint of the arc of the circle constructed 
on BC and situated on the same side of BC with the 


triangle ABC). The points E, F, and G are the 
centres of the equilateral triangles constructed 
on the sides of the triangle ABC internally. The 
triangle EFG is a regular one (see Problem 304 in 
Sec. 2), its centre coinciding with the median point 
of the triangle ABC. The centre of the triangle 
AiBiC x lies on the circle circumscribed about the 
triangle EFG\ the square of the radius of this 

circle being equal to -2 S ]/*3j , 


where a, b, and c are the sides and S the area of 


the triangle ABC (see the solution of Prob¬ 
lem 304 of Sec. 2). 

The second family of equilateral triangles cir¬ 
cumscribed about the triangle ABC is obtained if 
on the sides of the triangle ABC circles are con¬ 
structed whose arcs located outside the triangle 
ABC are equal to 2 ji/ 3 (each). 

The required locus consists of two concentric 
circles whose centres coincide with the median 


point of t he triangle ABC, and the rad ii are equal 
t° {/ \ (a* + 6* + «•) ± 2S VI. 


306. Prove that the triangles CB^i and CA x B t 
are obtained one from the other by rotation about 
the point C through an angle of 90°. Indeed, 
A CAA X = ACBBi (| BB t | = | AC |, | BC | = 

\AAi\, Z-CBBi~ Z-CAA t ), and since AA 1 ±BC 
and BB l J_ AC, we have: B X C X A X C. Similarly, 
A t C and B.C are equal to each other and mutually 
perpendicular. 



346 


Problems in Plane Geometry 


307. Prove that the tangents to the circle drawn 
from the vertices between which one of the vertices 
of the polygon is located are equal to each other. 
Hence, it follows that for a polygon with an odd 
number of sides the points of tangency are the 
midpoints of the sides. 

308. Note that if we consider the system of 
vectors whose initial points lie at the centre of 
the regular ra-gon and whose terminal points are 
at its vertices, then the sum of these vectors equals 
zero. Indeed, if all of these vectors are rotated 
through an angle of 2 n/n, then their sum remains 
unchanged, and on the other hand, the vector equal 
to their sum rotates through the same angle. 
Hence, the sum of the projections of these vectors 
on any axis is also equal to zero. 

Let us return to our problem. If q> is the angle 
between the given straight line (let us denote it 
by l) and one of the vectors, then the remaining 

2 n 2jj 

vectors form the angles <p-|-, ® + 2 — , 

n n 

2 n 

f + (n — 1) —. The square of the distance from 
the fcth vertex to l is equal to sin 2 |q> + & — j 2 — 
^1 — cos ^2q> + fc-^p-j j But the quantities 

^ 2 <p + Ar-^-j can be regarded as projections on 

l of the system of n vectors forming angles 2 <p + 
4it 

k - (fc = 0, 1, re — 1) with l. If re is odd, 

Tt 

these vectors form a regular re-gon, if re is even, 
then they yield an gon repeated twice. 

A n 

A nswer : —. 

309. (a) If the side of the polygon is equal to 

a, S is its area, x lt x 2 , are distances from 
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a certain point inside the polygon to its sides, 
then the statement of the problem follows from the 
equality S = (az, + az q + . + ax n )/2. 

(b) Consider the regular polygon containing 
the given one whose sides are parallel to the sides 
of tne given polygon. The sum of distances from 
an arbitrary point inside the given polygon to the 
sides of the regular polygon is constant (Item (a)) 
and differs from the sum of the distances to the 
sides of the given polygon by a constant. 

310. Let B u B t , ., B n+1 denote the points 

symmetric to A x , A 2 , . . ., A n+1 with respect to 
the diameter A 0 A 2n+ i, C k and C' h the points of in¬ 
tersection of the straight line A ft A an +i-ft with OA n 
and OA n+1 . Let D h _ x and D h be the points of in¬ 
tersection of the straight lines A k B k . l and A h B h+l 
with the diameter. Obviously, the same points are 
the points of intersection of the straight lines 
B^A^i and with the diameter. It is also 

obvious that the triangle D k ~ k A h D k is congruent 
to the triangle C h OC k . Thus, the sum of the line 
segments C h C' k is equal to the sum of the line seg¬ 
ments D h , 1 D h (k = 1, .... n), D„ = A 0 , D n = 
0 , that is, equals the radius. 

311. Let A (Fig. 56) be the given point, A h a 
vertex of the 2n-gon, B h _ t and B h the feet of the 
perpendiculars dropped from the point A on the 
sides enclosing A h , and a h and [5 fe the angles 
formed by the straight line AA h with those sides 
(P* = /^AA h B k .x, a h — /LAA h B^). Since a circle 
can be circumscribed about the quadrilateral 
AB k _ 1 A h B h , we have: Z-AB h . x B h — a k , 
/LAB h B h ~ l = fi k (or supplement these angles to 

180°); thus, by the law of sines, — 

\AB h | 

sin Pft MAft-il \AB k+ i\ __ sin fo, sin a h+l 
sin a k ’ \AB h \ 2 sin aft sin p ft+l '* 

Multiplying those equalities for k = 2, 4, . . ., 
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2n and replacing the index 2rt + 1 by 1, we 
get the desired result. 

312. Prove that if 0* and 0 ft+1 are the centres 
of the circles touching the given circle at points 
A h and i4h + i; B the point of their intersection lying 
on the chord r k , r ft+1 their radii, 

then r h -f r h +l = r, Z-A ft 0 h i? = Z.A h +1 0 ft + X B = 
/LA k OA h+x (r the radius of the given circle, 0 


A 



Fig. 56 

its centre). Hence it follows the equality of every 
other radii, which for an odd n means that all of 
them are equal to r/2. In addition, ^A h B + 
•—BA k +1 = —A h A h +1 (the minor arcs of the cor¬ 
responding circles are taken). 

313. (a) Let A be an arbitrary point of the 
circle (A on the arc A X A 2n+1 ). Let a denote the 
side of the polygon, and b the length of the diagonal 
joining every other vertex. By Ptolemy’s theorem 
(Problem 237 in Sec. 2), for the quadrilateral 

AA h A h*l A h+* we have: I AA h\“+\ AA h *a I “= 

b (k = 1, 2, . ., 2re — 1). Similar 

relationships can be written for the quadri¬ 
laterals A Zfi A A i and A 2 j X ^. x AA x A 2 * 

| AA X | a + | AA 2n+1 | b = | AA in \ a, 

| AA in + x | a + \AA X | b = \AA t \ a. 
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Adding together all these equalities and leaving 
even vertices on the right and odd vertices on the 
left, we get the required statement. 

(b) Our statement follows from Item (a) and 
the result of the Problem 206 of Sec. 1 (A similar 
formula can be obtained for the case of internal 
tangency.) 

314. (a) Let l intersect AC and BC at points 
K and N, respectively, and touch the circle at 
a point M (Fig. 57). Let us denote: | AC | = 



| BC | = a, 

| NM | = y. 


\AK\=\ 

Obviously, 


KM I = 


| BN | = 
(a — x)(a — y) 


u v xy 

but, by the law of cosines, for the triangle CKN 
the following equality holds true: (x + y) 2 = 
(a — x) i + (a — y) 2 — 2 (a — x) (a — y) cos a => 
. „ a xy uv . „ a 

sin 2 ir—-, -tt -1 Thus, —s~ = sin 2 — . 

2 (a — x) (a — y) w 1 2 

(Other cases of arrangement of the line l are con¬ 
sidered in a similar way.) 

(b) Let us use the result of Item (a). Multiplying 
the corresponding equalities for all the angles of 
the a gon, we get the square of the sought-for ra¬ 
tio, and the ratio itself turns out to be equal to 

®l . ®2 

2 s,n 2 


'***'• --- - ---- 

i/(sin-y-sin-Fr sin "T") where 


a. 


a n are the angles of the polygon. 
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(c) We use the result of Item (a). We denote 
the points of tangency of the sides A t A 2 , A 2 A 3 , 

A 2n-i A tn’ A ln A i with the circ l e by B U B i< ■ •. 

B 2n -i , B 2n i respectively; the distances from 
A h A 2* • ■ A 2n. to l by X], x 2 , . ., x 2n .], x 2n , 
respectively; the distances from B u B 2 , . . ., B tn 
to l by y t , y 2 , y 2n , respectively. Then we 
get: 

x\ 1 x\ 1 

^"sin^ ’ ^ = sin^ ’ 


r 2 
J 2 n 

yzn-l!/ 2 n 



where a lt a,, . . a 2n are the angles of the 
polygon. Multiplying the equalities containing 
x u x 3 , . . ., x 2n _i and dividing them by the pro¬ 
duct of the remaining equalities, we get: 

/ JxX 3 ■ ■ ■ X 2 n-1 \ 2 
V x 2 x 4 x 2n ) 


sin 


a 2 

2 


a 4 


sin 


®2n 


sin 


Oj_ 

2 


sin- 


sin 


«2n-i 


315. The statement of the problem can be prov¬ 
ed by induction. The beginning step of the proof, 
n = 4, is considered in Problem 235 of Sec. 2. 

However, we can suggest another way of solu¬ 
tion based on the following equality. Let in the 
triangle ABC the angle A be the greatest, r and R 
the radii of the inscribed and circumscribed cir¬ 
cles, respectively, d a , d b , and d c the distances from 
the centre of the circumscribed circle to the corre¬ 
sponding sides of the triangle. Then 

r+R = d a + d b + d c (1) 
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for an acute triangle and 

r + R= - d a + d b + d c (2) 

for an obtuse one (for a right triangle, d a = 0 and 
for it any of the above relationships holds true). 

Proof. Let ABC be an acute triangle; A 0 , B 0 , 
C B the midpoints of the sides BC, CA, AB, respec¬ 
tively; 0 the centre of the circumscribed circle. 
By Ptolemy’s theorem (Problem 237 in Sec. 2), 

for the quadrilateral AB 0 OC 0 we have: -y d c -\- 

C CL 

R. Writing two more similar relation¬ 
ships for the quadrilaterals BC 0 OA 0 and CB 0 OA 0 
and adding them together, we get: 

(t+t) dc +(T + T) db +(-Y + T) da 

= -l( a + 6 + c) R^pR, 

I 

whence p (d a + d b + d c ) —— ( c d c bd b + ad a ) = 

pR. Since y (cd c + bd b + ad a ) = S = pr, after 

reducing by p, we get the equality (1). The case 
A-A > 90° is considered in a similar way. 

The statement of the problem follows from 
the relationships (1) and (2). To this end, let us 
write the corresponding equalities for all the trian¬ 
gles of the partition. Note that each of the diago¬ 
nals serves as a side for the two triangles. Conse¬ 
quently, the distance to the chosen diagonal enters 
the relationships, corresponding to these triangles, 
with opposite signs. Hence, adding together all 
these equalities, we get (provided that the centre 
of the circle lies inside the polygon): 2 r + H = 
+ • • •+d n , where d it d 2 , ..., d n are the 

distances from the centre of the circle to the 
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sides of the polygon. If the centre of the circle 
is outside the polygon, then the distance to the 
greatest side should be taken with the minus sign. 

316. Consider, for definiteness, the case when 
the point M is found inside the polygon. Let u 
and v denote the distances from M to A,A 2 and 
A x A n , respectively; x and y the projections of 
A X M on A x A t and A^A- ( x and y should be as¬ 
sumed to be positive, if these projections are sit¬ 
uated on the rays A X A 2 and A x A n , and negative 
otherwise). | A X B X | = |.Ai# n | = a, /LA 2 A x A n = 
a. The distances u and v can be expressed in terms 

of x and y: u = 


__ y 


sm a 


cos a , , , | . 1 

y —:-; hence u v = (x + y) — 


cos a 


(x + y) tan = (x + y) — . We now have: 
Z a 

(| MB X P + | MB n | 2 ) a — ((x — a) 2 + u 2 

+ (y - a) 2 + »*) a 

= ((* - a) 2 + (u - r) 2 +{y- a) 2 + (v - r) 2 
+ 2r (u + v) — 2r 2 ) a 
= 2 d 2 a -f- 2ra (u -f- v) — 2r 2 a = 2d 2 a 

+ 2r 2 (x + y) - 2r 2 a. 


Writing similar equalities for each of the vertices 
and adding them together, we get the statement of 
the problem. 

317. Consider three triangles ABC, ACD, 
and ADB having a common vertex A. Denote the 
projections of AT on AB, AC, and AD by B x , C x , 
and D x , respectively. The straight lines B X C X , 
C X D X , and D X B X are Simson’s lines of the point M 
with respect to the triangles ABC, ACD, and 
ADB. But the points A, M, B x , C x , and D x lie 
on the same circle ( A M being its diameter). Con¬ 
sequently, the projections of the point M on B X C X , 
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C l D 1 , and D X B X lie on a straight line which is 
the Simson line of the point M with respect to 
the triangle B X C X D X . Considering then the pro¬ 
jections of the point on Simson’s lines correspond¬ 
ing to the three triangles with a common vertex 
B, we get that those three projections also lie on 
a straight line, hence, the four projections are col- 
linear. 

The passage by induction from n to re + 1 is 
performed exactly in the same way. 

318. Let, for definiteness, B x lie on the arc A X A 2 
which bounds the segment not containing the circle 



p. Let C u C 2 , denote the points of tangency 
of A X A j, A j A g, with the circle P, respectively; 
D x , D 2 , . the points of tangency of B X B 2 , 
B 2 B s , with the same circle (Fig. 58); K, L, 


23-01557 
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and P the points of tangency of D X C X and A X B X , 
and 4 2^21 end A 2 B 3 . 

In the triangles A l KC 1 and D X LB 2 , we have: 
Z.KC X A X = /LLD x B t , /_C X A X K = Z.D x B t L\ hence, 
/LC X KA X = /LD x LB 2 , that is, KPL is an iso¬ 
sceles triangle, | KP | = | PL |. 

Consider the circle y touching KP and PL at 
points K and L , respectively. The centre of this 
circle is found on the straight line passing through 
the centres of a and p (see Problem 12 in Sec. 2). 

Let the line D 3 C 3 intersect AJB^ and A 3 B a at 
points L' and M, respectively. As in the preced¬ 
ing case, let us prove that there is a circle y’ with 
centre on the straight line passing through the 
centres of a and p and touching A 2 B 3 and A 3 B 3 
at points L' and M, respectively. Let us prove that 
y and y' coincide. To this end, it suffices to prove 

the coincidence of L and L' We have: } y ^ j 

\LB 3 \ 

S A c X Di X ‘ M*^il sin/.A a C x D x 


b 3 C x d x _L 1 jDjC, 1 • 1 B 3 D x I sin Z B 3 D x C x 


Qin-iJarlv I _ I A 3 C X \ 

\b 3 d x \ ■ smmariy \L'B 3 \~ 1 b 3 d 3 1 ~| B 3 D x I ’ 
that is, L and L' coincide. Remark. It follows from 


our reasoning that in the case under consideration 
the points of tangency of y with the straight lines 
A X B X , A 3 B 2 , . ., are found inside the line seg¬ 

ments A X B X , A~B t , . . . 

319. Using tne notation of the preceding prob¬ 
lem, the statement is reduced to the following: if 
A n + X coincides with A x , then B n +1 coincides 
with B x . Suppose, the contrary. Then A X B X and 
A x B n +1 touch the circle y, A X A 2 intersects y, and 
B x and B n +1 lie on the arc A X A 2 corresponding to 
the segment not containing p. The points of tan¬ 
gency of A X B X and A x B n+x with y lie inside the 
line segments A X B X and A x B n + x . Thus, we have 
obtained that two tangents are drawn from A x to 
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y, the points of their contact with y being located 
on the same side of the secant A t A 2 . But this is im¬ 
possible. 

320. Let us consider the triangle B 0 XC t . The 
straight line XR is the bisector of the angle C 0 XB 0 . 

Jl 

It is readily checked that /LC 0 RB 0 = —-\- 

i 

— /LC 0 XB 0 . Hence, it follows that C 0 R and B 0 R 

are the bisectors of the angles XC 0 B 0 and XB 0 C 0 , 
respectively (see Problem 46 in Sec. 1). In similar 
fashion, in the triangles C 0 YA 0 and A 0 ZB a the 
points P and Q are the points of intersection of 
the angle bisectors. Hence, taking into considera¬ 
tion that /LPA 0 Q = /LA 13, /LQB 0 R = /LB1 3, 
/LRC 0 P = /LC/3, we get the statement from which 
Morley’s theorem follows. 

321, When solving the problem, we use the 
following assertions which can be easily proved. 

(a) If a point N is taken on the bisector of 
the angle M of the triangle KLM (inside this 

triangle) so that /LKNL — (n + /LKML), 

then N is the intersection point of the angle bi¬ 
sectors of the triangle KLM (see Problem 46 of 
Sec. 1). 

(b) If a point N is taken inside the angle KML 
and outside the triangle KLM on the extension 
of the bisector of the interior angle M so that 

Z.KNL = -1 (ji — aLKML ), then N is the in¬ 
tersection point of the bisector of the angle M and 
the bisectors of the exterior angles K and L. 

(c) If a point N is taken inside the angle KML 
and on the bisector of the exterior angle K of the 

triangle KML so that Z.MNL = -i- /L.MKL, 

then N is the intersection point of the bisector 
of the angle M and the bisectors of the exterior 
angles K and L. 


23* 
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We carry out the proof of the assertion for all 
possible values of i, j, k (all in all, seven cases) 
according to one scheme. Each time we formulate 
and prove the corresponding converse assertion 
equivalent to the considered case of Morley’s theo¬ 
rem. The preceding problem is an example of 
following such a scheme. In order to avoid repeti¬ 
tion, let us first single out the general part of rea¬ 
soning. Consider the regular triangle PQR. Con¬ 
structed on its sides as bases are isosceles triangles 
PXQ, QYR, RZP (what triangles and how they 
are constructed is explained for each of the seven 
cases). Let A 0 denote the point of intersection of 
the straight lines ZP and YQ, B 0 the point of 
intersection of XQ and ZR, and C 0 the point of 
intersection of YR and XP. Then we prove for each 
case that the triangle A a B 0 C 0 is similar to the 
triangle ABC, and that the rays A 0 P and A 0 Q, 
B 0 Q and B 0 B, C 0 R and C 0 P are its angle trisectors 
of the corresponding kind. 

Let us now indicate what triangles and how they 
should be constructed on the sides of the triangle 
PQR in each case. 

(1) t = / = k = i; /I PXQ = -1 (n + 2 /LA), 

/LQYR = -i- (n + 2 /LB), /LRZP = -j (n + 2 /LC). 

All the triangles are arranged externally with 
respect to the triangle PQR. 

(2) 1 = 1, / = * = 2, Z.PXQ = ~(n-2/LA), 

Z.QYR = n-g— , ZLRZP = n - - —. 

All the triangles are arranged externally with 
respect to the triangle PQR. (We assume that 
Z.A < ji/ 2. If Z.A > n/2, then the triangle PXQ 
is “turned out” on the other side of the triangle 

PQR, Z.PXQ = — (2 /LA - n). If /LA = n/2, 
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then the triangle PXQ turns to a pair of parallel 
straight lines. This note should be borne in mind 
when considering the further cases.) 

(3) t=7 = l, Jfc = 3; /-PXQ = ~ (ji-2 /LA), 

Z.QYR=~(n-2/LB), /LRZP = ~ (n+2 L.C). 

The triangles PXQ and QYR are arranged exter¬ 
nally and RIP internally with respect to the 
triangle PQR (see Item (2)). 

(4) i = / = k = 2; A PXQ = i- (it - 2 /LA), 

Z.QYR= -|-(«-2AB), L.RZP = (n — 2 /LC). 

All the triangles and the triangle PQR itself are 
arranged on the same side of the corresponding 
sides of the triangle PQR, (see Item (2)). 

(5) 1 = 1, 7=2, fc = 3; Zi>X<? = i-(n + 2/A), 

1 9 / C 

/LQYR = -j(n-2/LB), /RZP^n-±±— The 

triangle PXQ is constructed externally with 
respect to the triangle PQR, while the other two 
internally (see Item 2)). 

(6) 7 = 2, / = fc = 3; LPXQ=n - , 

/.QYR = ±-(n+2LB), Z RZP = ~(n + 2 AC). 

The triangle PXQ is arranged externally and the 
two others internally with respect to the triangle 
PQR. 

(7) i = / = It = 3; /LPXQ = n-^^- , /.QYR — 

n —> Z-RZP — n — ^ . All the trian¬ 

gles are arranged inside the triangle PQR. 

Item (1) was proved in Problem 320, Sec. 2. 

Let us, for example, prove Item (2). 



358 


Problems in Plane Geometry 


Let /LA < n/2. Consider the triangle B 0 XC 0 
in which XR is the bisector of the angle B g XC g . 

t 

In addition, /LB g RC g =-j-(n + Z-B g XC g ). In 

accordance with the assertion (a), R is the inter¬ 
section point of the angle bisectors of this triangle 
(if A > ji/ 2, then B 0 R and C g R are the bisectors 
of the exterior angles of the triangle B a XC g ). Fur¬ 
ther, in the triangle C 0 YA 0 we have: YP is the 
bisector of the exterior angle Y, /LA g PC g = 

1 

~^r- Z_A YC g (this can be readily checked). In ac- 

a 

cordance with the assertion (c), P is the intersec¬ 
tion point of the bisector of the angle C„A 0 Y and the 
bisectors of the exterior angles A g C g Y and C g YA „ 
of the triangle C g YA 0 . In similar fashion, the 
point Q with respect to the triangle A g ZB g is the 
intersection point of the bisector of the angle ZA 0 B g 
and the bisectors of the exterior angles A g ZB g 
and A g B g Z. (This implies that the triangle PQR, 
with respect to the triangle A g B g C g , is formed by 
the intersection of the trisectors of the first kind 
of the angle A g with the trisectors of the second 
kind of the angles B g and C g (Item (2) is meant).) 
The triangle A g B g C g itself is similar to the triangle 
ABC. 

In all the remaining item£ (from 3 to 7) we rea¬ 
son in a similar way varying only the assertion 
used ((a), (b), (c)). 

Interchanging the indices i, /, k, we note that 
to Item 5 there correspond six regular triangles, 
to each of Items (2), (3), and (6) three regular 
triangles, to each of Items (1), (4), and (7) one equi¬ 
lateral triangle. Thus, the total number of regular 
triangles obtained is eighteen. 

Now, in each case we choose the dimensions of 
the triangle PQR so that the corresponding triangle 
A 0 B 0 C g is equal to the triangle ABC. We superim¬ 
pose the eighteen obtained drawings by turns so 
that the triangles A BC are brought into coincidence. 
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It should be done in the following succession: 
first, we take the drawing corresponding to Item 
(1), then the three drawings corresponding to Item 
(3), then the six drawings corresponding to Item 

(5) , then the three drawings corresponding to 
Item (2), and, finally, the three drawings from Item 

(6) , one from Item (4) and one from Item (7). In 
each successive superposition, at least one of the 
vertices of the corresponding regular triangle 
must coincide with one of the vertices of the trian¬ 
gles already superimposed. If we count the angles 
we can see that five vertices of two equilateral 
triangles, having a common vertex, lie on two 
straight lines passing through this common vertex. 
Thus, the vertices of all the eighteen equilateral 
triangles “must” be arranged, without fail, as in 
Fig. 59. (In this figure, a x p( denotes the point of 
intersection of the trisectrices a t and 0,', etc.). 

322. For the equilateral triangle with side 
equal to 1 the radius of each of Malfatti’s circles 
V^3_1 

is equal to--. The sum of the areas of the 


corresponding circles equals 


3n (2 - V 3) 
8 


And 


the sum of the three circles one of which is in¬ 
scribed in this triangle and each of the two others 
touches this circle and two of the sides of the 
lln _ 3n(2 — /§) 

108 > 8 


triangle is equal to 


323. Use the equality Rr = 


abc 


and inequal¬ 


ity 2p = a-f-fc + c>.3y ^abc (the mean-value 
theorem). 

324. If Pi is the semiperimeter of the triangle 
with its vertices at the feet of the altitudes of the 
given triangle; p, S, r, and R the semiperimeter, 
the area, the radii of the inscribed and circum¬ 
scribed circles, respectively, then S = pr and, in 
addition, S = p x R (the latter follows from the fact 
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that the radius of the circumscribed circle drawn 
into the vertex of the triangle is perpendicular to 
the line segment joining the feet of the altitudes 
dropped on the sides emanating from this vertex). 

T 1 

Consequently, Pi — p-g-^-^-p. 



Fig. 59 

325. Let m a be the greatest of the medians. 
If we use the relationship > m? b + m|, follow¬ 
ing from the hypothesis, and replace the medians 
by the sides a, b, and c of the triangle (Problem 11 
of Sec. 1), we get: 5a a < 6 2 + c 2 , whence cos A > 
2 (6 2 + c 2 ) __ 2 (bc\i Yl 
5 be — 5 \ c ' b ) ^ 5 ^ 2 • 
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326. Let 0 denote the intersection point of 
the diagonals of the quadrilateral A BCD. Suppose 
that all the angles indicated in the hypothesis 
are greater than ni 4. Then, on the line segments 
OB and OC, we can take, respectively, points B x 
and C x such that Z_B x AO — /OB x C x = n/4. Let 
/BOA — a > n/4. We have: 


|0C|> |OC,| = 


\OB x \ 


\OA\ 


/2sin(a~-^) 


2sin sin(a+-J) 


\OA\. 

cos 2a 


In similar fashion, we prove the inequality 
| OA 1 > |\ OC |. Thus, we have arrived at a 
contradiction. 

327. Let the sides in the triangle ABC be relat¬ 
ed by the inequalities c < b ^ a. We take on CB 

a point M such that /CA M = -i- /C. Now, we 

have to prove that | CAf | < -|- . By the law of 
sines, for the triangle CAM we have: | CM | = 


___—-“- 

. 3 C 2 cosC + 1 a*+a6 + 6 2 — 2 * 

sm — 

328. Let D denote the midpoint of AC. We erect 
at D a perpendicular to AC and denote the point 
of its intersection with BC by M. A MC is an iso¬ 
sceles triangle, hence, Z.MA C = A.BCA. By hy¬ 
pothesis, ABD is also an isosceles triangle, 
Z .ABD = /BDA, /.ABM > 90° (by hypothesis), 
/.ADM = 90°, hence, /MBD > Z.MDB, and 
|AfZ>| > \BM\. Hence it follows that /MAD > 
/.MAB (if B is mapped symmetrically with re¬ 
spect to the straight line A M , then we get a point B x 
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inside the angle MAD since MD is perpendicular 
to AD and | MD | > | MB | — | MB X |); thus 

/LC > /LA — /LC, L.C > ~ Z.A . 

329. If the circle touches the extensions of the 
sides AB and AC of the triangle ABC, and its 
centre is O, then it is easy to find that Z.BOC = 

90° - j^i. Thus, /LBOC + Z.A = 90° + 
Y Z.A j= 180°. 

330. Let AD denote the altitude, AL the angle 
bisector, AM the median. We extend the angle 
bisector to intersect the circle circumscribed about 
the triangle at a point A t . Since MA l is parallel 
to AD, we have: Z.MA y A — Z-LAD. 

Answer: if /LA < 90°, then the angle between 
the median and angle bisector is less than the angle 
between the angle bisector and altitude. If Z.A > 
90°, then vice versa; if /LA = 90°, then the angles 
are equal. 

331. If AD is the altitude, AN the median, M 
the median point then cot B + cot C = j^j + 

|C£»| |CB| _ \CB\ \CB\ 2 

\AD\ \AD\ 38 |/tiV| — 3|AfJV| 3‘ 

332. From the fact that Sbam = Sbcmi 
| BC | > | BA |, and | CM \ > | MA \ it follows 
that sin /LBAM > sin /LBCM. Hence, if the 
angles are acute, then /LBAM > Z.BCM; only 
the angle BAM can be obtuse. Thus, we always 
have: Z.BAM > /LBCM. 


333. If | OA | = a, R the radius of the circle, 
K the point of intersection of OA and DE, then 


it is easy to find 


that | OK 1 = a — 


a a — R 2 


a 2 + R 2 


> R. 


2 a 
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334. The notation is given in Fig. 60. In the 
first case (Fig. 60, a), \AB\ < \AA^ + \A x B l \ + 
\B X B\ = \AA X \ + \A 1 C\ + |iM>| -f \BB X \ = 
jAC| + \BD\. In the second case (Fig. 60, b), 



A BAD 

a S 


Fig. 60 


\AB\ > \BK\ - \AK\ >\BE\ — \AC\. The 
converse can be readily proved by contradiction. 

335. Let K, L, and M denote the points at 
which the drawn lines intersect AC; we further 
denote: | AC | = b, | BC \ — a, | AB | = c, 
j BL | = l. By the theorem on the bisector of an 

interior angle, we find: \LC\ = —^— ; applying 

a-j-c 

this theorem once more to the triangle BCL, we find 




L BLA =~/LB + LC — 


s-Zi+ZC 

2 


> /-A 


(since ZC>3Z4-n). Hence, c>l and \LM\< 
ba (. a \ ■ ac ^ b 

a + c \ a + c / (a + c) 1 4 ' 

336. Let ABCD be the given quadrilateral. 
Consider the quadrilateral AB X CD , where B, is 
symmetric to B with respect to the midperpendic¬ 
ular to the diagonal AC. Obviously, the areas 
ABCD and AB X CD are equal to each other, the 
sides of the quadrilateral AB X CD, in the order of 
traverse, are equal to b, a, c, d. For this quadrilat* 
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eral, the inequality (ac -f bd) is obvious, 

the equality occurring if Z.DAB,— ZLBXD = 
90°, that is, AB X CD is an inscribed quadrilateral 
with two opposite angles of 90° each; hence, the 
quadrilateral A BCD is also inscribed (in the same 
circle), and its diagonals are mutually perpen¬ 
dicular. 

337. Consider two cases. 

(1) The given triangle (ABC) is acute. Let 
Z.B be the greatest; 60° < zSb < 90°. Since the bi¬ 
sectors of the angles A and C are less than 1, the 


and h c 
h^hc 


also 

/3 


altitudes of these angles h A and h r are also less 

than 1. We have: S A!ir ~- n .—=—. „ 

2 sin B 3 

(2) If one of the angles of the triangle, say B, 
is not acute, then the sides containing this angle 
are less than the corresponding angle bisectors, 
that is, less than 1, and the area does not exceed 1/2. 

338. Let c be the greatest side lying opposite 

the vertex C. If a 2 -j- ft 2 + c 2 — 8fl 2 > 0, then 
a 2 + b 2 > 8/? 2 — c 2 >- e 2 (since 2 R), that is, 

the triangle is acute. Conversely, let the triangle 

be acute, then a 2 + f> 2 + c 2 = 2m£+-|- c 2 (m r the 

median to the side c); therefore, the less the medi¬ 
an, the less the sum a 2 + 6 2 + c 2 . But the medi¬ 
an is maximal if C is the midpoint of the arc and 
its length decreases as C displaces in the arc. When 
the triangle becomes right-angled, the sum a 2 + 
6 2 + c 2 — 8 R 2 is equal to 0. 

339. Replacing R and r by the formulas R = 

, r= —, for computing S make use of 
Hero’s formula and the equality 


4S 2 p- 


abc 


2 S 


-)(■ 


abc 


2 S 


(a 2 -J- 6* - c 2 ) (a* - & 2 ~f- c 2 ) (— a 2 + 6 2 + c 2 ). 
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340. Let us assume the contrary, for instance, 
c :> a; then 2c :> c + a > 6; squaring the in¬ 
equalities and adding them together, we get: 
5c 2 > a 2 -f- b 2 , which is a contradiction. 

341. The bisector of the angle B is the bisector 
of Z-OBH, and the bisector of the angle A is the 
bisector of ZOAH. Further, /. BAH = 90° — ^ B < 
90°— Z. A = Z.ABH; hence, \AH\>\BH\. If K 
and M are the intersection points of the bisectors 

of the angles A and B with OH, then — 

\AH\ \AH\ _ \BH\ \BH\ \HM\ 

|AO| “ R > R ~~ |OB| ~~ \MO\ • 
Thus, 1 HK | > 1 HM |, and the point of inter¬ 
section of the bisectors is found inside the tri¬ 
angle BOH. 

342. Denote: |AB| = |BC| = a, \AM\ = c, 
\MC\ = b, \ MB \ = m, Z.BMO=f, Z_MBO = <p. 
We have to prove that |OB| > |OAf| orij>>q> 
or cos tj> < cos <p. By the law of cosines for the 
triangles MBA and MBC, we get: 


m 2 -\a 2 — c 2 

cos q>—cos =- 

2 ma 


m 2 + b 2 —a 2 
2 mb 


m 2 (b — a)-a {b 2 ~a 2 ) + b (a 2 -c 2 ) 
2mab 


But a — c — b — a ; hence, 

, (6 — a) On 2 — a b — a 2 -{-ab-\-bc) 

cos<p-cos*=-2^6- 

(6 —a) (m 2 —a 2 — h (2a — b)) 

2 mab 

(b~a) (m+6 —a) (m—a+b) 

“ 2 mab ^ ’ 

which was to be proved. 

343. Through the point M, we draw a straight 
line parallel to AC to intersect AB at. a point K. 
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We easily find: | AK | = | CM 
\AC\ 


\AB | 
\CB\ 


, \MK\ = 


\MB\ • 


\CB\ 


placing \AK\ 
\CM\-\AB\ 


Since \AM\ ^ \AK\ + \KM\, re- 
and \KM\, we get \AM\ < 
— MC|) x 


\MB\-\AC\ 


\BC\ ' \CB\ 

\BC\ ^(|AB| — \AC\) \MC\, which was to be 
proved. 

o? -4- b ^ “I - 

344. The minimum is equal to - L - 5 - 


and is reached if M is the centre of mass of the 
triangle ABC. (This can be proved, for instance, 
using the method of coordinates or Leibniz’ theor¬ 
em—see Problem 140 in Sec. 2). 

345. Let us “rectify” the path of the ball. To 
this end, instead of “reflecting” the ball from the 



side of the billiards, we shall specularly reflect 
the billiards itself with respect to this side. As 
a result, we obtain a system of rays with a com¬ 
mon vertex; any two neighbouring rays form an 
angle a. The maximal number of rays in the sys¬ 
tem which can be intersected by a straight line 
is just the maximal number of reflections of the 
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ball. This number is equal to + l if is 

not a whole number ([ij the integral part of the 

number x); if— is a whole number, then it is 
a 

equal to the maximal number of reflections. 

346. If the roads are constructed as is shown in 
Fig. 61 (A, B, C and D denote the villages, and 
the roads are shown by continuous lines), then 
their total length is 2 4- 2 Y 3 < 5.5. It is possible 
to show that the indicated arrangement of the roads 
realizes the minimum of their total length. 

347. If one of the sides of the triangle through 
A forms an angle <p with the straight line perpen¬ 
dicular to the given parallel straight lines, then 
the other side forms an angle of 180° — (p — a; 
on having found these sides, we get that the area 

of the triangle is equal to — 5 - — - si - -—=—r = 

° n 2 cos <p cos (q> + a) 


aesina 

---——— - This expression is 

cos a -f ©os (a + 2<p) 
minimal if a> + 2<p = 180°. 


Answer: ^Bii n = ab cot -2-. 

348. We have: S AC bd^-^£^ S ocd = 

2 (k +1) S 0CD . Consequently, S ABC p is the great¬ 
est if the area of the triangle OCD is the greatest. 
But OCD is an isosceles triangle with lateral side 
equal to R, hence, its area is maximal when the 
sine of the angle at the vertex 0 reaches its max¬ 
imum. Let us denote this angle by <p. Obviously 
<Po < <P < n, where (p 0 corresponds to the case 
when AB and CD are mutually perpendicular. 
Consequently, if qp 0 < ji/ 2, then the maximal area 
of the triangle OCD corresponds to the value <p l = 
n/2, and if q> 0 > n/2, then to the value (fi = <p 0 . 

Answer: if Ac^ ]^2— 1, then S max =(k-j-l) R a \ 
if k>Y 2-1, then S max = 2R a Y * (A-f-2)/(*+l). 
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349. Let the straight line BC satisfy the con¬ 
dition: | BP | = | MC | (the order in which the 
points follow is B, P, M, C). We are going to 
prove that the area of the quadrilateral ABNC 
is the smallest. We draw another straight line 
intersecting the sides of the angle at points B x 
and C x . Let the point B lie between the points A 
and B x , then the point C x lies between A and C. 
We have to prove that S BBiN > S CClN . This 
inequality is equivalent to the inequality S BBlP > 

S C c lP , since ~ ,w ' p -= - CClP = Adding 

S BPCl both sides of the last inequality, we get: 

S BB X P + S BPC X = S BB X PC X = S CiCBi (follows 

from the equality | BP | = | MC |) for the left- 


hand member and S r 


~ S C X CB * 0r 


the right-hand member. But, obviously, S ClCBl > 
S Ci cb• The case when the point B x lies between A 


and B is considered in a similar way. 

Construction. It suffices to draw a straight line 
to intersect the sides of the given angle and the 
straight lines AN and AM at points B 0 , P 0 , M a , 
and C 0 , respectively, so that | B 0 P 0 \ = | M 0 C„ | 
and then to draw through M a straight line paral¬ 
lel to jB 0 C 0 . Consider the parallelogram AB 0 DC„; 
let K and L denote the points of intersection of 


the straight lines A P 0 and A M 0 with B 0 D and C 0 D, 
respectively. It follows from the equality 
\B„P 0 I — l^o^o I that S AB q K = S ACqL . The 
problem is reduced to constructing two equivalent 
triangles AB 0 K and A C 0 L all of whose angles are 
known. Taking B 0 arbitrarily, we construct the 
triangle AB 0 K. We then take on AB t a point 
E such that /LB a KE = Z.ALC t and construct 
the line segment AC 0 equal to y | B 0 E | | B 0 A |. 
B 0 Cn is the required straight line. 

Remaric. Consider the following problem. 
Through a point M lying inside a given angle draw 
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a straight line intersecting the sides of the angle 
at points B and C so that the line segment BC 
is the smallest. It follows from the above problem 
that BC will be the smallest line segment if 
| BP | = | MC |, where P is the projection of 
the vertex of the given angle on BC. (It follows 
even a stronger assertion, namely, if the line seg¬ 
ment BC possesses the indicated property, then 
for any other straight line passing through M and 
intersecting the sides of the angle at points B 1 
and Ci the projection of the line segment B 1 C l on 
the line segment BC is greater than | BC |.) How¬ 
ever, it is not always possible to construct such a 
line segment by means of a pair of compasses and 
a ruler. 

350. Let Mi and N x be two other points on the 
sides of the angle (Fig. 62). Then Z^MiANi = p, 




/LAMiM 360° - a — p - /LONiA > 180° — 
/LON x A — Z-ANiN. Hence, bearing in mind that 
/LMAMi = /CNANi, we get that | il/jA 1 < 
I NiA |, and, hence, ^M\AM ^ ^N\An'' thus, 

SOMlANi < S OMAN- 

351. Taking into account the results of the pre¬ 
ceding problem, we have to find out on what con¬ 
ditions we can find on the sides of the angle points 
M and N such that jLMAN = P and | MA | = 
| AiV |. Circumscribe a circle about the triangle 
MON (Fig. 63). Since <p + $ + p < 180°, the 


24-01557 
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point A is located outside this circle. If L is the 
point of intersection of the straight line OA and 
the circle, then the following inequalities must be 

fulfilled: Z-A MN = 90°—| - > Z.LMN = Z.LON 
and Z.ANM = 90° - > Z.LOM. Thus, if 

<p < 90°-and if < 90° — , then it is 

possible to find points Af and N such that 
| MA | = | AN | and /LMAN = {$. If the con¬ 
ditions are not fulfilled, then such points cannot 
be found. In this case, the quadrilateral of the 
maximal area degenerates into a triangle (either 
M or N coincides with O). 

352. Let us take a point A t on BC (Fig. 64). 
The quadrilateral OMA x N is equivalent to the 


o 



quadrilateral OMAN, L MA X N < Z. MAN; conse¬ 
quently, if we take on OB a point M x such that 
ZM^AiN ~ zMAN, then S 0MiAlN > Soman'i 
hence, the area of the quadrilateral corresponding 
to the point .4], which, taking into consideration 
the results of the two previous problems, proves 
the statement. 

353. Let, for definiteness, sin a >• sin P; on 
the extension of AB, we take a point K such that 
Z.BKC = p. Since Z.CBK = Z.ADC (since 
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A BCD is an inscribed quadrilateral), the triangle 
KBC is similar to the triangle ACD. But | BC | 

| CD |, consequently, Sbck >S AD c and S AKC > 
„ n „ a* sin (a+ P) sin a , 

Sabcd • But S AKC = --’ hence ’ 

„ . a® sin (a + B) sin a , ... ... 

Sabcd ^ - In s * milar fashion, 

2 sin p 

,, . „ . a 2 sin(a + B)sinB 

we can prove that S a bcd > - g ' sina -~ • 

354. Consider the other positions of the points 
M x and N x (/LM X AN X = P) and, bearing in mind 
the condition a + p > 180°, show that the “added” 
triangle has a greater area than the triangle by 
which the area is reduced (similar to the solution 
of Problem 350 of Sec. 2). 

355. Taking into account the result of the pre¬ 
ceding problem and reasoning exactly as in Prob¬ 
lem 351 in Sec. 2, we get: if q> > 90°—and 

a 

if > 90°-, then a quadrilateral of the smallest 

area exists and for it \MA\ — |AJV|. If this con¬ 
dition is not fulfilled, then the desired quadrilat¬ 
eral degenerates (one of the points M or N coincides 
with the vertex 0). 

356. We take the point A for which the condi¬ 
tions of the problem are fulfilled and some other 
point A x . Drawing through A x straight lines paral¬ 
lel to AM and AN and which intersect the sides 
at points M x and N x , we make sure that 
S OMiA\N x < s OMAN and > consequently, the more 
so, the area of the minimal quadrilateral corre¬ 
sponding to the point A x is less than the area of 
tne quadrilateral OMAN which is the minimal 
quadrilateral corresponding to A. 

357. The radius of the largest circle is equal to 
27?/V^3, that is, to the radius of the circle circum¬ 
scribed about the regular triangle with side 2 R. 
(Let us take such a triangle and, on its sides as 


24* 
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diameters, construct the circles.) For any circle 
of a greater radius, provided it is coverable by the 
given circles, there is an arc of at least 120° covered 
by one circle, but such an arc contains a chord 
greater than 2 R. Thus, we have arrived at a con¬ 
tradiction. 

In the general case, if there is an acute triangle 
with sides 2fl,, 2i? a , 2 R a , then the radius of the 
circle circumscribed about this triangle is the re¬ 
quired one. In all other cases, the radius of the 
greatest circle is equal to the greatest of the num¬ 
bers f? t , /? 2 , R a . 

358. It is possible. Figure 65 shows three 
unit squares covering a square 5/4 on a side. 



359. Let us first note that the side of the 
smallest regular triangle covering the rhombus 
with side a and acute angle of 60° is equal to 2a. 
Indeed, if the vertices of the acute angles M and 
N of the rhombus lie on the sides AB and BC of 
the regular triangle ABC and Z.BNM = a, 30° < 
a < 90°, then, using the law of sines for finding 
I BN | from the triangle BNM and | CN | from 
the triangle KNC (K the vertex of the obtuse angle 
of the rhombus which may be assumed to lie on 
the side AC), we get after transformations: \BC\ = 





Answers, Hints, Solutions 


373 


2a , cos (60 g ) Taking into account that 30°<; 
cos 3U 

a< 90°, we find that | BC | > 2a. It is easy to 
see that an equilateral triangle 3/2 on a side can 
be covered by three regular triangles with side 1. 
To this end, we place each of the unit triangles so 
that one of its vertices is brought into coincidence 
with one of the vertices of the triangle to be covered, 
while the midpoint of the opposite side coincides 
with the centre of the covered triangle. 

Let us now show that it is impossible to cover 
an equilateral triangle with side b > 3/2 with three 
equilateral triangles of unit area. If such a cover¬ 
ing were possible, then the vertices A, B, and C 
would be covered by different triangles, and each 
of the sides AB, BC, and CA would be covered by 
two triangles. Let A belong to the triangle I, B 
to the triangle II, C to the triangle III, the centre 
0 of the triangle belonging, say, to the triangle I. 
Let us take on AB and AC points M and N, respec¬ 
tively, such that \AM\ — IAAI = ~ b. Since 

| BM | = | CN | = b > 1, the points M and 
o 

N also belong to the triangle I and, consequently, 
the rhombus A MON is entirely covered by the 
triangle whose side is less than 2\AM\(2\AM\ >1), 
which is impossible. 

360. Denote the ratios and 

by a, p, and y. Then (see the solution of 


Problem 221 in Sec. 1) P = Qa$y, S = Q (a + i)x 
(P + 1) (y + 1). Finally, take advant age of the 
inequality (a + 1) (P -f 1) (y+l)>-(K«Py+l) 3 - 
361. Let cot a~x, cotp = y, then coty= 


— zy + 1 _ i a -f-l 

*+y ~ *+v 


a* cot a + 6 2 cot p + 
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x z4-i 

e 2 cot y = (a 2 —b 2 — c 2 ) a: + b 2 (i + y) + c* —— , 

% i y 

The minimum of the expression b 2 (x-hy) + 
i 2 4-l 

c 2 '—;- with x fixed and x + « > 0 is reached 

*+y 

for such an y for which the following equality is 
fulfilled: & 2 (*+y)=c 2 -^±i= 

x+y yV+i b 

• Thus —— X-\-y _ 8 * n Y *ko looof 

’ b y + i sin P 


Hence, the least 


value of the given expression is reached for such 
a, p, and y whose sines are proportional to the 
sides a, b, and c, that is, when the triangles 
under consideration are similar. But in this case 


an equality occurs (it is readily checked). 

362. Denote: p — a — x, p — b = y, p — c — 
z (p the semi perimeter). Leaving 4 S 1^3 in the 
right-hand side of the inequality, we get, after 
transforming the left-hand side (for instance, 
a 2 — (b — c) 2 = 4 (p — b) (p — c) = 4 yz) and re¬ 
placing S by Hero’s formula, t he inequality xy + 
yz + zx >■ |/"3 (x + y + z) xyz. Dividing both 
sides of the inequality by V xyz and mak ing the 
su bstitut ions u = Y ( xy)/z , v = Y (yz)/x, w = 
Y (zx)/y (x = uw, y = vu, z = wv), we get the 
inequality u -f- v -f w >. 1^3 (uv + vw -f wu), 
which, on squaring, is reduced to the known in¬ 
equality U 2 + V 2 -j- w 2 >. uv + vw + wu. 

363. There are two families of regular triangles 
circumscribed about the given triangle (see Prob¬ 
lem 305 in Sec. 2). On the sides of the triangle ABC, 
we construct externally the triangles ABC lt BCA U 
and CAB 1 and circumscribe circles about them. 
The vertices of the triangles of the first family lie 
on these circles (one per each circle). Let OjO a 0 3 
denote the centres of those circles (0 1 O i O a is a 
regular triangle, see Problem 304 in Sec. 2). The 
triangle whose sides are parallel to the sides of 
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the triangle 0 X 0 2 0 3 has the greatest area (the sec¬ 
ant passing through the point of intersection of 
the two circles has the greatest length when it is 
parallel to the line of centres; in this case its length 
is twice the distance between the centres). The 
area of the greatest triangle is 5 0 = 4S 0 i02 q 3 = 

( a c +25 j , where 5 is the area 

of the given triangle (see the solution of Problem 
305 in Sec. 2). The area of the greatest triangle 
belonging to the second family is less. Among 
the regular triangles inscribed in the given one, 
the triangle whose sides are parallel to the sides 
of the greatest circumscribed triangle has the 
smallest area. This follows from the result of Prob¬ 
lem 241 of Sec. 1. Its area is equal to 5, = 5 2 /5 0 . 
Thus, the area of the greatest circumscribed regular 

triangle is 5 0 = ^ (a * + b * + ^ + 25, and 
the area of the smallest inscribed triangle equals 

5 2 

5 ! = -s— , where 5 is the area of the given triangle. 

364. Circumscribe a circle about the triangle 
AMC. All the triangles A X MC obtained as M 
displaces in the arc AC are similar, consequently, 

the ratio ■■ j f is the same for them. Therefore, 
\A X M\ 

if M is the point of minimum of the expression 


/ (M) = - -— - - , then BM must pass 

\A\M\ 

through the centre of the circle circumscribed about 
the triangle AMC, otherwise we can reduce | BM I 


leaving the ratio 


\CM\ 
\A\M | 


unchanged. Let now B x 


and C, be, respectively, the points of intersection 
of the straight lines BM and CM with the circle 
circumscribed about the triangle ABC, then 
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\BM\-\CM\ | CM |• | AM \ \AM\-\BM\ 


\A\M\ \BtM\ \CiM\ 

Consequently, the straight lines AM and CM 
must also pass through the centres of the circles 
circumscribed about the triangles BMC and 
A MB , respectively. Thus, the point M is the 
centre of tne inscribed circle (see Problem 125 of 
Sec. 2). In addition, in this case A t is the centre 
of the circle circumscribed about the triangle 

CMB, sin jLMBC = , ^ r = 

\MB\ am /LMBC 

, | BM | • | CM | . 

2 \A 1 M\\ hence, - T2.\f\ - 1 = 2r ' 

Let us return to the question of the least value 
for the function f (M). One of the theorems of 
mathematical analysis states that a function, 
continuous on a closed set, always reaches its 
greatest and least values on that set. In particular, 
this theorem is true for a function of two var¬ 


iables defined on a polygon. But the theorem is not 
applicable directly to this problem, since the 
function / (Af) is not defined at the vertices of 
the triangle ABC. But cutting away from the 
triangle its small corners, we get a hexagon on 
which / (Af) becomes a continuous function and 
has, consequently, its least value. It is possible 
to prove that near the boundary of the triangle 
/ (Af) > 2r. Therefore, if the cut-away corners 
are sufficiently small, then the function / (Af) 
reaches its least value on the hexagons, and hence, 
on the triangle, when Af is the centre of the inscribed 
circle, this least value being equal to 2r. On the 
other hand, the function / (Af) does not attain 
its greatest value although it is bounded. Prove 
that / (Af) < l, where l is the length of the greatest 
side of the triangle ABC, for all the points of the 
triangle with the exception of the vertices, and that 
/ (Af) can take on values arbitrarily close to l. 

365. On the rays MB and AfC, we take points 
C x and B t , respectively, such that | AfC t | = 
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I MC |, | MB 1 1 = | MB | (the triangle MC t B x 
is symmetric to the triangle MBC with respect 
to the bisector of the angle BMC), C 2 and B t are 
the projections of C x ana B x on the straight line 
AM, respectively. We have: | BM j sin /LAMC + 
|CAf| sin /LAMB = IBjMI sm/LAMC+ \C l M\ X 
sin /LAMB = | \ + I C t C~ | > | fljC, | = a. 

Writing two more such inequalities and adding 
them together, we prove the statement of the 
problem. It is easy to check that if M coincides 
with the centre of the inscribed circle, then the 
inequality turns into an equality. 

366. (a) Let us first solve the following prob¬ 
lem. Let M be a point on the side AB of the trian¬ 
gle ABC; the distances from M to the sides BC and 
AC are equal to u and v, respectively; h i and h 2 
are the altitudes drawn to BC and A C, respectively. 

h h 

Prove that the expression ——I-— 5 - reaches the 

U V 

least value when M is the midpoint of AB. We 
denote, as usually: | BC | = a, | AC | = 6, S 
the area of the triangle ABC. We have: au.-\- bv — 

2S, v =- b~~ ’ Substituting v * nto the expres¬ 

sion — -1-- —=t, we get: atu? — 2Stu + 2h,S = 0. 
u v 

The discriminant of this equation is nonnegative, 
S 2 (t* — it) >. 0, whence />. 4. The least value 
t = 4 is reached for u = S/a = hJ2, v = hj2. 
It follows from this problem that the least value 
of the left-hand member of the inequality of Item 
(a) is attained when M is the median point. The 
inequalities of Items (b) and (c) are proved in a 
similar way. In Item (b) we have to determine for 
what point M on the side AB the product uv reaches 
its greatest value. In Item (c), we first divide both 
sides of the inequality by uvw and solve the prob¬ 
lem on the minimum of the function {hju — 1) X 
{hjv —i) for the point M on AB. 

367. Let for the acute triangle ABC the inequal- 
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ity | AC | < \AB | < | BC 1 be fulfilled; BD the 
altitude, O the centre of the circumscribed and I 
the centre of the inscribed circle of the triangle 
ABC, E the projection of / on BD. Since | ED \ = 
r, we have to prove that 1 BE |:» R = \ BO \. 
But BI is the bisector of the angle EBO ( BI is the 
bisector of the angle ABC and /LABD — /LOBC), 
tLBEI = 90°, /LB01 > 90° (the latter follows 
from the fact that the projection of Cl on BC does 
not exceed \BC\I2). Consequently, \BE\ >. | BO \ 
(we map BO symmetrically with respect to BI). 

368. Since the area of the triangle formed by 
the medians of the other triangle is 3/4 of the 
area of the original triangle, ana for any triangle 
abc = ARS, we have to prove that for an acute 
triangle the following inequality holds true: 

5 

m a m b m c > -g-abc. (1) 

Let, for the convenience of computations, one of 
the sides be equal to 2d, and the median drawn 
to this side be m. Since the triangle is acute-angled, 
we have: m > d. Let t denote the cosine of the 
acute angle formed by this median and the side 
2d, 0 ^t<Zd/m (t < d/m is the condition for 
a triangle to be acute-angled). Expressing the 
sides and median in terms of d, m, and t and 
substituting the found expressions into the 
inequality (1), we get after transformations: 
m 2 (9d 2 + m 2 ) 2 — 2 5ep (d 2 -(- m 2 ) 2 > t 2 d 2 m 2 (64 m 2 — 
lOOd 2 ). The left-hand member of the inequality 
is reduced to the form: (m 2 — 4dm -f- fid 2 ) X 
(m 2 + 4dm + 5d 2 ) (m 2 — d 2 ). For m > d this 
expression is positive. In addition, if m = d 
(the triangle is right-angled), then the left-hand 
member of the inequality is no less than the 
right-hand member (equality for / = 0). Further, 

5 

if d<m^-£-d, then the right-hand member 
of the inequality is nonpositive, and the inequality 



Answers, Hints, Solutions 


379 


holds true. Let m > 


5 

4 


d. In this case, the right- 


hand member of the inequality is less than the 
value obtained for t = dim. But for t — d/m the 
original triangle is right-angled, and for right 
triangles the validity of a slack inequality has 
been already proved. (It suffices to repeat the same 
reasoning with respect to the other side of the 
triangle.) Thus, it has been proved that the in¬ 
equality (1) is valid for any nonobtuse triangles 
except for Isosceles right triangles; for the latter 
an equality occurs. 

369. Let M lie inside ABC at distances x, y, 

and x from the sides BC, CA, and AB, respectively. 
The problem is to find the minimum of x 2 + y 2 + 
i 2 provided that ax + by -f- cz = 2S ABC . Obvious¬ 
ly, this minimum is reached for the same values 
of x, y, z as the minimum of x 2 + y 2 + z 2 — 
2X (ax -f- by-\-cz) — (x — Xa) 2 -(- (y — (z — Xc) 2 — 

X 2 (a 2 + b 2 + e 2 ), where X is an arbitrary fixed 
number (also provided that ax + by + cz = 2S ABC ). 

Taking X — — . —s- (X is found from the 

equations x = Xa, y — kb, z — ke, ax + by + 
cz = 2 S ABC ), we see that the minimum of the 
last expression is reached for x = Xa, y = kb, 
z = kc. Let now the point M be at distances Xa, 
kb, and Xc from BC, CA, and AB, respectively, 
and the point M x symmetric to M with respect 
to the bisector of the angle A. Since S AMjC = 
S AMiB’ li es on the median emanating from 
A, and this means that M lies on the symedian 
of this angle (see Problem 171 in Sec. 2). 

370. Let M be a point inside the triangle ABC 
whose greatest angle is less than 120°. We rotate 
the triangle AMC about the point A through an 
angle of 60° externally with respect to the triangle 
ABC. As a result, the point C goes into the point 
C x , and the point M into the point Af x . The 
sum | AM | + I BM \ + |CM | is equal to the 
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broken line BMM X C. This line is the smallest 
when the points M and M x lie on the line segment 
BC,. Hence, there follows the statement of the 
problem. 

371. Let ABC be the given acute triangle, A x 
a point on the side BC, B x a point on the side CA , 
C x a point on the side AB; A , and A 3 points sym¬ 
metric to A x with respect to the sides AB and AC, 
respectively. The broken line A t C x B x A 3 is equal 
to the perimeter of the triangle A X B X C X , conse¬ 
quently, with the point A, fixed, this perimeter 
is the smallest and equals | A 2 A 3 | when the 
points C\ and B x lie on the line segment A t A 3 . 
But AA t A 3 is an isosceles triangle, /LA t AA 3 '= 
2 /LBAC, | A t A 1 = | A } A | = \AA X |. Hence, 
\ A t A s \ is the smallest if AA X is the altitude of 
the triangle BAC. In similar fashion, BB X and CC, 
must also be altitudes. 

372. If the greatest angle of the triangle is 
less than 120°, then the sum of the distances takes 
on the least value for the point from which the 
sides can be observed at an angle of 120° (see 
Problem 370 in Sec. 2). This sum is equal to | BC, | 
(using the notation of Problem 370 of Sec. 2). The 
square of this sum is equal to a 2 + b 2 — 

2 ab cos (AC+ 60°) = A (a 2 + 6* + c 2 ) + 2S )+3. 

But it follows from Problem 362 of Sec. 2 
that a 2 + b 2 + c 2 ^ iS 1+3. It remains to prove 
the inequality 5^31+3 r 2 . It is proved in a rather 
simple way; it implies that among all the triangles 
circumscribed about a given circle the equilateral 
triangle has the smallest area (for this triangle the 
equality is fulfilled). To complete the proof, it 
is necessary to check whether the inequality 
a + b >■ 6r is true, since for a triangle with an 
angle exceeding 120° the least value is reached by 
the sum of the distances to the vertices at the vertex 
of the obtuse angle. 
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373. Let us prove the right-hand member of 
the inequality. Let, for definiteness, b >. c. 

(1) If a^b, then 2p=a-t-b-j-c = (b—a)-j-c-f- 

2a<2c+2a<2—+2a = 2 6 * +<t * . 

a a 

(2) If then a<2b and 2p = a + b + 

c = (b+ c-a)+2a < c+ 2a< —— (-2a = 2 . 


The left-hand member of the inequality follows 
from the right-hand member and the identity 

be a* \ 


(b + c) (p —a) —be cos A = o 
\BN\ 


374. We have: 
\BK\ 


\AM\ 


\AL\ 


\KD\ 


|JVC| ~ \MC\ \LD\ 
that is, KN is parallel to CD, the quad¬ 


rilateral KLMN is a parallelogram. Let | AK | = a, 
|*C|=b, \BK\=x, \KD \ — y, then 


SkLM = S a lM-SaKL= ) S ADC 

^ x a 


,z + y a-fb / y-\~x 


a + b 

K 


SaBCT)< 


x 2 y 


(*+y) 3 


Sabcd- 


We denote: ylx = t. It is easy to prove that the 
greatest value 4/27 is attained by the function 
tl (1 + t) 3 for t = 1/2 (for instance, by taking 
the derivative of this function). Thus, S KLMN = 

% s klm < ~2f ^A BCD- 

375. Let a, b and c denote the sides of the trian¬ 
gle ABC, I the centre of the inscribed circle. The 
following vector equality holds true (it follows 
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from the property of the angle bisector, see Problem 
9 in Sec. 1): 

YX-a + ~IB-b + Yc-c = 0. (1) 

In addition, | IB | < c, | IC | < b. These inequal¬ 
ities follow from the fact that the angles A IB 
and AIC are obtuse. Let us take a point A 1 suffi¬ 
ciently close to the point A so that the inequali¬ 
ties are fulfilled as before: | I X B | < c, | IX | < 
b, where I x is the centre of the circle inscribed in 
the triangle A X BC. The sides of the triangle A X BC 
are equal to a, b x , c x . The same as for the triangle 
ABC, we write the equality 


I X A X 'a-\-1 x B*b x -f I x C-c x — 0. 
Subtract (1) from (2): 


(2) 


a(I x A 1 -IA) + I x B-b 1 -IBb + I 1 Cc l -IC-c = 0. 

( 3 ) 

Note that 


I X A X —IA = I X I+AA X , 
I x B-b x -IB-b-TiB(b x -b)+I x Ib, 


( 4 ) 

( 5 ) 


I x Cc x -IC-c + I x C(c x -c) + I x I-c. (6) 

Replacing in (3) the corresponding differences 
by the formulas (4), (5), (6), we get 

I\I (a + 6 + c) + AA X -a-j-IiB (b x — 6) 


+ I X C (c x — c) = 0. 

Since \7Tb\<c, \I x C\<b, \b x -b\ < \A X A\, 
—> 1 

ki — c\ < \A X A\, we have: \I X I\ X 

\AA v a + I x B(b x - b) + i~Yc(c x - c)| < \AA X \X 
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cl “I - b 4- c 

-tt-t—= I AAi I, whence we can derive the 

a+b-j-c 

statement of the problem for any position of A l . 
Remark. We have actually differentiated the 


equality (1) and proved that | V A | > | Vj |, where 
V A and V/ are the velocities of displacement of 
the points A and I, respectively. 

376. Circumscribe circles about the triangles 
ABF, BCD, and CAE. They have a common point 
Af. Since the angles of the triangle DEF are con¬ 
stant, Z-D = y, ZLE = a, Z-F = B, the con¬ 
structed circles and point M are independent of 
<p. The side DF (and, consequently, EF and ED) 
is the smallest when DF is perpendicular to BM. 
Let <p„ be the angle corresponding to this position. 
Then ZLMBC = Z-MCA = Z.MAB = 90° — <p„. 
Extend CM to intersect the circle circumscribed 


about the triangle AMB at a point F x . We can find 
that Z-FyBA — a, Z^F^AB = P; F%B turns out 
to be parallel to AC. From F x and B, we drop 
perpendiculars F X N and BL, respectively, on AC. 
Since | F X N \ = | BL |, we have: tan <p 0 = 

cot 190° - „ t - 1^1 + 

cot (90 <p 0 ) | F - \ FiN \ + jJBZ-1 + 

I CL I 

- .-fry = cot P + cot a + cot y. Thus, tan q> 0 = 

I ML | 

cot a + cot p + cot y. Remark. The angle <o = 
90° — cp 0 is called the Brocard angle, and the 
point M the Brocard point. There are two Brocard 
points for each triangle. The position of the sec¬ 
ond point M x is determined by the condition: 
Z-M X BA = ZLM X AC = Z.M X CB. 

177 Ji£iL-r 1^*11 - ]£M~, 

377. Set. -X, y, z. 

We assume that x 1/2. Suppose that the areas 
of the triangles AB X C\, BC x Ai, and CA X B X are 
greater than the area of the triangle A 1 B,C 1 . Then 
z < 1/2 (otherwise S ACjBl ^ S AlClBl ) and y < 1/2. 
The areas of all the triangles under consideration 
are readily expressed in terms of S ABC and x, y. 
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z, for instance: S ABiCi = x — z) S ABC . The 
inequality S AlBlCl < S ABlCi is reduced to the 
form 1 — x (1 — z) — y (1 — x) — z (1 — y) < 
x (1 — z). Adding three such inequalities toge¬ 
ther, we get: 3 — 4x (1 — z) — 4y (1 — x) — 
4z (1 — y) < 0. The last inequality is linear with 
respect to x, y, z. If it were fulfilled for certain 
x, y, z between 0 and 1/2, it should also be fulfilled 
for a set of the extreme values of the variables, 
that is, when each variable is equal either to 0 or 
1/2. But it is possible to check to see that this 
is not so. The obtained contradiction proves our 
statement. 

378. Let Q denote the midpoint of OH. As is 
known, Q is the centre of the nine-point circle 
(see Problem 160 in Sec. 2). We have: j OH | 2 + 
4 | QI | 2 = 2 | OI l 2 + 2 | HI | 2 . Since | QI \ = 
R/2 — r (by Feuerbach’s theorem, Problem 287 
of Sec. 2), | 01 | 2 = i? 2 — 2Rr (Euler’s formula, 
Problem 193 of Sec. 2), and bearing in mind that 
R » 2r, we get: 

| OH | 2 = 2 | IH | 2 + i? 2 - 4r 2 > 2 | IH | 2 . 

379. An elegant idea for proving inequalities 
of such a type was suggested by Kazarinoff (Michi¬ 
gan Mathematical Journal, 1957, No. 2, pp. 97-98). 
Its main point consists in the following. Take 

f ioints B 1 and C y on the rays A B and A C , respecti ve- 
y. It is obvious that the sum of the areas of the 
parallelograms constructed on AB X and AM and 
on AC y and AM is equal to the area of the paral¬ 
lelogram one of whose side is B y C x , the other being 
parallel to AM and equal to j AM | (see also 
Problem 40 of Sec. 2). Consequently, 

\AC 1 \v+\AB 1 \w<\B 1 C l \x. (1) 

(a) Let us take the points B x and C x coinciding 
with the points B and C\ then the inequality (1) 
yields the inequality bv-\-cw^ax. Adding to¬ 
gether three such inequalities, we get the required 
inequality. 



Answers, Hints, Solutions 


385 


(b) li | Aflj | = f AC 1, I AC X I = | AB |, then 
the inequality (1) will yield cv + bw ^ ax or x :> 
c b 

— u-f — w. Adding together three such inequali¬ 
ties, we get: 

*+*+*> (t+t) u+ (t+t) p 

+ (t+t) W > 2 (« + *+“’)• 

(c) In Item (a), we proved the inequality ax > 

b c 

bv+cw, whence xu > — uv -1- wu. In similar 

a a 

fashion, yv^-~ uv4-—wv, zw^-uw -j- vw. 

bo c c 

Adding together these three inequalities, we get: 

xu-\-yv-j- zw ^ —j—tw+ 

ivu> 2 (uv-\-vw + wu). 

(d) Let Ai, B,, and C x denote, respectively, the 

projections of the point M on the sides BC, CA, 
and AB of the triangle ABC. On the rays MA, 
MA X , MB, MB X , MC, MC U take, respectively, 
points A', A[, B', B\, C', C\ such that | MA j x 
\MA'\=\MA l \ | AM 1|=| MB | ■ | MB' | = 

| MB X | | MB\ | = | MC 1 • | MC' | = | MC X | X 

\MC[\ = d 2 *. It is possible to prove that the 
points A', B', C' lie on the straight lines B[C\, 
C\A\, A\B\, respectively, MA', MB', MC' being 
respectively perpendicular to these lines. Thus, 
in the triangle A' X B' X C' X , the distances from M 


* This transformation is called inversion. See 
the Remark to the solution of Problem 240, Sec. 2, 
and also Appendix. 

t/s 25-01557 
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to the vertices are equal to 
and to the opposite sides to 


d 2 


d 2 

u * 

i> 1 

w 

d 2 

d* 

d 2 

x * 

y ' 

z 


Applying the inequality of Item (b), we get the 
required inequality. 

(e) Let us take in the inequality (1) &,=<;, = I; 
A 1 

then a 1 =2/sin - 5 - . We have x >-j- (u + u). 

2 Sln ~2 

On having obtained similar inequalities for y 
and z, and multiplying them, we get: 


xyz > 


'1 


8 sin 


A . B . C 

T sin T s,n T 


(v-t-w) (w-\-u) 


= -!^r(u+v)(v+w) (u;+K) 
( the equality sin —. sin sin was 

proved when solving Problem 240 in Sec. 1) . 

(f) From the inequality of the preceding item it 

follows: xyz 2 Vuv- 2 y r vw • 2 ]^u>u = — X 

&r t 

uvw. 

(g) Dividing the inequality of Item (d) by the 
inequality of Item (f), we get the required in¬ 
equality. 

Remark. In the inequality of Item (a), equality 
is achieved for any acute triangle when M coincides 
with the intersection point of the altitudes of the 
triangle. In Items (b), (c), (d), and (g), equality 
is achieved for an equilateral triangle, when M 
is the centre of this triangle. In Items (e) and (f), 
equality is achieved in any triangle, when M is 
the centre of the inscribed circle. 

380. Consider the class of similar triangles. 
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As a representative of this class we choose such 
a triangle ABC in which | AB | = v, | BC | = u, 
1 AC | = 1, Thus, to each class of 

similar triangles there corresponds a point B in¬ 
side the curvilinear triangle CDE, where D is the 
midpoint of the arc AC, the arc EC is an arc of 
the circle with centre at A and the radius of 1, 
ED being perpendicular to A C (Fig. 66). The trian¬ 



gle ABD will be called a “left-hand” triangle, the 
triangle BDC a “right-hand” triangle. Consider 
the process described in the hypothesis; in doing 
so, at each step we shall leave only the triangles 
similar to which we have not met before. For each 
triangle we shall take the representative of the 
class described above. Let X, Y, Z be midpoints of 
AB, DB, CB, respectively; m = | DB |, h the 
altitude of the triangle ABC. For “right-hand” 
triangles, the following three cases are possible. 


25 * 
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(1) 1/2, 1/2 or u< m, 1/2^ m, that 

is, the greatest is the side DC or BD. This case 
occurs if B is located inside the figure DMFC, 
where DM is an arc of the circle of radius 1/2 
centred at the point C, FC the right-hand part of 
the arc EC, | DM | = | MC \ = 1/2, DC and FM 
line segments, FM _L DC. In this case, the arc 
MC (centred at D) separates the domain for which 
DC is the greatest side in the triangle DBC 
from the domain for which the greatest side is 
DM. In this case, the representative of the 
triangle DBC has an altitude equal to 2A if DC 


is the greatest side, or |2 — 

—= - h .— = qi (A) A, q t (A) > 1 if A < 

4-2 Vi - h* 

/7/4. 

(2) u > m, u > 1/2, v > 2m. Note that the 
equality v — 2m occurs for the circle with dia¬ 
meter LC, where | AL 1 = 1/3. Inside this circle 
v > 2m. This case takes place if the point B is in¬ 
side the curvilinear triangle DKN (KN and ND 
arcs, DK a line segment). Since the triangle DZC 
is similar to the original triangle ABC, we con¬ 
sider only the triangle DZB. Its greatest side is 
DZ equal to vl2. Its representative nas the altitude 


. . h A® h 

eqUal t0 4 (v/2) t ~W > | AB, 1® 

5/9 + (4/3) V 1/9 - A® ~ W * lf 


> 

7 , (A) > 1. 


(3) u>. 1/2, u>. m, i>< 2m. In this case, the 
greatest side in the triangle BZD is BD equal to 
m, and there is no need to consider the parts of the 
triangle BDC since the triangle BYZ is similar 
to the triangle BDC , and the triangle DYZ is 
similar to the triangle ABD (we do not consider 
the triangle DZC any longer). 
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For “left-hand” triangles, two cases are possible, 
they are analogous to Cases 2 and 3 for “right- 
hand” triangles. 

(2') If B is inside the figure DKNC , then the 
triangle DXB, congruent to the triangle DZB, is 
left for further consideration; its representative 
has an altitude no less than q t (h) h. 

(3') If B is outside the figure DKNC, then 
further consideration of parts of the triangle ABD 
is ceased. 

Note that, with an increase in h, the coefficient 
9 , ( h ) increases, while q l ( h) decreases and becomes 
equal to 1 at the point F,h—\f 7/4. Let us take 
points P and Q on FM and the arc FC, respectively, 
sufficiently close to F. Inside the figure 
BiKNMPQBi, the inequalities q 1 (h) > q 0 , q t (h) > 
q 0 , and q 0 > 1 are fulfilled. Consequently, in all 
cases the rate of increase of h is no less than q 0 , 
and in a finite number of steps or for all the trian¬ 
gles under consideration either Case 3 will occur or 
the vertex of the triangle will be located inside 
the curvilinear triangle PFQ. The case when the 
point B is inside the triangle PFQ involves no dif¬ 
ficulties and is considered separately. In that case, 
“right-hand” triangles should be considered. It 
suffices to meet the condition | FP | [ FM | = 

7 _ \f 3 

--. In the triangle BDC, the side BD 

equal to m is the greatest, h? < 7/16. We can 
show that to the representative of the class of 
triangles similar to the triangle BDC , there will 
correspond a point lying outside the curvilinear 
triangle PFQ. And since the altitude is not de¬ 
creased in this case, Case 3 will occur for both 
parts of the triangle BDC. The proof of the first 
part has been thereby completed. 

The second part follows from the result of Prob¬ 
lem 327 of Sec. 2 and also from the fact that all 
the triangles which are considered after the first 
division have a representative whose altitude is 
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no less than h, and, consequently, the smallest 

1 

angle is no less than /LB t A C > — Z-B X A C > 
T^-BAC. 

381. Let us formulate and prove the result 
obtained by M. D. Kovalev which is stronger 
than it is required by the hypothesis. Among all 
the convex figures covering any triangle with sides 
not exceeding unity, the smallest area is possessed 
by the triangle ABC in which /-A = 60°, | AB | = 1, 
and the altitude drawn to AB is equal to cos 10°. 

The area of this triangle equals -i- cos 10° a; 

0.4924. 

(1) Note that it suffices to find a triangle cov¬ 
ering any isosceles triangle whose lateral sides 
are equal to 1, the angle cp between them not ex¬ 
ceeding 60°. This follows from the fact that any 
triangle with sides not exceeding 1 can be covered 
by an isosceles triangle of the indicated type. 

(2) Let us prove that any isosceles triangle 
mentioned in Item (1) can be covered by the triangle 
ABC. We construct a circle of radius 1 and centred 
at the point C. Let K, L, M, and N be the suc¬ 
cessive points of its intersection with CB, BA, 
and AC (L and Af are found on BA), ZLLCM — 
Z-MCN = 20°. Hence, isosceles triangles with the 
angle 0 ^ <p < 20° are coverable by the sector 
CMN, whereas triangles in which 20° < q><[ ZC 
are covered by the triangle ABC if the end points 
of the base are taken on the arcs KL and MN and 
the third vertex at the point C. Let us now con¬ 
struct a circle of unit radius with centre at the 
point A. This circle passes through the point B, 
again intersects BC at a point P, intersects the 
side AC at a point Q. We get: Z.PAB = 
180° —2 Z-B < Z.C, since B is the greatest angle 
of the triangle ABC. Hence, taking the vertex 
of the isosceles triangle at the point A and the 
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end points of the base at the point B and the 
arc PQ, we can cover any isosceles triangle for 
which Z.C < 9 < 60° (even 180° - 2 Z.B < 
9 <60°). 

(3) Let us prove that whatever the arrange¬ 
ment (in the plane) of the isosceles triangle DEF 
in which Z. DEF = 20°, 1 DE \ = \ EF | = 1 and 
the equilateral triangle XYZ with side 1, the 
area of the smallest convex figure containing the 
triangles DEF and XYZ is no less than 0.5 cos 10°. 
First note that the side of the regular triangle con¬ 


taining DEF is equal to —^ cos 10°. (The follow¬ 


ing statement is true: if one triangle can be placed 
inside the other, then it can be arranged so that two 
of its vertices are found on the sides of the larger 
triangle. We are not going to prove this general 
statement. It suffices to check to see its validity 
in the case when one of them is the triangle DEF, 
the other being a regular triangle. This can be 
done easily.) Now, consider the smallest regular 
triangle X 1 Y 1 Z 1 with sides parallel to those of the 
triangle XYZ, and containing the triangles DEF 
and XYZ. The side of A X 1 Y l Z 1 is no less 


than (2/)^3)cos 10°, and the altitude is no less 
than cos 10°. The vertices of the triangle DEF 
must lie on the sides of the triangle X 1 Y 1 Z 1 not 
containing the sides of the triangle XYZ. Conse¬ 
quently, the sum of the distances from the vertices 
of the triangle DEF which are outside the triangle 
XYZ to the corresponding sides of the triangle 
XYZ must be at least cos 10°— V 3/2, and the area 
of the smallest convex polygon containing the 
triangles DEF and XYZ is no less than 
0.5(cos 10°—V3/2)+ /3/4 = 0.5 cos 10°. 

(M. D. Kovalev also proved that the smallest (by 
area) convex cover found for triangles with sides 
exceeding unity is unique.) 



Appendix: Inversion 

Definitions 

Consider in the plane a circle a of radius R 
centred at a point 0. For any point A, distinct from 
O, let us define the point A' in the following way. 
The point A' is located on the ray OA so that 
| OA' | • | OA | = R 2 . Thus, for all points in the 
plane, except for the point 0, a transformation 
is assigned which is called the inversion with respect 
to the circle a. This transformation is also called 
a symmetry with respect to a circle, the points A 
and A' being said to be symmetric with respect to 
the circle a. (If a straight line is assumed to be a 
circle of infinite radius, then the symmetry with 
respect to a straight line can be represented as a 
limiting case of symmetry with respect to a circle.) 
The point O is called the centre of inversion, the 
quantity k — R 2 , the power of inversion. Obviously, 
the points A and A' are interchanged: A goes into 
A ', and A' goes into A. All the points of the circle 
a, and only those points, remain fixed. The inter¬ 
ior points of the circle a become exterior, and vice 
versa. 

We can “supplement” the plane with a point 
at infinity (oo) and assume that as a result of the 
inversion the point O goes into oo, and oo into O. 

Henceforward, the points into which the 
points A, B, C, ... go as a result of the inversion 
are denoted by A', B', C', 

Basic Properties of Inversion 

Let us consider the basic properties of an in¬ 
version leaving the simplest and obvious proper¬ 
ties unproved and outlining a scheme for reasoning 
in the rest of the cases. (Completing the reasoning 
with missing links, considering various configu¬ 
rations, as well as carrying out computations and 
making drawings are left to the reader.) 
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1. A straight line passing through the centre 
of inversion goes into itself. 

2. If-the points O, A, and B are not coliinear, 
then the triangles OA B and OB'A' are similar. The 
vertices A and B', B and A' are similar. In addi¬ 
tion, \A'B' \ = (k\AB 1)/ | OA |- |OB |. 

Note that the last equality is also true if the 
points O, A , and B are coliinear. 

3. A straight line not passing through the cen¬ 
tre of inversion O, goes into a circle passing through 
O. In this case, if l is a given line, A the foot of 
the perpendicular from 0 on l, then 1 goes into a 
circle of diameter OA'. 

Let us take an arbitrary point B on l. From 
the similarity of the triangles OAB and OB'A' 
(Property 2) it follows that /L.OB'A' = Z.OAB = 
90°. 

4. A circle to passing through the centre of 
inversion 0, goes into a straight line perpendicu¬ 
lar to the straight line passing through O and the 
centre of the circle <d. 

5. If a straight line l and a circle <o go into 
each other in an inversion with centre at 0, then 
the tangent to u> at the point O is parallel to l. 

6. A circle o> not passing through O goes into 
the circle co' which does not contain 0 either. 
In this case, 0 is the external centre of similitude 
of the circles <o and (o'. 

To prove this property, let us draw a straight 
line through 0 and denote by A and B the points 
of its intersection with the circle (in particular, 
we may assume A and B to be diametrically oppo¬ 
site points on cn). Suppose that B lies on the line 
segment OA . Then A r belongs to the line segment 
OB'. If C is an arbitrary point of the circle, then, 
taking into account the similarity of appropriate 
triangles (Property 2), we have: A.A r C'B' = 
LOC'B' — ZJOC'A' = /LOBC - /LOAC = 
Z.ACB. 

Since the number of intersection points of two 
lines remains unchanged in inversion, we have: 
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7. Depending on the position of the centre of 
inversion, two touching circles go into: 

(a) two touching circles (if O lies on neither 
of them); 

(b) a circle and a line tangent to this circle 
(O lies on one of the circles, but does not coincide 
with the point of tangency); 

(c) a pair of parallel lines (O coincides with 
the point of tangency). 

The Angle Between Circles 

The angle between two intersecting circles is 
defined as the angle between the tangents to the 
circles passing through one of the points ofi their 
intersection. The angle between a circle find a 
straight line intersecting this circle is defined as 
the angle between that line and the tangent to 
the circle passing through one of the points of 
intersection. Here, we may assume that the angle 
between the lines does not exceed 90°. 

Obviously, the choice of the point of intersec¬ 
tion is of no importance for determining the angle 
between two circles. It is also obvious that the 
angle between the circles is equal to the angle 
between their radii drawn to the point of inter¬ 
section. 

8. The inversion retains the angle between 
straight lines, i.e., the angle between straight 
lines is equal to the angle between their images. 

If the centre of inversion coincides with the 
point of intersection of the lines, then the asser¬ 
tion is trivial. And if this centre does not coincide 
with the point of intersection of the lines, then 
it follows from Property 5 and the definition of 
the angle between two circles or between a circle 
and a straight line. 

9. In inversion, the angle between two circles 
is equal to the angle between their images. 

Consider the case when the centre of inversion 
does not lie on given circles. Let A be one of the 
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intersection points of the circles © t and © 2 , l x 
and i a the tangents to ©x and w 2 , respectively, 
passing through A. Let us also assume that the 
centre of inversion O does not lie on the straight 
lines li and i 2 . In the inversion with centre O, 
the circles Wj and co 2 go into ©J and © 2 , respective¬ 
ly, and the lines ij and l 2 into the circles and 
If touching o),' and ©, at the point A' of their 
intersection (Property 7), that is, the angle be¬ 
tween l\ and If is equal to the angle between <oJ 
and a> 2 , and since the angle between l\ and 1‘ 2 is 
equal to the angle between and l t (Property 8), 
the angle between ©', and © 2 is equal to the angle 
between to, and © 2 . 

10. If tne circles a and o> are orthogonal, that 
is, the angle between them is eaual to 90°, then 
in inversion with respect to a tne circle © goes 
into itself. And conversely, if in inversion with 
respect to the circle a the circle © not coinciding 
with a goes into itself, then a and © are orthogonal. 

Obviously, the last property is symmetric with 
respect to a and ©. The radii of the circles a and 
© are, respectively, equal to the tangents drawn 
from the centre of one circle to the other circle. 

On the basis of Property 10, the inversion can 
be defined in the following way. All the points 
of the circle a go into themselves. If A does not 
belong to a and does not coincide with its centre, 
then the image of the point A is represented by 
the point A' which is the second point of inter¬ 
section of any two circles orthogonal to a and pas¬ 
sing through A . Now, the sense of the synonymic 
name for inversion—symmetry with respect to 
a circle—becomes clearer. From this definition 
and the property of inversion to preserve the angle 
between two intersecting circles, it follows that: 

11. For any circle © and two points A and B 
going into each other in the inversion with respect 
to © their images in the inversion with respect 
to the circle a whose centre does not belong to 
© are represented by the circle ©' and points A’ 
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and B' which go into each other in the inversion 
with respect to a)'. If the centre of a lies on ©, 
then a> goes into the straight line /, and the 
points A and B into the points A' and B\ sym¬ 
metric with respect to l. 

The Radical Axis of Two Circles 

Solve the following problem. 

Given two non-concentric circles © x and © 2 . 
Find the locus of points M for which the tan¬ 
gents drawn to the circles © x and © 2 are equal. 

Solution. Let 0 , and 0, denote the centres 
of the circles © x and © 2 , r x and r 2 their radii, A x 
and A t the points of tangency, respectively. We 
have \M0 1 | 2 — | M0 2 | 2 = (| MA X | a -f r*) - 
(| MA t | 2 + rf) = rf — r|. Thus, all the points 
belong to one and the same straight line perpendic¬ 
ular to 0 X O 2 . This line is called the radical axis 
of the circles © x and © 2 . To complete the solu¬ 
tion of the problem, it remains to determine which 
points of the found line satisfy its conditions. 
It is possible to show that if the circles do not 
intersect, then all the points of the radical axis 
are suitable. If © x and ©, intersect, then the rad¬ 
ical axis contains their common chord; but all 
the points of the common chord are not contained 
in the required locus of points. Therefore, if © x and 
© t touch each other, then the point of tangency 
is excluded. 

Consider the circle a with centre M on the 
radical axis of the circles © x and ©, and radius 
equal to the length of the tangent drawn from 
M to © x or ©„. (M is assumed to be located out¬ 
side © x and © v ) The circle a is orthogonal to the 
circles © t and © 2 . Thus, the points of the radical 
axis situated outside the circles which intersect 
or touch each other constitute the locus of centres 
of the circles orthogonal simultaneously to © x 
and © 2 , and there is an inversion that carries 
each of them into itself. 
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Now, let us prove one more property of the 
inversion. 

12. If the circles (i) t and o) 2 do not intersect, 
then there is an inversion carrying them into 
concentric circles. 

Let us take a circle a orthogonal to “a, and 
o) 9 with centre on the straight line I containing 
the centres of (Oj and a)]. Since the circles^®, and 
<■>* do not intersect, such a circle a is existent. 
Let 0 be one of the intersection points of the 
circle a and the line l. In the inversion with centre 
O, the line l goes into itself, and the circle a into 
the straight line p. The lines l and p intersect and 
are orthogonal to the circles ®; ana © 2 which are 
the images of ©i and ©- in the inversion with 
respect to a. Hence it follows that the centres of 
o', and ® 2 coincide with the point of intersection 
of the lines l and p, that is, ®J and ® 2 are concen¬ 
tric circles. (Prove that if a straight fine is ortho¬ 
gonal to a circle, then the former passes through 
its centre.) 

Here, we should like to note that any circle 
orthogonal to the concentric circles ©( and © 2 
is a straight line, that is, a circle of infinite ra¬ 
dius. Hence, in the inversion with respect to the 
circle a all the circles, orthogonal to the circles 
©x and a, must go into straight lines. Consequent¬ 
ly, all the circles orthogonal to and © 2 intersect 
the line l at two fixed points. 

13. For any two circles and © 2 , there exists 
at least one inversion which carries them into 
each other. The circle defining this inversion 
is called the middle circle of © t and w 2 . 

Theorem 13 should be formulated more exactly 
in the following way. If ®x and © 2 intersect, then 
there exist exactly two inversions in which w x 
goes into <o 2 , and vice versa. If (Ox and e> 2 touch 
each other or do' not intersect, then there is only 
one such inversion. 

Let us first consider the case of intersecting 
circles Uj and o> 2 . Apply an inversion I with centre 
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in one of the points of their intersection; as a re¬ 
sult, a, and co, go into intersecting straight lines 
It and I,. The lines Z t and I, have two bisectors with 
respect to which Z t and I, are symmetric. Conse¬ 
quently (Property 11), in the inversion I those 
bisectors go into two circles with respect to which 
cot and co, are symmetric. 

If <o t and co, do not intersect, then there is an 
inversion I (Property 12) carrying them into con¬ 
centric circles co; and co,. Let 0 denote the centre 
of co( and co;, and r t and r, their radii. Inversion 
with respect to the circle a' with centre at 0 and 
radius ’^r, carries co[ and co; into each other. 
In the inversion I applied, the circle o' goes into 
the required circle a with respect to which co } 
and co, are symmetric. 

To conclude this section, let us give the defini¬ 
tion of the radical centre of three circles. Consider 
three circles <o t , co,, and co, whose centres do not 
lie on a straight line. It is possible to prove that 
three radical axes corresponding to three pairs 
of those circles intersect at a point M. This point 
is called the radical centre of the circles co lt co„ 
and co,. The tangents drawn from M to the circles 
coj, co„ and co, are equal to one another. Hence, 
there is an inversion with centre M that carries 
each of the circles co lt co„ and co, into itself. 

Problems and Exercises 

1. Find the image of a square in the inversion 
with respect to the circle inscribed in the square. 

2. Given a triangle ABC. Find all points O 
such that the inversion with centre O carries the 
straight lines AB, BC, and CA into circles of 
the same radius. 

3. Let A', B\ and C’ denote the images of 
the points A, B, and C, respectively, in the in¬ 
version with centre at a point O. Prove that: 

(a) if O coincides with the centre of the circle 
circumscribed about the triangle ABC . then the 
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triangle A'B'C' is similar to the triangle ABC ; 

(b) if O coincides with the centre of the inscribed 
circle, then the triangle A'B'C' is similar to 
the triangle whose vertices lie at the centres of 
the escribed circles; 

(c) if O coincides with the intersection point 
of the altitudes of the triangle ABC, then the 
triangle A'B'C' is similar to the triangle with 
vertices at the feet of the altitudes of the triangle. 

4. Points A and A' are symmetric with re¬ 
spect to a circle a, M is an arbitrary point of the 
circle. Prove that | AM |/| A'M | is constant. 

5. Two mutually perpendicular diameters are 
drawn in a circle a. The straight lines joining the 
end points of one of the diameters to an arbitrary 
point of the circle a intersect the second diameter 
and its extension at points A and A'. Prove that 
A and A' are symmetric with respect to the circle a. 

6. Prove that if a circle co passes through the 
centre of a circle a, then the image of © in the 
inversion with respect to a is their radical axis. 

7. Given a circle and two points A and B on 
it. Consider all possible pairs of circles touching 
the given circle at the points A and B and touch¬ 
ing each other at a point M. Find the locus of 
points M. 

8. Given two touching circles. An arbitrary 
circle touches one of them at point A and the other 
at B. Prove that the straight line AB passes through 
a fixed point in the plane. (In the case of equal 
circles AB is parallel to the straight line passing 
through their centres.) 

9. Given three circles ctj, a,, a,, passing 
through the same point. The straignt line passing 
through the points of intersection of the circles 

/ a x and oe 2 contains the centre of the circle a ? ; the 
straight line passing through the points of inter¬ 
section a 2 and a. contains the centre of the circle 
a t . Prove that the straight line passing through 
the points of intersection a 3 and ccj contains the 
centre of the circle a 2 . 
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10. Given two circles (Oj and ( 0 2 . Consider 
two arbitrary circles which touch the given circles 
at some points and also each other at a point M. 
Find the locus of points M. 

11. Prove that by inversion any two circles 
can be carried into two equal circles. 

12. Prove that by inversion any four points 
A, B, C, D, not lying on a straight line can be 
carried into the vertices of a parallelogram. 

13. The inversion with respect to a circle with 
centre 0 and radius R carries the circle with centre 
A and radius r into the circle of radius r' Prove 
that r' = (ri? a )/|| OA | 2 - r 2 |. 

14. Four points A, B, C, and D are given in 
a plane. Prove that | AB j- | CD | -f 
| AD | • | BC |> \AC | • | BD 

15. In a triangle ABC, the side AC is the 
greatest. Prove that for any point M the following 
inequality holds: | AM | -f | CM | >. | BM |. 

■16. Prove that all the circles passing through 
a given point A and intersecting a circle a at dia¬ 
metrically opposite points contain one more 
fixed point distinct from A. 

17. Given four points A, B, C, and D. Prove 
that the angle between the circles circumscribed 
about the triangles ABC and BCD is equal to 
the angle between the circles circumscribed about 
the triangles CD A and DAB. 

18. A circle at passes through the centre of a 
circle a. A is an arbitrary point of the circle <o. 
The straight line passing through A and the centre 
of the circle a intersects a common chord of the 
circles a and <o at a point A'. Prove that A and A' 
are symmetric with respect to the circle a. 

19. Given two non-intersecting circles, which 
do not contain each other, and a point A lying 
outside the circles. Prove that there are exactly 
four circles (straight lines can also occur among 
them) passing through A and touching the given 
circles. 

20. Let s denote the area of the circle whose 
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centre is found at a distance a from the point 0. 
The inversion with respect to the circle with centre 
0 and radius R carries the given circle into the 
circle of area s'. Prove that s' = s-J? 4 /(a 2 — /f 2 ) 2 . 

21. Given two circles tangent to each other. 
Consider two other circles tangent to the given 
circles and to each other. Let r, and r„ denote the 
radii of the last two circles, ana d, ana d 2 the dis¬ 
tances from their centres to the straight line 
passing through the centres of the given circles. 

Prove that —-— =2 or — = 2. 

r a r x r* r t 

22. Let % and oi 2 be two circles tangent to 

each other. Consider the sequence of distinct circles 
a„, a., a 2 , each of which touches 

ca x and (o 2 , and, in addition, the circle a h +l touches 
the circle a k . Denote the radii of the circles 

««. «i. • • v* ®n’ • by Jo> r i> • ■> r n> • 

and the distances from their centres to the 
straight line passing through the centres of o) t 
and <o 2 by dj, ., d n , Express d n in 

terms of r n if: 

(a) d 0 = 0 (this case is possible if oij and <o 2 
touch each other internally); 

(b) d t = kr 0 . 

23. Let a x and a, denote two intersecting circles, 
A and B the points of their intersection, co an 
arbitrary circle touching (Xj and a,, r the radius 
of the circle <o, and d the distance from its centre 
to the straight line AB. Prove that the ratio rid 
can take on only two distinct values. 

24. Given two non-intersecting circles a x and 

a 2 and a collection of circles oij, o 2 , . ., co n , 

touching Sj and a t , where o> 2 touches aij, co 3 touches 
qi 2 , ., co„ touohes CD n _x. We say that the sys¬ 
tem of circles (o u to,, . ., co n forms a chain 

if at n and (Oj touch each other. Prove that if for the 
circles a x and a 2 there exists at least one chain 
consisting of n circles, then there are infinitely 
many chains. In this case, for any point A on either 
cij or a 2 there is a chain for which A is the point 
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of tangency of one of the circles of the chain. 

25. Prove that if for the circles a, and a 2 there 
exists a chain of n non-intersecting circles (see 
the preceding problem), then (R + r)* — d* = 

4 Rr tan® (n/n), where R and r are the radii of the 
circles a t and a t and d is the distance between 
their centres. (The minus sign is taken if one circle 
is located inside the other, and the plus sign if 
otherwise.) 

26. Consider three circles each of which touches 
three escribed circles of a triangle, each of those 
circles touching one of the escribed circles internally 
and the two other escribed circles externally. 
Prove that the three circles intersect at one point. 

27. Let rf t , d t , . ., d n denote the distances 

from a point M lying on the arc A t A n of the circle 
circumscribed about the regular n-gon A t A t . A n 

to the vertices A lt A t ., A n . Prove that 

®i®i 

1 !• 1 

28. Let a lt a t , . a 0 denote the side3 

^ 2 ^ 3» m ^ n -i^ n * ^ l the 

•» ^n 1 Pi* P 2 * * •» Pfi-i» Po distances 

from an arbitrary point M on the arc A n A l of the 
circle to the straight lines A X A 2 , A 2 A s . 

Prove that -28. = «!.-[-.£•. + ...+ fiirL. 

Po Pi P» l’n-l 

Hints and Solutions 

2. There are four points possessing the required 
property: the centre of the circle inscribed in 
the triangle and the centres of the three escribed 
circles. 

3. (b) Prove that the triangles OAB and OI^I a 
are similar. Now from Property 2 it follows that 
the straight lines A'B* and I a It, are parallel. 
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7. Let a and {5 be circles touching the given 
circle <0 at points A and B. In the inversion with 
centre at A, the circles co and a go into parallel 
straight lines l and p, the circle 8 into the circle 6' 
which touches l at a fixed point B' and the straight 
line p at a point AT. Thus, M' lies on the straight 
line passing through B' perpendicular to l. The 
required locus is a circle passing through A and B 
and orthogonal to co. (The points A and B them¬ 
selves a e excluded.) Its centre is found at the point 
of intersection of the tangents to o> passing through 
A and B. 


8. Let 0 denote the point of tangency of the 
given circles. In the inversion with centre at 0 
those circles go into a pair of parallel straight lines 
containing the points A' and B', the Tine seg¬ 
ment A'B' being perpendicular to them. The 
straight line AB goes into the circle circumscribed 
about the triangle A'B'O; this circle, obviously, 
passes through the point P symmetric to the point 
O with respect to a straight line equidistant from 
the obtained parallel lines. 

9. Let O be the point of intersection of the cir¬ 
cles o If a 2 , a 3 ; and A lt A 2 , A ,, respectively, the 
points of intersection, distinct from O, of the cir¬ 
cles a, and a„ a, and a lt a t and a 2 . The inversion 
with centre at O carries the circles a l7 a a , a, into 
the straight lines forming the triangle A[AfA 3 . 
From the hypothesis and Property 3 it follows 
that AjO JL A\A' t , A\0 X A’ 2 A' 3 . Hence, 0 is the in¬ 
tersection point of the altitudes of the triangle 
A ,A 2 A g and A ,0 _L A gA,. 

10. If ©! ana <b 2 intersect, then the desired locus 
consists of two circles—the middle circles a> 1 and 
(Og (Theorem 13) excluding the points of inter¬ 
section of Wj and o> 4 themselves. If they touch each 
other, then it consists of one middle circle, ex¬ 
cluding the point of tangency. To prove this, it 
suffices to apply an inversion with' centre at a 
common point of the circles < 1)1 and <d,. If a>i and 
co 2 have no points in common, then the entire mid- 
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die circle is the locus. In this case, we have to apply 
the inversion carrying and <o, into concentric 
circles. 

11. Any inversion with centre on the middle 
circle possesses the desired property since this 
inversion carries the middle circle into a straight 
line with respect to which the images of the given 
circles are symmetric. 

12. Consider two cases. 

(1) The points A, B, C, and D lie on the same 
circle a>. The given points may be regarded as the 
successive vertices of the inscribed quadrilateral. 
Let 0 be the point of intersection of the circle 
orthogonal to to and passing through A and C with 
the circle orthogonal to <o and passing through B 
and D , In the inversion with centre 0 the quadri¬ 
lateral ABCD goes into the inscribed quadrilater¬ 
al A'B'C'D' whose diagonals are diameters, that 
is, A'B'C'D' is a rectangle. 

(2) A, B,C, and D do not lie on the samecircle. 
Let <a A , co B , co c , (o D denote the circles circumscribed 
about the triangles BCD, CD A, DAB, ABC, 
respectively. We take the middle circle for <o B 
and (Oj) separating the point B from the point D 
and the middle circle for w A and <d c separating 
the points A and C. Let O denote the point of 
their intersection. (Prove that those circles in¬ 
tersect.) In the inversion with centre 0, the given 
points go into the vertices of a convex quadrilater¬ 
al A'B'C'D' each of whose diagonals separates 
it into two triangles with equal circumscribed 
circles (see Problem 11); consequently, the opposite 
angles of the quadrilateral are equal, hence it fol¬ 
lows that A'B'C'D' is a parallelogram (prove it), 

13. Let the line OA intersect the circle with 
centre at A at points B and C. Then \ B'C' \ = 2r' 
Now, we can use the formula given in Item 2. 

14. We apply the inversion with centre at A . 
We have | B f C' | + | C'D' | > | B'D' |. Then use 
the formula given in Item 2. 
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15. It follows from the preceding problem that 
| AC |-i BM |< | AB |- | CM | + | BC |- |AM |. 

Since AC is the largest side, | BM | < - ,^4 • 

I At | 

+ \AM\<\AM\ + \MC\. 

16. Let A' be obtained from A by inversion 
yrith respect to the circle a; A, is symmetric to A' 
about the centre of the circle a. Prove that all the 
mentioned circles pass through A v 

17. We apply the inversion with centre at A. 
The first angle is equal to the angle between the 
straight line B'C' and the circle circumscribed 
about B'C'D', the second—to the angle between 
the lines D'C' and D'B'. 

18. The inversion with respect to the circle 
a carries the straight line AB into to. 

19. We apply-the inversion with centre at A. 
Then the statement of the problem is equivalent 
to the statement that two circles arranged outside 
each other have exactly four tangent lines. 

20. Let the straight line passing through the 
centre of the inversion and the centre of the given 
circle intersect the given circle at points whose 
coordinates are x 1 and z, (the origin lying at the 

H- «>. The. .--S-(-=■-£-)*- 
n . „ R* B* 

4 (*!*„)» -S (a* - /?*)* • 

21. Note that in the inversion with centre at 0, 
for any straight line l passing through 0 the fol¬ 
lowing equality is true: dir — d'lr' for an arbi¬ 
trary circle, where r and r' are the radii of the 
given circle and its image, respectively, d and 
d' are the distances from their centres to the line 
l, respectively. This follows from the fact that 
0 is tne external centre of similitude; of both cir¬ 
cles (Property 6). 

Let us return to our problem. We apply the 
inversion with centre at tne point of tangency of 
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the given circles. The given circles go into a pair 
of parallel straight lines, the line l passing through 
the centres of the given circles is perpendicular 
to them. The circles with the radii r x and r. go 
into a pair of circles of the same radius r' which 
touch each other and also a pair of parallel lines 
obtained. Now it is obvious that if the centres of 
the last two circles lie on the same side of l, and, 

for definiteness, d'„ > d[, then —— — 

’ * 1 r r r 

~-—2. If on both sides, then = 

r r r 

22. Use the result of the preceding problem. 
We get in Case (a) d n — 2nr„; in Case (b) two an¬ 
swers are possible: d n = (2n + k) r n and d n = 

| fr — 2n | r„. 

23. We apply the inversion with centre at A\ 
the circles a 1 and a* go into the straight lines 
li and It intersecting at the point B' situated on 
the straight line AB^ As was proved when solv¬ 
ing Problem 21, rid = r'ld'. But r'ld' is the ratio of 
the radius of the circle touching the lines and Z„ 
to the distance from its centre to the fixed straight 
line passing through the point of intersection of 
It and l t . Hence, r'ld' takes on only two values 
depending on which of the two pairs of the vertical 
angles formed by l, and l t the circle is located. 

24. We apply tne inversion carrying a x and a, 
into concentric circles (see Theorem 12). This done, 
the assertion of the problem becomes obvious. 
This theorem is called Steiner's porism. 

25. If a, and a, are concentric circles with 
radii R and r, then the validity of the equality 
(R — r) 2 = 4flr-tan 2 (nln) (d = 0) is readily ob¬ 
tained from the obvious relationship R — r = 
(R r) sin (nln), R > r. We apply tne inversion 
whose centre is at a distance a from the common 
centre of the circles aj and a 2 . Let, for definiteness, 
a > R. The circles otj and a t will go into the 
circles a\ and a' % , a' t inside a(. In this case, by 
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the formula from Problem 13, we have R' = 

-gZ 'fti ’ r ' ~ f a > where p 2 is the power of 

inversion. To find d' (the distance between the 
centres of the circles a( and a,) we draw a straight 
line through the centre of the inversion and the 
centres of a, and a„; the segment of this line en¬ 
closed between the first two points of intersection 
with the circles a, and a, is equal to the width of 
the annulus (R — r). Tne inversion carries this 
segment into the segment of length b = 

«= (a—R) ^ ^ tem consec l uentl y> 

rf' -Iff' r ' h I - I *P* rp * 

d ~ 1 R ~ r ~ h 1 - -— 


rf' -Iff' r ' fr I - I Rpt rp * 

d _| r - r -b\ - -jin*— 

(R-r) P 2 I a(R 2 -r 2 ) p 2 

; (a— r) (a—R) |~ (a 2 -r 2 ) (a»-i? 2 ) ' Further - 

replacing R' and r' with the aid of the formulas 

derived above, we get - r' = . 


We have to verify the validity of the equality 
(R' — r') 2 — (d') 2 = 4 R'r' tan 2 (n/n). Expressing 
all the quantities entering this equality in terms 
of R, r, a, and p and simplifying the result ob¬ 
tained, we lead to the equality (R — r) 2 (a 2 + 
Rr) 2 - (R - r) 2 a 2 (R + r) 2 = iRr (a 2 — r 2 ) X 
(a 2 — R 2 ) tan 2 (n/n). But (R — r) 2 —ARr tan (n/n). 
Hence, we have to check to see that (a 2 + 
Rr) 2 - a 2 (R -f r) 2 = (a 2 - r 2 ) (a 2 - R 2 ). This 
can be done easily. 

The case a < R is identic to the above. And 
if r < a < R, then o', and aj are located outside 
each other, and in the given formula the plus sign 
should be taken. 

26. We apply the inversion with centre in 
the radical centre of the escribed circles in which 
the escribed circles go into themselves. This inver 
Sion carries the straight lines containin'' * J *°. S1 “ e » 
of the triangle into the circles-<fone<j in the 
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hypothesis. All the three circles pass through the 
radical centre of the escribedcircles of the triangle. 

27. We apply the inversion with centre at M 
and of power 1. As a result, the points A u A , .. 
A % go into the points A'„ A' % , .... A'£ situated 
on a straight line. Let the side of the n-g on be equal 
to a. From the formula of Item 2 it follows that 

I A[A' t 1 = a < 1 A^A, | = a; 

I ^n-i^n | = a; | A\A^ | = a. Sub- 

«n-i®n . # ®i®n 

stituting these expressions into the obvious rela- 
tionship | A [A£ I = I A\A' % 1 + | A' t Ai 1 + . . + 

\An- x An I, we get the desired result. 

28. We apply the inversion with centre at M. 
The vertices of the given n- gon go into n points 
lying on a straight line, and 

\A[A^\A[A i 1 + \A^\ +... +1 An-iAn |. 

(•) 

Let p' denote the length of the perpendicular from 
the point M on the straight line A \A^. From the 
similarity of the triangles A X MA , and A [MA * (Prop¬ 
erty 2) it follows that | =-- 7 - . \A[A' t \ = 

, I A t A t I p 

~p'- Similarly, 

I AiAi 1 = ^-p’, \A’ n ^A' n | = ^-P', 

Pi Pn-l 

\ A iA' n | = ~~p' 

P 0 

Substituting these expressions into the relationship 
(*) and reducing by p', we get the required equality. 

m 





